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Preface

The control and estimation of continuous-time/continuous-space nonlinear
systems continues to be a challenging problem, and this is one of the cen-
tral foci of this book. A common approach is to use dynamic programming;
this typically leads to solution of the control or estimation problem via the
solution of a corresponding Hamilton—Jacobi (HJ) partial differential equa-
tion (PDE). This approach has the advantage of producing the “optimal”
control. (The term “optimal” has a somewhat more complex meaning in the
class of H,, problems. However, we will freely use the term for such controllers
throughout, and this meaning will be made more precise when it is not obvi-
ous.) Thus, in solving the control/estimation problem, we will be solving some
nonlinear HJ PDEs. One might note that a second focus of the book is the
solution of a class of HJ PDEs whose viscosity solutions have interpretations
as value functions of associated control problems. Note that we will briefly
discuss the notion of viscosity solution of a nonlinear HJ PDE, and indicate
that this solution has the property that it is the correct weak solution of the
PDE. By correct weak solution in this context, we mean that it is the solution
that is the value function of the associated control (or estimation) problem.
The viscosity solution is also the correct weak solution in many PDE classes
not considered here, and references to further literature on this subject will
be given. Note that the value function is defined to be the optimal cost that
can be achieved, typically as a function of the initial state of the system being
controlled.

Perhaps at this point we should indicate the classes of nonlinear control
and estimation problems that will be addressed here. One class is comprised of
nonlinear optimal control problems (in the absence of disturbances). However,
the classes of problems that were the primary motivation for the work were
the nonlinear robust/Hq, control and estimation problems.

Although H,, control was first formulated in the frequency domain, the
state-space representation quickly appeared. In the case where one is comput-
ing the optimal H., controller, the state-space form generally takes the form of
a zero-sum differential game (although a subclass will be of special interest).
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One player is the controller, and the other player is the disturbance process.
The controller will be minimizing the same cost that the disturbance player
will be maximizing. The corresponding PDE will be a Hamilton—Jacobi-Isaacs
(HJI) PDE, although in many cases of interest, the PDE will belong to the
subclass of Hamilton-Jacobi-Bellman (HJB) PDEs. We will more often be
interested in the case where one is testing a potential feedback controller to
determine whether it is indeed an H., controller. In this case, as in the optimal
control case, the value function is the viscosity solution of an HJB PDE. The
robust/H, estimation problems will also have associated PDEs which take
the form of HJB PDEs.

In all of the above cases, any disturbance or control process will have fi-
nite energy over finite time periods. Consequently, we will be interested in
solving first-order, nonlinear HJB PDEs. Our focus will be on solving con-
trol/estimation problems through solving associated HJB PDE problems, but
one could also imagine that for others the primary motivation would be the
solution of HJB PDEs with the control interpretation being ancillary.

The most common methods for solving HJB PDEs are finite element meth-
ods. With first-order PDEs there are certain conditions implied by the flow of
information that must be met in order to obtain good performance in these
algorithms. One approach to finite element methods where these conditions
are met is through a Markov chain interpretation of the algorithm. A serious
problem for solution of HJB PDEs associated with control problems is that
the space dimension of the PDE is the dimension of the state-space of the
control problem. Since the dimension of the state-space is generally relatively
high (> 3) for most control systems of interest, this problem, referred to as
the curse-of-dimensionality, is ubiquitous.

An alternate approach, which attempts to avoid this problem, is through
the use of characteristics (as, for instance, in the Pontryagin Maximum Prin-
ciple). In this case, one needs only to propagate the solution along (one-
dimensional) paths to obtain the value and control at a desired point on such
a path. Given a point in state-space, one can ideally propagate a single charac-
teristic trajectory passing through that point to obtain the value and optimal
control there. Of course, there are a number of technical difficulties with this
approach as well. First of all, one needs to apply some shooting technique
to find the correct initial conditions so that the path will pass through the
desired point. Second, the viscosity solution is generally nonsmooth, and the
projection of the characteristics onto the state-space often generates projected
characteristics that cross. Further, there may be regions of state-space through
which no such projected characteristic passes. (These last two difficulties are
somewhat analogous to shocks and rarefaction waves in conservation laws.)
This leads to the need to generate generalized characteristics, and there are
associated “bookkeeping” problems which have, so far, proved to be somewhat
of a deterrent to application of this method for large or complex problems.

The max-plus-based methods described in this monograph for solution of
HJB PDEs belong to an entirely new class of methods for solutions of such
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PDEs; they are not equivalent to either the finite element or characteristic
approaches. As this is an entirely new class of numerical methods, the disci-
pline is still in its infancy. It is hoped that this book can become a resource
for those who would like to develop this new class of methods to a mature
level. Through the judicious selection of chapters/sections, it can also provide
a readable, concise description of the area for those who are only tangentially
interested in this area of research.

Perhaps this is the correct place at which to broadly describe the main
facets of this max-plus-based class of methods for first-order HIB PDEs. Non-
linear HJB PDEs have solutions that may be interpreted as the value functions
for associated control problems. The semigroup that propagates the solution
of such a PDE is identical to the dynamic programming principle (DPP) for
the control problem. We assume that this control problem has a maximizing
control. (If the control is minimizing, one uses the min-plus algebra rather
than the max-plus algebra. The analysis is a mirror image of the maximizing
case, and so we will deal mainly with the max-plus case.)

The semigroup associated with the nonlinear HJB PDE is a max-plus lin-
ear operator. This leads to what is essentially a max-plus analogue of spectral
methods for linear (over the standard field) PDEs. In order to exploit this
max-plus linearity, one needs to develop the notion of a vector space over
the max-plus algebra (actually a semifield). By considering expansions of the
desired solution in terms of the coefficients in a max-plus basis expansion,
one obtains the first max-plus technique. In particular, propagation forward
in time with a finite, truncated expansion reduces to max-plus matrix-vector
multiplication. That is, the coefficients in the expansion one time-step into
the future are obtained by max-plus multiplication of the current vector of
coefficients by a matrix related to the problem dynamics. Steady-state PDE
problems reduce to max-plus eigenvector problems, and steady-state varia-
tional inequalities reduce to affine max-plus algebraic problems.

This approach, solving a max-plus eigenvector problem to approximately
solve the HJB PDE, has proven very effective. Additional, related approaches
have also proven effective. In particular, it has been observed that, in applying
this max-plus eigenvector approach, the computational cost of constructing
the matrix is typically an order of magnitude higher than that of finding the
eigenvector given the matrix. This motivated the development of methods
where the computational cost of obtaining the matrix could be reduced. In
particular, one can compute matrices for (standard-sense) linear problems,
and then take max-plus linear combinations of these to generate the matrix
corresponding to the HJB PDE that one wishes to solve.

However, this last concept can sometimes be taken much further. The ma-
trix being referred to is actually a discretization of the kernel of the dual of the
original max-plus linear operator. For linear problems, this kernel can be com-
puted analytically (modulo solution of a Riccati equation). One can then take
max-plus linear combinations of these analytically obtained kernels to gener-
ate the desired kernel. This concept leads to a method, which for a certain
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class of HJIB PDEs avoids the curse-of-dimensionality. In particular, the com-
putational complexity grows at a polynomial rate in state-space dimension,
and is instead exponential in a certain measure of problem complexity.

We note that the max-plus algebra (more correctly the max-plus semifield)
has been under intense research during the last decade. Much of this research
has been directed toward the use of the max-plus algebra in discrete-event
system problems. The max-plus additive and multiplicative operations, & and
®, are defined as a ® b = max{a, b} and a ® b = a + b, respectively. There is
extensive literature on the research area. The contribution of this monograph
is on the application of the max-plus algebra to solution of HJB PDEs.

Reiterating from above, this book is intended for researchers and graduate
students with an interest in the solution of nonlinear control problems and/or
HJ PDEs. It should be suitable both for those working in the field and for
those who have only tangential interest.

The author would like to thank Wendell H. Fleming whose collaboration
has been invaluable. The author also thanks Matthew R. James, J. William
Helton and Peter M. Dower for helpful discussions.
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Introduction

One of the chief aims of this book is the presentation of some entirely new
classes of numerical methods for the solution of nonlinear control problems
and, more generally, Hamilton—Jacobi—Bellman partial differential equations
(HJB PDEs). These methods are based on the max-plus formulation of these
problems. The development of the max-plus viewpoint on deterministic non-
linear control problems is a second major motivation. The max-plus algebra
is a commutative semifield which has come under intense study in the last
decade. This interest is due to the confluence of several factors. First of all,
there is a rich mathematics including probability theory, analysis and geom-
etry which can be built on the max-plus algebra. A second important factor
is that the max-plus algebra is the most natural language for the study of
many problems in discrete event systems. However, it was only more recently
that the usefulness of the max-plus viewpoint for solution of nonlinear control
problems in continuous space arose.

In the max-plus algebra, the addition operation is maximization, and the
multiplication operation is what one usually refers to as addition. The additive
identity is —oo, and the multiplicative identity is 0. This algebra arises from
the standard algebra through large deviations limits (c.f. [1], [84], [82], [97],
[98]) and/or the quantization limit of quantum mechanics [69]. If one thinks of
control as maximizing some accumulated cost (say an integral cost), then it is
clear that the max-plus algebra is a natural framework for the study of these
problems. Perhaps it should be noted that integral costs are multiplicative in
max-plus and costs that involve suprema over time are additive in the max-
plus sense. Both these multiplicative and additive forms are handled within
the max-plus framework. It should be noted that when the optimization is of
a minimizing form, the min-plus algebra is used instead.

One of the most generally applicable approaches to solving nonlinear con-
trol problems is dynamic programming (DP). The Dynamic Programming
Principle (DPP) can be viewed as an operator mapping the value function
(optimal cost as a function of system state) at one time to the value func-
tion at a later (or earlier) time. In the continuous-time case, if one takes the
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limit in the DPP as the time-interval goes to zero, the Dynamic Programming
Equation (DPE) is obtained. For continuous-tme/continuous-space problems,
this DPE takes the form of an HJB PDE. This PDE is a nonlinear, first-order
PDE.

The typical approach is to obtain the HJB PDE corresponding to the
control problem of interest, and then to apply a numerical method to solve
the HIB PDE, thereby obtaining the value function. (Ignoring some technical
issues, the value function can yield the optimal control in a feedback form.)
The most common approach to solving the HJB PDE is to apply a technique
for solution of general PDEs — the finite element method. There are some
HJB-specific issues that arise in applying the finite element method to such
PDEs (cf. [8], [66]).

Another approach is to consider the characteristic equations associated
with the (first-order) HJB PDE. By solving these ordinary differential equa-
tions (ODEs), one can, in principle, obtain the value function along the pro-
jection of a path of a characteristic curve into the state space. Some serious
issues arise due to nonsmoothness. In particular, the projections into state
space can cross, or they may not cover the entire space. These roughly cor-
respond to shock and rarefaction waves in conservation laws (cf. [27], [90],
[93]).

Max-plus methods work directly with the DPP rather than the limit PDE.
As noted above, the DPP corresponds to an operator, and in fact, the time-
step parameterized family of DP operators for a problem is a semigroup whose
generator is the HJB PDE. The naturalness of the max-plus framework for
solution of deterministic control problems (and HJB PDEs) is reflected by
the fact that these operators are max-plus linear operators. The solution of
time-dependent problems reduces to propagation by the linear operator, while
steady-state problems reduce to eigenfunction problems corresponding to the
linear operator. This linearity was first noted by Maslov [71].

A key to the exploitation of this linearity is the development of function
spaces over the max-plus algebra. (These are often referred to as moduloids;
see [6], [20] and the references therein.) A well-known similar approach is when
linear second-order PDEs are solved by considering Fourier series expansions
of the solution. In order to utilize this same approach, one must define the
appropriate max-plus spaces, and obtain bases for these spaces. Unfortunately,
the lack of additive inverses in the max-plus algebra precludes a direct analogy
with Hilbert spaces. However, there are nonetheless useful bases for these max-
plus spaces.

If one truncates the basis expansions of elements of a max-plus space,
the max-plus linear semigroups correspond to finite-dimensional matrices.
Then, approximate propagation reduces to max-plus matrix-vector multipli-
cation, and approximate solution of steady-state problems reduces to finite-
dimensional max-plus eigenvector problems. The resulting class of numerical
methods is completely new, and is not subsumed by any other existing class of
methods. Further, these methods are specifically relevant to control problems
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and HJB PDEs. Additional classes of methods are obtained by taking max-
plus linear combinations of simple, analytically obtainable, max-plus dual op-
erators to approximately generate the max-plus dual operator for the problem
of interest. As these classes are entirely new, a single book can only provide
some initial foundations for these classes of methods. There is much more that
can be done.

In addition to the numerical developments enabled by the max-plus alge-
bra, the algebra provides a new language for formulation of the problems them-
selves. For instance, the supremum over Lo functions (with an Ls cost) can be
represented as a max-plus expectation. Solution of deterministic control prob-
lems becomes propagation of max-plus conditional expectations. Zero-sum
differential games become max-plus stochastic control problems (c.f. Flem-
ing, [39], [40]). Suprema over time are max-plus integrals, and standard-sense
integrals are max-plus multiplicative operators.

1.1 Some Control and Estimation Problems

We briefly indicate some control and estimation problems that will be ad-
dressed in this book. More rigorous formulations of these problems will appear
further below. The chief purpose here is to give some idea of the classes of
problems that will be addressable by the machinery to follow. Throughout,
the state at time ¢ will be denoted by &;. The state space will be R", and
points in the state space will be denoted as z € R™.

One obvious class of problems appropriate for max-plus analysis are the
finite time-horizon optimal control problems. Let the dynamics and initial
condition be

§= f(fau),

gs:xv

where u; is an input process, taking values in the set U C RF. This input
process may be viewed either as a control input or as a disturbance input.
The mathematics for solution of the associated HJB PDE will be the same
regardless of the real-world interpretation. We will refer to the space of func-
tions to which this input must belong as the control (or disturbance) space,
denoted generically by U. If the finite time-horizon problem is over time in-
terval [s,T] (where T is referred to as the terminal time), then the space of
input functions might be designated as u. € U, 7). For instance, one might
have
Uy = {u: [s,t] = Ulu is measurable }

if U is compact. If U is not compact (e.g., U = RF), then one might take

U[S,T]Z{u:[s,t]HU‘/ |ut|2dt<oo}.
[s,T
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It will generally be of interest to consider optimization of a payoff (or cost
criterion) through choice of this input process. In the case where u represents
a controller, we may interpret the problem as an optimal control problem with
the given cost criterion. Such a criterion would typically take a form such as

T
J(s,z;u) = / L(&,ue) dt + o(&r)
or, somewhat more generally,

TAT
J(&.’I};U) = / L(ftaut) dt+¢(§T/\r)a

where z € G C R", G satisfies certain conditions, 7 = inf{t > s|& ¢ G}
and T A7 = min{7T,7}. In this case, L would be referred to as the running
cost, and ¢ would be referred to as a terminal cost or exit cost. Also, 7 would
be referred to as the exit time. The above payoff is max-plus multiplicative.
(This will be discussed later.) Other problem formulations where one takes
suprema or limit-suprema over time will also be of interest. If one desired to
maximize the payoff, then the value function for this problem would be

V(s,x) = sup J(s, z;u).
ucl
Problems where one maximizes over the control space will be amenable to
max-plus methods. If instead, one wished to minimize, the min-plus algebra
would be appropriate.

A particularly interesting class of problems will be the robust/H infinite
time-horizon control problems. We will consider first the case where there is
a fixed feedback control and an unknown disturbance process. The typical
dynamics in such cases would take the form

£= f(&0(9) + o(&u = g(&) + (&), (L1)
(o=2x € R".

Note that, in this case, v(x) is the fixed feedback controller, and the first term
in the dynamics, g(§) = f(§,v(€)) represents the nominal dynamics — the
dynamics in the absence of a disturbance process. It will typically be assumed
that g(0) = 0 so that the origin is an equilibrium point. Also, in this case,
u represents an input disturbance process. If the range space of u were R,
then the disturbance space (also referred to as the control space for u) would
typically be

U = LY([0,00); R*) = {u: [0,00) = R*|ujg 1] € L2(0,T) VT € [0,00)}
(1.2)
where Ly(0,T) is the set of square-integrable functions over [0, 7] where the
range space will not be included in the notation when there is no possibility
of confusion. This system is said to satisfy an Hy, criterion with disturbance
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attenuation parameter v € (0, c0) if there exists a locally bounded 8 : R™ —
[0, 00) where 3(0) = 0 such that

T 2 2 T

| mera <@+ Ludhn = p@+ 5 [ ka0
for all T € [0, 00) and all w € U. Here, L(-) is assumed nonnegative, and more
specifically, strictly positive definite (i.e. L(0) = 0 and L(z) > 0 otherwise),
and often takes the form of a quadratic. Note that a function is locally bounded
if it is bounded on compact sets. The associated value function (known as the
available storage [12], [52], [108]) is given by

T 2
W(z) = sup sup / L&) ~ 2 uf? dt
uweU Te[0,00) JO

T 2
= sup sup/ L(ft)—%\ut\Zdt
Te[0,00) uel JO

T 2
= lim Sup/ L(&) — L |ug)? dt. (1.4)
T—ooyelt Jo 2
Under the indicated assumptions, one has W (0) = 0 and W (z) > 0 if = # 0.
An H, problem with active control which will be considered has dynamics

£= A+ B(E)v+o(u,
§o=r € R",

where A is a vector-valued function of length n, B is an n x m matrix-valued
function, and ¢ is an n X k matrix-valued function. The payoff is

T
J(z, T;v,u) = %/0 ¢ CE + v Dug — “*2—2|u,5|2 dt,

where C' and D are symmetric positive definite matrices. The active control
H, problem is a zero-sum, differential game with this payoff. The value func-
tion can be expressed as an Elliott—Kalton [35] game value. In particular, the
value of interest is

W(z) = inf sup sup J(z,T;0[u],u),
0€O well Te(0,00)

where O is the set of nonanticipative mappings from the disturbance space, U,
into the control space. Nonanticipativity and game values will be discussed at
more length below. Under a certain condition, this problem will be addressable
with techniques employing the min-plus algebra.

A class of problems that have come under study in recent years (c.f. [55],
[56]) are ones with mixed Lo, /Lo criteria. The dynamics may take the form
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€ =g(&)+0(&u, & = = € R™. In this case, however, the criteria take a more
general form such as

T
J(&, T, u) = 0(Er) + / L(&) — n(jul) dt,

and one may sometimes have an added constraint that |u;| < M < oo for
all ¢ > 0. The n function typically satisfies n(0) = 0 with 7 monotonically
increasing, and one would have L,¢ > 0. One considers a problem,

W (z) = sup sup J(z,T,u).
T>0ueU

Note that due to the presence of the ¢ term, the supremum over time may be
achieved at some finite value (rather than as T'— oo in the above case), and
so this is referred to as a stopping-time problem.

These same techniques can be applied to the robust/H filtering problem.
In this problem, the dynamics are

§=9(&) +o(&u,
=z € Rn)

where x is unknown. The disturbance process, u;, is unknown. There may be
an observation process. If the observations occur at discrete times, t,, then
the observation process may be

Yn = h(&,,) + p(&e, )wn

where the w,, represent unknown disturbances in the observation process. One
looks for an estimator, Z; such that

t t 2 Ne 2
[ &zt —aar <o)+ [ Pk e 3 Rl

n=o

where C'is positive definite and Ny = max{n|¢, < t}. Then Z; will be a robust
estimator. This will also be discussed more fully below.

1.2 Concepts of Max-Plus Methods

We outline the basic concepts behind the classes of max-plus methods.
Consider the value function given by (1.4) with dynamics (1.1) and con-
trol/disturbance space (1.2). The value function, W (z), is a function of the
initial state. A common approach to solving such a problem is dynamic pro-
gramming, or DP (see for instance [8], [46], [47] and [48]). DP methods gener-
ally lead to a dynamic programming equation (DPE) which in this case takes
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the form of a steady-state, nonlinear, first-order HJB PDE. In the case of this
example, the HJB PDE is

0= — supyene {[0(e) + o] VW + L(z) - % [ul)
(1.5)
= — [ (VW) To(@)o™ () YW + g7 (2) YW + L(x)]

The boundary condition is that the solution is zero at the origin, that is
W(0) =0, (1.6)

where we note that 0 will be used to represent the origin in R™ for any n > 1
throughout the text. Since this is a first-order, nonlinear PDE, one cannot
generally expect a smooth solution. Among the class of weak solutions, the
most useful class appears to be that of viscosity solutions (c.f. [8], [22], [23],
[47], [48], [57]). For most HIB PDEs, there exists a unique viscosity solu-
tion. However, for problems such as (1.5), (1.6), one may not have uniqueness
among the class of viscosity solutions, and in such cases an additional condi-
tion is needed in order to uniquely specify the “correct” viscosity solution [88],
[106]. Here, the “correct” solution is the value function, W, given by (1.4).

Once one has (1.5), a PDE solver is used to compute the solution. The
most common approaches to numerical solution of PDEs are the finite element
(FE) methods. A number of authors have developed FE methods specifically
adapted to solution of first-order HIB PDEs (c.f. [8], [18], [32], [34], [66]). In all
cases, the methods suffer from the curse-of-dimensionality. In particular, one
must solve PDE (1.5) over R™ if the state takes values in R™. Consequently,
the computational cost grows exponentially in the state-space dimension n —
this computational growth being the aforementioned curse-of-dimensionality.

Other approaches have been applied. One class is that of characteris-
tics (bicharacteristics, generalized characteristics). In this case, one computes
W (z) and the optimal feedback, u*(x), by solution of a 2n-dimensional second-
order ordinary differential equation (ODE) with two boundary conditions.
Such a method may be appropriate for real-time computation, as well as
for precomputation and storage. Unfortunately, the nonsmoothness property
makes it difficult to propagate the “correct” solution of the ODE since the
propagation across hypersurfaces of nonsmoothness can be quite technical.
Further, one must apply a shooting approach to deal with the two-point
boundary conditions. Lastly, for (1.5) in particular, there are typically both
stable and unstable manifolds emerging from the origin, and shooting to a
boundary condition such as lim;_, ¢(t) = 0 is extremely difficult. For discus-
sion of such methods, one can see [27], [37], [49], [90], [72], [93].

With max-plus methods, one does not work with the HJB PDE, but with
the semigroup associated with the HJIB PDE. More specifically, instead of
applying DP to derive the PDE, one works with the DPP prior to taking the
infinitesimal limit in time. The DP associated with (1.4) is
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with dynamics given by (1.1). The right-hand side is an operator on the space

that W lies in. (Such spaces will be considered in more detail later.) Suppose

W is in the space of semiconvex functions, S. For any 7 > 0, (1.7) takes the

form

W = S.[W],
where S; maps some domain D(S;) C S into S, and for any ¢ € D(S;),

™ 2

. v

06 = sup | [ 2160~ Ll dr-+ o(er)
ucl 0

Note that the operator S is indexed by 7; that is, the S, form a one-parameter

family of operators indexed by time, 7. Further, S, satisfies the semigroup

properties [96]:

S7-1+7-2 = 57-157-2 V11,70 >0, (18)
So =1,

where I represents the identity operator. There are multiple classes of con-
tinuous semigroups [96] obtained by invoking various continuity requirements
with respect to the time variable, but continuity issues will not be the focus
here. We do note that the corresponding HIB PDE (1.5) is the generator of
the semigroup.

Before proceeding with this introduction to max-plus methods, we need
to briefly discuss the max-plus algebra. This will be discussed in detail in
Chapter 2. Here, we include only the information needed to continue this
informal discussion. The max-plus algebra is a commutative semifield over
R~ = RU{—o0}. The addition and multiplication operations, & and ® are
defined for a,b € R~ as

a ® b =max{a,b}, a®b=a+b.

The additive identity is —oo, and the multiplicative identity is 0. The mul-
tiplicative inverse of @ > —oo is —a. Note that one does not have addi-
tive inverses — this being the reason for the appellation “semifield” rather
than field. As with standard vector spaces (i.e., spaces over the usual addi-
tion/multiplication operations), the max-plus addition of two functions (or
two vectors) is done pointwise. Specifically, for functions ¢ (z) and ¢o(x), the
max-plus sum is [p1 @ ¢2](z) = ¢1(x) @ ¢2(2) = max[p1 (), d2(z)] for all x.
Multiplication by a scalar is analogous to the standard case as well. That is,
for a € R~ and function ¢1(z), [a ® ¢1](z) = a ® ¢1(z) = a+ ¢1(z) for all z.

We will find that S is a max-plus vector space, and in particular, the above
addition and multiplication operations of the previous paragraph will be well-
defined for elements of S. A fundamental issue will be that for ay,a2 € R~
and ¢1,¢2 € D(S;) C S,
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Srlar ® ¢1 B az @ ¢2] = a1 @ S-[P1] B az @ Sr[Pa]. (1.10)

In other words, S is a max-plus linear operator for each 7 > 0. The proof will
appear in Chapter 4. The max-plus methods will seek to exploit this linearity.

As indicated above, max-plus methods may require basis expansions of
the solutions (as elements of some max-plus vector space). Suppose W (zx) =
D, e: @ i(x) for all z where {1;}32, forms a max-plus basis (in a sense to be
defined in Chapter 2) for S. Then one has

@%@% ZST{@%@T/%}

If only a finite number of basis functions, say N, were required, the max-plus
linearity of S, would yield

N N
@Q@’(/Ji:@ei@ST [’lﬁl} (1.11)
1=1 i=1

The errors introduced by truncation to a finite number of elements in a basis
expansion will be considered in detail. Equation (1.11) is typically equivalent
to

l®e=e=B®e, (1.12)

where e is the vector of length N with components e;, and B is a matrix
associated with S. In other words, approximate solution of (1.5)/(1.4) reduces
to solution of max-plus eigenvector problem (1.12). Similarly, propagation
forward in time of time-dependent HJB PDEs takes the form

a r=BRa

for time-step 7. Lastly, the mixed L, /Lo problems lead to max-plus affine
problems of the form
e=B®edec.

In this case, the problem data generate both matrix B and vector c; one then
solves this max-plus affine problem for e. Note that this max-plus approach
does not obviously remove the curse-of-dimensionality. If one expects the num-
ber of necessary basis vectors to grow exponentially in space dimension, n,
then the computational costs will also grow exponentially in n. It should be
noted that the entire matrix B is not generally needed — only an analogue to
the terms in a banded matrix are needed. The expected advantage of such an
approach follows from the expectation that exploitation of the linearity may
lead to a lower computational cost and lower computational growth rate.
Some other max-plus methods will be mentioned. Specifically, some ap-
proaches related to semiconvex duality and the Legendre/Fenchel transform
will be discussed. It should be noted that the Legendre/Fenchel transform
plays a role similar to the Fourier and/or Laplace transform for standard-sense
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algebra. In fact, a particularly promising class of methods stems from taking
max-plus linear combinations of transformed operators for simple problems to
obtain approximate transformed operators for the problem of interest. If the
simple problems are, say linear, then the transformed operators can be ob-
tained analytically. This approach entirely avoids the curse-of-dimensionality
for a class of HIB PDEs — which is a particularly exciting development.

From the above discussion, one sees several pieces of machinery that are
needed for development of max-plus methods. The structures of max-plus
spaces are discussed in Chapter 2. One also needs to prove that the value func-
tions lie in appropriate max-plus vector spaces (or min-plus spaces in some
cases). The ones that will be considered in the most detail will be spaces of
convex and semiconvex functions. Secondly, one needs the DPP /semigroups
and proofs of their max-plus linearity (the latter being rather trivial). In
order to make rigorous statements about the quality of solutions to be com-
puted with max-plus methods, one needs to understand convergence rates
and error bounds for these methods. Exploration of semiconvex duality and
Legendre/Fenchel transforms will obviously also prove useful.

The machinery needed for the various problem forms of Section 1.1 is
somewhat uniform across problem classes. The most thorough discussion will
be for the Hy, problem (1.4), where in particular, a full error analysis will be
provided. The machinery for other problem forms and solution methods will
be discussed after the H, problem form, and not all the technical issues will
be explored in detail in those cases.
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Max-Plus Analysis

In this chapter we introduce the max-plus algebra and some basics of func-
tional analysis over the max-plus algebra. We will refer to our usual operations
(addition and multiplication) on the real line as the standard field. The max-
plus algebra is a commutative semifield over R~ = R U {—o00}. The addition
and multiplication operations are

a ® b = max{a, b},

(2.1)
a®b=a-+b.

In particular we take

a®—-—x=a VacR",

(2.2)
a®—o00=-00 VaeR™.

As evidenced by (2.2), the additive identity is —oo. The multiplicative identity
is0 (a®0=a+0=a Va € R7). The multiplicative inverse of a > —o0
is —a (the standard additive inverse). The additive identity, —oco, does not
have a multiplicative inverse (which is analogous to the same property in the
standard field). With the exception of the additive identity, —oco, no elements
have additive inverses. In [6], an approach to dealing with this lack of inverses
in algebraic equations is resolved through the use of “balances.”

We note that the commutative, associative and distributive properties
hold:

a®b=0bDa,
a®(bdc)=(adb)Dec,
a®b=>b®a,

a® (b®c)=(a®b)®c,
a®(bdc)=(a®b)®(a®ec).

The usual precedence ordering between operations will be employed, that is
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a@b®c®d=(a®b) ®(c®d).

For more information on the max-plus algebra, the reader is referred to [6],
[25], [63], [70], and the references therein.

We say that a sequence {a,}52; C R~ converges to a € R (denoted as
ap, — a) if |a, —a] — 0 where | - | represents the (standard) absolute value,
and we say a, — —oo if given M < oo, there exists Njp; < oo such that
a, < —M for all n > Nj;. Equivalently, we say that R~ is equipped with its
usual topology given by the metric d~(a,b) = |e® — €®|. This also relates to
log-plus algebras and large deviations, c.f. [1], [39], [82], [97], and [98].

We now define a vector space over the max-plus algebra; this will generally
be referred to as a max-plus vector space or a max-plus space. These are
referred to as moduloids in [6]. We say X is a max-plus vector space (with
zero element denoted by ¢° € X) if

a®peX VYaceR,Vope X,

POY=9pBPEX Vo, pEX,

(ab)@p=a® (b®¢) Va,be R, Vo€ X,
(adb)Rp=a®@dDb¢d Va,be R, Vope X,
aR(PPY)=aRdPaxyy VaeR, Vo, e X
pD° =0, a® ¢’ =¢", —co¢p=¢", 00p=¢ VYacR , Voci.

If X is defined as a set of vectors of elements of R™ indexed by A € A for
some index set A, then we may denote elements of X' as ¢ = {¢px}rea, each
element being denoted by ¢». In some cases the notation ¢(\) may be used
in place of ¢y.

We say the sequence {¢"}°°, converges to ¢ € X (denoted as ¢" — ¢)
if ¢ — ¢, for all A € A. Further, if given any ¢ > 0, there exists N, < oo
such that |[p? — ¢,| < e for all A € A and all n > N., we say ¢" converges
uniformly to ¢. Let —oo. denote the element of X such that ¢y = —co € R~
for all A € A. Note that since —oco € R~ is the additive identity, this is
somewhat analogous to the origin in X. In particular, ¢° appearing in the
above definition will be —oco.. We say ¢" — —oo. € X uniformly if given
M < oo, there exists Nj; < oo such that ¢f < —M for all A € 4 and all

Ezample 2.1. Let Br(0) C R™ be the ball of radius R, that is Bg(0) = {y €
R"||y| < R} where | - | indicates Euclidean norm. The notation Br will be
used freely in place of Br(y) when y is the origin. Let X be the space of
continuous functions mapping Bg = Br(0) into R appended by —oc.. Then
for any ¢1,¢2 € X and any a € R™, (a®¢)(y) = a+¢(y) and (¢1 D ¢2)(y) =
max{®1(y), #2(y)} for all y € Bg. Clearly X is closed under these operations,
and is a max-plus vector space. This is also true with Bg(0) replaced by its
closure, Bg(0).
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Example 2.2. The natural definition of continuous functions with range in
metric space (R7,d ™) applies here. More specifically, ¢ : R® — R~ is con-
tinuous at yo € R™ if given any sequence y, — yo, ®(yn) — ¢(yo). Then the
space of continuous functions from R™ (or appropriate subset of R™) into R~
is also a max-plus vector space.

We say that {¢"}52, C X is Cauchy if given € > 0, there exists N, < co
such that [¢} — ¢¥'| < ¢ for all A € A and all n,m > N.. X is standard-
complete if given any Cauchy sequence {p™}52,, there exists ¢ € X such that

P — .

Ezample 2.3. Let X be the space of real-valued functions over B = Br(0)
which are all Lipschitz with the same constant, K < oo, with —oo. appended.
Then Xk is a standard-complete max-plus vector space. To see that Xk is
closed under the max-plus operations, let ¢ = a ® ¢' ®b® ¢* where a,b € R
(the case of a or b being —oo being trivial) and ¢!, ¢? € Xx. Fix yo € Bg.
Suppose a ® ¢ (yo) > b ® ¢*(yo). Then for any y € Bg,

d(yo) — d(y) < [a+ ¢ (yo)] — [a+ &' ()] = 8" (o) — &' (y) < Ky — wol.

Using symmetry, one sees that X is closed. Completeness follows in the usual
way, and a proof is not included.

Let C C R™ be convex. (C' is convex if y',42 € C and \ € [0,1] imply
Ayl + (1 —N\)y? € C.) Recall that ¢ : C — R~ is convex if for any y',3% € C
and any A € [0,1], p(A\y* + (1 — N)y?) < Ap(y!) + (1 — A)ép(y?) where these
operations are standard-sense [53], [101], [102]. Note that if ¢(y®) = —oo for
some 3> € C, then one must have ¢ = —oo0..

Ezxample 2.4. Let X be the set of convex functions mapping the convex domain
C C R"™ into R, with the function —oco. appended. Then X is a max-plus
space. If one adds the additional requirement that each ¢ € X be Lipschitz
with some constant, K < oo, A remains a max-plus space.

2.1 Spaces of Semiconvex Functions

Various spaces of semiconvex functions will be of particular interest. These
will be max-plus vector spaces. In the following definition, the (standard-

sense) closure of any set G C R™ is denoted by G.

Definition 2.5. A function, ¢ : R™ — R~ is semiconvex (over R™) if given
any R < oo, there exists ¢ < 0o such that ¢(y) + S|y|* is convex over Br(0).
Fiz any R > 0, and consider Br(0) (or Bg(0)). We say ¢ : Br(0) — R~
(¢ : Br(0) — R™) is semiconvex over Br(0) (Br(0)) with constant c if
o(y) + Sly|? is convex over Br(0) (Br(0)).
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Suppose ¢ is semiconvex over R™. Fix R € (0,00). Let
cr = inf{c € R|¢(y) + £|y|? is convex over Br(0)}.

We will refer to cg as the minimal semiconvexity constant for ¢ over Bg, and
we will say ¢ is semiconvex over Br with minimal semiconvexity constant cp.
In particular, cg = —oo in the case where ¢ is the function —oo..

Lemma 2.6. Suppose ¢ is semiconvex over Br with minimal semiconvezity
constant cg. Then ¢(y) + <L|y[* is convex.

Proof. Let y1,y2 € Br, a € [0,1] and € > 0. Let ¢ € (cg,cr +¢/R?). Then

C
Oy + (1= Ny2) + 5 P+ (1= Nl
C
<0 + (1= Vo) + 5w + (1= Mol

which by convexity (of the entire right-hand side)

< AB(y1) + (1= () + AZlml? + (1= V3wl
< A6(1) + (1= N)oy2) + ATy + (1= Nyl + (e — cn) R
<A [0) + Gl + (1= ) [#lse) + Tlyal?] +=.

Since this is true for all € > 0, one obtains the result. O

Let S denote the space of semiconvex functions mapping R™ into R™.
Let Si be the space of semiconvex functions mapping Br(0) C R™ into R™.
Let S be the space of semiconvex functions mapping Br C R" into R~
with semiconvexity constant, c. Let S]C{L be the space of functions mapping
Br C R" into R~ which are semiconvex with constant ¢ and Lipschitz with
constant L. Note that if ¢ is in S, Sg, S§ or S}C%L, and there exists a yg in the
domain such that ¢(yg) = —oo, then ¢(y) = —oo for all y in the domain. We
will also find it convenient to work with spaces of functions over the closed
ball. Let the mnemonically handy notation Sg, S§ and SI%L represent the
obvious analogues of the spaces Sg, S% and S& but where the domain is the
closed ball, Br = Br(0) rather than the open ball Bg(0).

Theorem 2.7. Let R,c,L € (0,00). Then S, Sg, 8%, S&&, Sk, S% and S}%L
are maz-plus vector spaces.

Proof. We consider only the space S&; proofs for the other spaces are similar.
Let ¢!, 92 € SEL, and a, a; € R™. One must show a1 ¢! Bay@¢? € S}%L. The
case with a; or ap being —oo is trivial; suppose not. Note that [a; ® ¢! D as ®
#?](y) = max{a; + ¢*(y), as + #?(y)}. One easily sees that adding a constant
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to a semiconvex or Lipschitz function does not affect the semiconvexity or
Lipschitz constants. All that remains is to note that the pointwise maximum
of two functions which are semiconvex with constant ¢ and Lipschitz with
constant L, is also semiconvex with constant ¢ and Lipschitz with constant L.
This is not difficult, and the proof is not included. 0O

Tt is useful when working with max-plus spaces (and more generally, idem-
potent spaces, that is, spaces over algebras for which a®a = a) to use certain
notions of completeness which are quite natural in this setting. Let < denote
the natural order on R~ (e.g., 7 < 18). Let A C R~. We let the supremum
of A, sup(A), be the standard definition, that is, the least upper bound. A
semifield is b-complete if any nonempty set which is bounded above has a
supremum. Clearly, R~ is b-complete. We say a semifield is complete (also
known as a-complete) if any nonempty set has a supremum. The max-plus
algebra, which we can denote here as (R™,®,®) can be completed by the
addition of a top element, +o0o, where a < 400 for all a € R™., and we let
R™" = R~ U {+cc}. Then, (R™",®,®) is a complete semifield. We define
—o0 = sup(P) where ) is the empty set. Note that since —oo is absorbing, one
needs to set

—00 Q +00 = —00.

2.2 Bases

The max-plus numerical methods which have been developed for solution
of HJIB PDEs and nonlinear control rely on basis expansions in max-plus
spaces and/or transforms between max-plus spaces. Heuristically, this ap-
proach uses max-plus analogues of spectral methods, Fourier/Laplace series
and Fourier/Laplace transforms. The starting point is the development of ba-
sis expansions for max-plus spaces such as S%L . Note that we will not have the
notion of a complete orthonormal set which one has in Hilbert spaces. Instead
we will use the notion of a “countable max-plus basis” (where this concept
will be clarified in Definition 2.12). We begin the development by recalling a
core result from convex analysis ([53], [101], [102]). This general result appears
in a number of contexts, and is referred to as the Fenchel transform, convex
duality, or the Legendre transform (it actually being essentially an extension
of the classical Legendre transform). Let CI% be the space of mappings from
Bp into R~ which are convex and Lipschitz with Lipschitz constant L < oco.
Let Br(0) C R™. The following is a version of convex duality, but simplified
due to the Lipschitz condition.

Theorem 2.8. Let ¢ € CE. Then for all y € B,
$(y) = max [pTy + @(p)} = max [pTy + @(p)} (2.3)
pEBL, peEG

for any G O By, where
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~

¥(p) = — max [yTp - 3@)] (2.4)

yEBR
for allp e R™. IquS: —00., then {/;: —00..

The reader is referred to one of the many works on convex analysis for
a proof and context. See, for instance, [100], Section 12; [101], Section 3;
[53]; and/or [102]. A sketch of a proof is included in the appendix as an aid.
Note that 712 is convex, and may be referred to as the convex conjugate, or
sometimes the convex dual, of ¢. In particular, (2.3), (2.4) are more often

written as

o(y) = max [pTy =), dp) = max [yp-0)], (25
pEBL YyEBR
where 1; = 712.

This duality can be expanded to spaces of semiconvex functions, and this
will form one of the fundamental building blocks for the max-plus numerical
methods. Recall that S%L is the space of functions mapping B into R~ which
are semiconvex and Lipschitz with (positive) constants, ¢ and L, respectively.
The following result from [78] is a minor variant of a result which first appeared
(at least in this context) in [44].

Theorem 2.9. Let ¢ € SI%L, Let C be a symmetric matriz such that C'—cl > 0
(i.e., such that C —cl is non-negative definite). Let Dg > |C||C~Y R+|C~Y|L
where |C| is the induced matriz norm of C. (In particular, one may take
Dgr = (|C|R+ L)/c.) Then, for all y € Bg,

Ply) = o B W@ — sy -1)"Cly—79)] (2.6)
= max W@ — sy -1)"Cly—79)] (2.7)

= max W@ — sy -1 "Cly—79)] (2.8)

(2.9)

for any G 2 {y: |Cy| < (L +|C|R)}, where

Y(G) = — max [~¢(y) — 5(y = 7)" Cly — )] (2.10)
YyEBR
for ally € R™. Further, if C —cI > 0 (i.e., if C —cI is positive definite), then
U(g) > —oo for all 7.
Proof. The case ¢ = —co. (whence 1) = —00.) is trivial; we suppose ¢ # —00..

Define :é\: Br — R~ by

o(y) = d(y) + Ly" Cy. (2.11)
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First it will be shown that ¢ is convex (i.e., $(Ay1 +(1=Nya) < /\(;(yl) +
(1= XN)¢(y2) for all y1,y2 € Br, y1 # y2, A € (0,1)). Note that
SO+ (1= Nga) = 61 + (1= V) + eldgr + (1= Vsl
+3 (A1 + (1= Ny2) '[C = el (g1 + (1= A)ye)
which by the convexity of ¢(-) + 3¢/ - |?

< Ao(y) + (1= Né(ya) + sAclyn | + 31 = Nelga|?
+3Ow1 4+ (1= Ny2)"[C = eI](Ayr + (1= A)y)
= Xo(y1) + (1= No(y2) + EAelys |2 — yf O]
Jré(l = N[cly2l* — y3 Cyo]
+3 Ay + (1= Ny2)"[C = ell(Myn + (1= N)ya),

which, after some algebra,

= Ao(y1) + (1= N)o(ye)
A1 =Ny —42)"(C = eD)(y1 — va),
which by the non-negative definiteness of C' — cI

< A(y1) + (1= N)(ye).

(Note that if C'— ¢I > 0, then one obtains strict convexity.)
Also note that

6(1) — d(y2)| < |d(y1) — dly2)| + |2yT Cyr — L3 Oy
< Llyy — yo| + [(Cys) " (y1 — v2)|

for some y3 € Bp
< (L+I[CIR)|y1 — v2l,

which implies that ¢ is Lipschitz with constant (|C|R+ L).
Then, by Theorem 2.8 for any y € Bg,

é(y) = dly) — 34" Cy

T -~ 1, T
= + — sy Cyl,
|p|§<rili}|(cm)[p y+ol) -y y}

where 12)\ is given by (2.4)
1/, T -1 T T > T ~—1
=(p' C -2 +y' Cy) + + Cc~ }
|:D|<(HLITI<C|R)[ 2 (p p=2"y+y Cy) +d(p) + 5p b

(v-C7')"Cly— C'p)+ 0p) + 37C7'p).

[\J‘H

= max |:
T pI<LtICIR)

and letting ¥ = C'~'p, this is
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Ly —DTC(y —7) + D(CT) + 2705
o2 o sW—19)"Cly—7)+v(Cy) + 357 Cy] (2.12)

Define R
v(G) = ¥(Cy) + 37077 (2.13)
Combining (2.12) and (2.13), one has

o) = o max 0() ~ 3y~ 9)Cly 7))

Now, from (2.4),
¥(p) = — max [yTp - ¢(y)]
yEBR

= — max {yTp — d(y) — %yTC‘y} (2.14)
yeEBR

(and, further, this is > —oo if C' — ¢I > 0). Combining (2.13) and (2.14),

¥(3) =~ max [~3("Cy 2" CF+50T) ~ 6(y)]
=~ max |~y - 9)"Cly - 7) - o(y)]
yEBR

(where, further, this is > —oo if C —¢I > 0). This yields (2.6), (2.10). Equiv-
alent forms (2.7) and (2.8) follow similarly using the second equality of (2.3)
rather than the first. O

Remark 2.10. It may sometimes be useful to replace the scalar semiconvexity
constant, with a matrix constant. Let C’ be a symmetric, positive definite
matrix. Let Sg/L be the set of mappings, ¢, from B into R~ which are
Lipchitz with constant L, and such that ¢(y) + 3y7C’y is convex. A result
equivalent to Theorem 2.9 (i.e., (2.6)— (2.10)) holds where an assumption that
C — C’ > 0 replaces the assumption that C' — ¢l > 0.

The above results can also be applied to spaces of functions that are strictly
convex. This can be quite useful in numerical methods if one suspects the
solution that one is searching for is convex to the extent required in the
following theorem.

Theorem 2.11. Suppose ¢ is Lipschitz with contant L over Br. Suppose that
there exists ¢ > 0 such that ¢(y)—(c/2)|y|? is convex on Br. Let C be a positive
definite, symmetric matriz such that cI — C > 0. Let Dp > |C||C7YR +
|C=Y|L. Then, for all y € Bg,
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o) = max 0@+ 36 -9Cw-7)]  (219)
= max [v() + 3~ 9)"Cly - 7)] (2.16)
= max|v(7) + 5y ~7)Cly 7)) (2.17)

for any G2 {y: |Cy| < (L +|C|R)} where

¥(m) = ~ max[~6(y) + 4y - 7) Cly - ) (2.18)

for ally € R™ (and ¥(y) > —oo for ally if cI — C >0).

Proof. The proof is a variation on the proof of Theorem 2.9, and consequently,
only a sketch is provided. Let ¢( ) = o(y) — iy TCy with ¢ # —oo.. Then (b
is strictly convex, and is Lipschitz with constant (L + |C|R). Using Theorem
2.8, one finds that for any y € Bg,

o(y) = ly) + 2yTCy

T i 1, T
= max + + sy Cyl,
|p|<(L+|C|R)[ py+vp) + 5y Cy

where ) (p) = t(—p) and ¢ is given by (2.4). Letting ¥ = C~p, one finds

- 5 —9)"Cly —7) +9(Cy) — 557 Cy).
|C@|srf1Laﬁcm>[2(y Y) Cly —9) +¥(CY) — 37 y}

Letting ¥ (g) = J(C@) — %QTC@, one has

_ o Ll T =
o) = o max [0@) + 30 -1)"Cly—)].
One then obtains (2.18) from the fact that ¢ (g) = zZ(—C@) where 1) is given
by (2.4). O

Similar results can also be obtained for spaces of concave and semicon-
cave functions. In such spaces, the elements, ¢(-), will have representation in
terms of minima of quadratics rather than maxima. For example, a semicon-
cave duality result for ¢(-) can be obtained directly from the corresponding
semiconvex duality result for —¢(-). In order to reach our goal more quickly,
such results will be delayed until we need them.

The above duality results can be used to obtain bases for spaces of convex
and semiconvex functions when these spaces are endowed with the max-plus
operations rather than the standard field. Let X’ be a b-complete (a-complete)
max-plus space. Let {¢;}22, C X. The inifinite sum @;-, ¢; is defined to be
sup[{%;}52,], and this is guaranteed to exists if X' is a-complete or if {1;}2,
is bounded and X is b-complete.
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Definition 2.12. Let X be an a-complete or b-complete max-plus vector
space. Let A = {3;}2, C X. Then A is a countable basis for X if given
¢ € X, there exists {a;}52, C R~ such that

¢ = @(ai ®RYi).
i=1

Where no confusion arises, we will typically refer to a countable max-plus
basis simply as a basis. The usage of the term basis is nonstandard here.
However, we do not have a notion of “complete orthonormal set,” and so we
will work with countable basis expansions of elements of our max-plus space
in place of expansions in terms of complete orthonormal sets.

Consider S}%L. (Note that SI%L is b-complete; the a-completion of SI%L is
S}C?L_+ = 8¢ U{+00.} where +o0. is the function that is identically +oo. this
last result is discussed more fully at Proposition 2.18.) Let C' be a symmetric
matrix such that C —cI > 0. Let £ = {7 € R" : 57 (C?)y < (L+]|C|R)?}. Let
A = {y;}32, be a countable dense subset of £. Let N denote the set of natural
numbers. For each i € N, let &(y) = —3(y — y;)TC(y — y;). Let ¢ € SEL. By
Theorem 2.9, for all y € Br

O(y) = max [ v:(7) ~ 5(s ~ )" Cly 7).
where
¥(m) = - max [~6(y) — 1y -7 Cly - 7)]

yEBR

for all 7 € €. Also let a; = ¥(y;) for all i € N. Then, by the denseness of
{yi}'?ih

#(y) = sup [w(yi) — iy —y)"Cly— yi)} = sup [ai + Ei(y)}

1EN
— D a0 &), (2.19)
i=1
where
a; = — max [~(y) +&(y)] Vi (2:20)
YyEBR

This yields the following:

Theorem 2.13. Letc, L, R > 0, and let symmetric matriz C satisfy C —cl >
0. Let &(y) = —2(y — v:))TC(y — y;) for all i € N where the y; form a
countable dense subset of £ = {7 € R" : 51 (C?)y < (L + |C|R)?}. Then,
{& i € N} C R is a countable basis for maz-plus vector space S]%L, Further
a choice of coefficients in the expansion of any ¢ € S]%L is given by (2.20).
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We note that the a; given by (2.20) may not form the only set of coeflicients
such that (2.19) holds. For example, suppose L+ |C|R > R (so that B C &),
and let ¢(y) = 0 for all y € Bg. Then any set of coefficients such that a; = 0
if y; € Br and a; < 0 otherwise, satisfies (2.19). Thus there are multiple
expansions in such a case.

By similar approaches to that yielding the above basis for SIC—%L7 one can
obtain countable bases for other max-plus spaces such as those above. For
instance, one may use Theorem 2.8 to obtain a basis for C}%; the basis would
consist of a countable set of linear functionals. The reader can easily produce
such bases.

Remark 2.14. As with the extension of Theorem 2.9 considered in Remark
2.10, Theorem 2.13 may be extended to matrix semiconvexity constants. In
particular, let C’ be a symmetric, positive definite matrix, and suppose sym-
metric C satisfies C—C’ > 0. Then the set {; : 4 € N'} given in Theorem 2.13
is a countable basis for max-plus vector space SgL. Again the coefficients in

the expansion of any ¢ € SgL are given by (2.20).

2.3 Two-Parameter Families

Two-parameter families of basis functions may be of interest. There is an
obvious analogy to wavelets here, but to the author’s knowledge, this has not
been extensively explored (see however, [2] and references therein). Consider
8¢ Let {c;}jen be a countable, unbounded subset of [c,00). Let {y;}ien
be a countable dense subset of Bp, where ¢ = inf;¢; and Dgr = R+ L/e.
For each i,j € N, let & ;(y) = =2y — yi|*. Then {& ;]i,j € N} forms a
countable basis for S%L. However, in this case there is little to be gained. One

can also take D% = R+ L/c; for any j, and let {y; ; }ien be dense over the
ball of radius D?% Then, letting & ;(y) = =52 |y — yi,;|* for each 4, j, one still
has that {&; ;|i,j € N} forms a countable basis for S&".

Two-parameter families may be more useful when one does not have a
bound on the semiconvexity constant. For instance, consider S. Let {y;} be
a countable, dense set over R”, and let {¢;};ca be a countable, unbounded
subset of (0,00). Again take & ;(y) = 2|y — y;|*>. Then let X = {&; ;4,5 €
N}. Fix some R < co. Let ¢ € S. Then (see [42] for instance), there exist
¢, L < oo such that the restriction of ¢ to Br, denoted ¢, is in SEL. There

exists 5 such that G > c Let D{{ > R+ L/c;. Let Z C N be such that

{yi}iez is a dense subset of ED; . Then there exists {a;}icz C R~ such that
R

dr(Y) = B,erai ® & j(y) for all y € Bg. In other words, any semiconvex
function over any ball Br can be represented as an infinite max-plus linear
combination of elements of 3.
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2.4 Dual Spaces and Reflexivity

This section discusses some of the results for max-plus function spaces which
would best be described as max-plus functional analysis. The results here are
not directly necessary for the study of the numerical methods to follow, and so
a reader with the goal of getting directly to the applicable material could skip
this section on a first reading without risk of difficulty later.

The general theoretical material here is a condensation of results on idem-
potent spaces (spaces over semifields for which b @ b = b, of which max-plus
is one example). In particular, some important references are [1], [20], [63]
and [70]. The presentation here will closely follow the approach of [20]. This
general theory is applied to an example in the space of convex functions.

Let (X,®,®) be a max-plus vector space with elements ¢ = {¢,}yey.
Throughout, when we speak of a max-plus space, it will be assumed that we
have such a representation for its elements. For ¢!, ¢?> € X, we define the
partial order ¢! < ¢? if (;5; < qb; for all y € ). Note that X is complete as a
partially ordered set if any subset has a supremum (defined in the standard
way, as a least upper bound according to the partial ordering). For any such
partially ordered (or ordered) space, X, and subset A, we define the greatest
lower bound or infimum by

inf(A) =sup{be X|b<a Va e A}.

We say (X,®,®) is a complete max-plus vector space if X' is complete as a
partially ordered set (not to be confused with completeness defined in terms
of Cauchy sequences), and if the maps a — X given by fs(a) = a ® ¢ and
¢ +— X given by f,(¢) = a ® ¢ are continuous for all a € R~ and all ¢ € X.
Here, f, is (max-plus sense) continuous if fs(sup(A)) = sup,e4[fo(a)] for all
A C R, and similarly, f, is continuous if fo(sup(G)) = supgeg[fa(9)] for
all G € X. A max-plus space will be the completion of max-plus space X' over
(R™,®,®) if it is the smallest complete max-plus space over (R™F, @, ®)
containing the set X.

Let Cgr be the space of convex functions mapping Br(0) C R™ into R~
over the max-plus algebra, (R™,®, ®).

Proposition 2.15. The completion of Cr over (R™,®,®) is the space of
lower semicontinuous (Isc), convex functions mapping Br into R™, and this
will be denoted by C§+- More specifically, the maz-plus space is the set Cg“'
over the complete maz-plus semifield (R™F, @, ®).

Proof. We first verify that C;f as a set is complete (a-complete) in the max-
plus sense defined above. Note that this implies that the set C§+ contains
the completion of Cg. Let G C Ci™, and index G as G = {¢*}nea for
some index set A. For each y € Bg, let (/#Ey = SUP,c @y (Where we recall
the notational equivalence ¢, = ¢(y)). It is easy to show that the resulting
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function $ : B — R~ is Isc (see, for instance, [104]). Now, let y1,y2 € Br
and A € [0, 1]. Given € > 0, there exists & € A such that

P+ (1=l < Py (1-2)ya) T €
<Ay + (1= Aoy, +¢
S )‘(Eyl + (1 - )‘>(}5y2 +e€.

Because this is true for all € > 0, $ is convex. Consequently, one finds that
¢ € CE+, and so C§+, as a partially ordered set, is complete. Further, one can
easily verify that this is complete as a max-plus vector space over (R™1, @, ®).

Next, one must show that any b€ Cr " takes the form ¢ = sup{G} for
some G € Cg. However, by [101], pp. 15-16, given 5 € Cp*, there exists a
¢ : R" — R~ such that for any y € Bg, (Ey = qASZ* = Sup,crn{y-v— @5}
Since y - v — ¢} € Cgr for any v € R"™, one sees that a has the form sup{G},
GCCgr O

Let SF{JF be the space of lower semicontinuous functions, ¢, mapping
Br C R" into R™F such that ¢(y) + (¢/2)|y|? is convex. It is worth noting
the following.

Lemma 2.16. The mapping ¢ = ¢° from S5+ into C3* given by ¢ =
by + (c/2)|y|? is a bijection.

Proposition 2.17. The completion of S5 (over (R™,®,®)) is Si T (over
(R™F,8,0)).

Proof. Let G C Sg. Let G. = {¢° € Cr|3¢ € G such that ¢f = ¢, +
(¢/2)|y|* Yy € Br}, and denote this mapping from subsets of S% into subsets
of Cr by G, = F(G). Let ¢¢ = sup{G.}, and note that, by Proposition 2.15,
¢° € CxT. Let ¢, = gZ)Z — (¢/2)]y|? for all y € Bg. Then, by Lemma 2.16,
¢ € 8§ t. It is not hard to show ¢ = sup{G}. This implies that S5 * is
complete.

To demonstrate that it is the smallest complete set containing S§, let

e S& . Let 5; = $y+(c//2)\y|2, which implies ¢¢ € Cr . From Proposition
2.15, there exists G, C Cg such that 256 =sup{G,.}. Let G = F7}(G.) C S%.
One can easily show ¢ = sup{G.}. O

Let SIC%LfJr be the space of functions mapping Br into R~ which are
semiconvex and Lipschitz with constants ¢ and L, respectively. Note that

St =8¢ U {+o0. ). (2.21)

Proposition 2.18. The completion of S&& is SIC%L_+.
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Proof. Let G C SgF~F, and let ¢ = sup{G}. One must prove that b €
SIC;CL*f Suppose that qAS # +00.; otherwise this is trivial. The proof that qg is
semiconvex with constant c is similar to the proof of convexity for Proposition
2.15, and so is not included. Let y1,y> € Bgr. Given € > 0, let ¢° € SEL_"’ be
such that ¢y, > (Em + ¢. Then

Gyy — Pyy < By, — by, +€ < Llyr — yo| + &
Because this is true for all ¢ > 0, (Eyl — $y2 < L|y1 — y2|- Then, by symmetry,
one has the Lipschitz condition |$y1 - (Eyz\ < L|ys — ya|. Consequently, S¢F~+
is complete. R R

Now, suppose ¢ € S&-~. It must be shown that ¢ = sup{G} for some
G C S¢k. Recall S+ = S5E U {+00.}. If ¢ # +00., let G = {$} C Sg;
otherwise, let G = S§F. O

In the development so far, the operations of addition of two elements of
a max-plus space and multiplication of an element of a max-plus space by a
scalar were inherited directly from the underlying max-plus algebra. Conse-
quently, the max-plus vector space could be specified by the set of elements
and the underlying max-plus semifield. In the following development, we will
need to allow the operations on the space to be other than those directly
inherited from the max-plus algebra. Consequently, for the remainder of this
section we will specify a max-plus space with notation (X*,®*, ®*) over say
(R™",®,®). When the operations are directly inherited from the underlying
field, we may simply denote the space as X* over say (R™",®, ®).

Let X be a complete max-plus vector space over (R™T,®,®) where
vectors ¢ € X take the form {¢,},cy. We will define the opposite space,
(X°P, ®°P @°P) over (R™T,®,®) as follows. Let X°P=X (as a set). Define
multiplication of ¢ € X°P by a scalar a € R~ by

(a®@? @)y =afeo, Yye, (2.22)
where for a,b € R,
400 ifa=b=+0c0
a&gbimax{ceR_+|a®c<b}={ ora=b=—o0,
b—a=b®a"' otherwise,
(2.23)
where we use < to indicate the original ordering on R™", and the exponentia-
tion a~! is in the max-plus sense, that is, a1 = —a. (With regard to the above

defintion, it is helpful to recall that —oco ® +00 = —00.) For ¢!, ¢? € X°P, let
¢! &% ¢* = min*{¢',¢°} = inf{o', ¢’}

(which defines notation min*), and recall that this is

:sup{(ge XOPZX\$S¢1’ $§¢2}-
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More generally, for any A C X'°P, the possibly infinite sum is

op
P ¢=inf"A=infA
PpeA

(which defines the notation inf*), and recall that this is

=sup{dp e XP =X|$p< pVpe A}

Note that the additive identity is the element such that ¢, = +oo for all
y € Y, and denote this element as +c0.. One should also note that the natural
ordering on X is defined by ¢! <P ¢? if ¢! BP p? = ¢2.

Lemma 2.19. If (X,®,®) is a complete max-plus vector space over semifield
(R™T,®,®), then (X°P,®°P, ®°P) is also a complete max-plus vector space
over (R™T,®,®). (Note that the underlying semifield is unchanged.)

Proof. See [20]. O

Ezxample 2.20. Let X = C;ﬁ'. Then, by Proposition 2.15 and Lemma 2.19,
(XoP, &P @) = (Cxt, e, @) over (R™T,®,®) (with &°P,®° defined
as above), and this is a complete max-plus space. Specifically, note that for
¢ 9% € X,

¢' &% ¢* = sup{é € Ci |9 < ¢, &< 67},

In other words, ¢! @°P ¢? is the convexification of the minimum of ¢! and ¢
[53], [101], [102]. Consequently ¢* &° ¢? € Cx . As above, for a € R~ and
¢ € C;ﬁ, one has

400 ifa=¢,=+ocora=¢, =—00
Py ® a~! otherwise.

(@ o), = {

Let us verify that (Cp T, ®°7, ®°P) over (R™F, @, ®) is, in fact, a max-plus
vector space. If a,b € (—o0,+00) and ¢, € (—o0,+00), then

[(a@b) @7 dly, = ¢y —(a+b)=(¢y —b) —a
= (b@% ¢)y —a=[a@P (b&7 @)l

The other cases (where a, b and/or ¢, are +00) are easily checked, and the
details are not included. Also,

[(a®b) @7 ¢], = ¢y —max{a,b} = ¢, + min{—a, —b}
= min{¢, — a, ¢, — b} = min{a @ ¢, b X Py }.

This implies
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(a@b) ®" ¢ = minfa @ ¢,b Q7 ¢},

and since both functions on the right-hand side are convex,
=min*{a @ ¢, b @ ¢} = (a @ ¢) B (b P ¢).

Now, let a € R™T and ¢!, ¢? € CI?' (and note that we will continue skipping
the special cases where oo occur). Then

[a @ (¢' & ¢?)], = [min*{¢", ¢} — al,
= [min"{¢" —a,¢* — a}], = [(a® ¢') 7 (a @ ¢?)],

for all y € Bp. Lastly, recall that +oc. is the zero function of C5* while —co
is the zero element of R™. One easliy sees that

—00®% ¢ = 400., a® (+00.) = +o0., 0@P¢p=¢ VaeR T, VpeCxr™.
This completes the verification.

Ezxample 2.21. Let X = Sf{'*‘. Then, by Proposition 2.17 and Lemma 2.19,
(XoP, @°P, @) = (S5 T, 8P, ®°P) over (R™T,®,®), and this is a complete
max-plus space. Note that

o' & ¢* =sup{o € S& 7|9 < o', & < ¢*}.

Alternatively, noting the bijection given by Lemma 2.16, one has
(o' &7 ¢%), = (sup{dy — (/2 | & € Cit, By < 0 + (c/2)lyP
and G, < 6} + (¢/Alyl* Yy e V})
= (0" + /1Pl e 16+ (e/2)]-1]) ~ (/2P

where @2 indicates the opposite addition operation corresponding to the
max-plus space Cp'. In other words, ¢! & ¢? can be obtained by adding
(¢/2)|y|? to ¢, ¢?, taking the convexification of the minimum, and then sub-
tracting (c/2)|y|?.

It is useful to note the following [20]
Lemma 2.22. If (X,®,®) is a complete maz-plus space, then
([Xop]op’ [69010]0107 [®op]op) — (‘){7 @, ®)'

Before proceeding to linear functionals and dual spaces, it is helpful to
note the following technical result regarding the min* operation.

Proposition 2.23. Let X be a complete maz-plus space over (R™T,®,®).
Let (X°P, @°P, ®°P) denote the opposite space. Then for any ¢ € X and any
P, 9% € X7,
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sup [¢y — (min*{¢", (bz})( ] = sup [ (mm{¢y, ¢ })] (2.24)
yey yey
More generally, for any A C X°P,
sup [ — (inf" A),] = sup [, — inf{6,] 6 € A}]. (2.25)
yey yey

Proof. We prove only the first assertion; the proof of the second is nearly iden-
tical. Let Ay = {d) € X ¢, < mln{gb ¢2} Yy € Y}. Then, by definition

of Ao, (sup¢eA12 (b)y < min{¢,, ¢7} for all y. By the definition of min*, this
implies

(min*{¢", ¢’}) < min{o,,¢7} Vye .
This yields

sup [¢, — (min"{¢", ¢*}),] > Sup[ — (min{¢y, ¢} })] - (2.26)

yeY yeY
We now prove the reverse. Fix any $ € X. Fix any y € ). Let
B = (min*{¢", ¢*})5 — o. (2.27)
Suppose there exists € > 0 such that ay +B+e< min{qﬁé, qbfl} for all y € Y.
Then, by the definition of min™ and the fact that ¢ € X,

(min*{¢",6*})7 > by + B + <. (2.28)
But this contradicts (2.27). Therefore, given ¢ > 0, there exists y* € ) such
that R

¢y= + B +e > min{e,., ¢%. }. (2.29)
By (2.27),

¢y — (min"{¢",6*})y = 4,
which by (2.29),
< pye +6— min{qﬁig, qf)zg}

< sup [553, — min{¢g,, ci{f,}} +e.
yey
Because this is true for all ¢ > 0,
Gy = (min” (9", 6* Py < sup |9, — min{o}, 67}
Then, because this is true for all 7,

sup [, — (min* {¢", 6°}), <sup[ — min{g}, 62} (2.30)

yey

Combining (2.26) and (2.30) completes the proof. O
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It is also useful to define the following operation. Let ¢, q@ belong to com-
plete max-plus space X. Define

¢§$:maX{A€R_+|)\®¢§$}:inf{cgy—qbywey’} (2.31)

where V' = {y € )| neither qu = ¢y = 400 nor ¢1, = ¢y = —oo} where we
recall inf ) = +o00. Now, recalling that set-wise X°? = X, define the mapping
from X°P x X into R~ given by

(6.0) =~ (o40) =~ inf

ey’

|:$y - ¢y:| = sup {¢y - (Zy} s (2'32)

yey’
where sup ) = —oo0.

Theorem 2.24. (¢,-) : X — R+ and (-,¢) : X? — R~F are linear
mappings.

Proof. 1t is obvious that (QAS, -} is linear for any (;AS € Xep,
Let ¢ € X. Consider (-, ¢). Note that for a € R~ and ¢ € X°P (where
we continue skipping special cases where +00 appear),

<a ®°P g/b\, ¢> = sup {d)y — (a ®°P (g) J

yey

= sup {¢y*$y+a} = a+sup [‘by*gy] :a®<$,¢>.

yey yey

Now, note that for any ¢!, $? € XP,
(¢' & ¢*, ¢) = sup ¢, — (min*{¢", ¢}),]
yey

which by Lemma 2.23,
= sup [¢, — (min{oy, ¢, })]

yey
= sup [max{qby - Q%v (by - ¢12/}]
yey
= max{sup[qSy - ¢31,]7 sup(opy — ¢12/]}

yey yey

= (¢',0) ® (¢*,¢).0

Let f map complete max-plus space X into complete max-plus space X.
The mapping, f, is monotone if f(¢') < f(¢?) whenever ¢! < ¢? (where
the < ordering is with respect to the natural ordering on the space in which
the relation is being used). A monotone map, f : X — R~ (where X is
a complete max-plus space), is continuous if f(suplA]) = sup[f(A)] for all
A C X. When the range of a mapping is R~ (or R™), the term “functional”
will be freely used for the mapping.
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Theorem 2.25. Let X be a complete max-plus space. <$, X >R T and
(-, @) : X°P — R™T are continuous linear functionals.

Proof. The proof is similar to the proof of Theorem 2.24, but employing the
second assertion of Lemma 2.23 rather than the first. O

When (¢, -) and (-, ¢) are continuous linear functionals, they are referred
to as a predual pair [20]. Let X', X be complete max-plus spaces such that
(p,0) : X x X = R~ is a predual pair. Then (see [20]) X' separates X if

<$’ ¢1> = <$a ¢2> V(;ASG )? lmphes ¢1 = d)z,
and X separates X if

(91, 0) = (¢*,¢) Vo € X implies ¢! = ¢

A predual pair satisfying both separation conditions is a dual pair [20]. By
Corollary 2.1, [20], if (X,®,®) is complete, then X°P separates X and vice

~

versa. Consequently, (¢, ¢) forms a dual pair. It is also shown (Corollary 2.2,
[20]) that one has a Riesz representation theorem.

Theorem 2.26. Any continuous linear functional, f, on complete maz-plus
space (X, ®,®) has the representation

for a unique QAS € Xop,
Combining this with Lemmas 2.19 and 2.22, one has

Corollary 2.27. Let X be a complete maz-plus space (which implies X°P com-
plete). Any continuous linear functional, f, on X°P has the form

-~ ~

f(¢) = <¢a ¢>op
for a unique ¢ € (X°P)P = X = X°P.

Perhaps it should be noted here that

o~

(6, 0)op = —max{\ € R™HA@P ¢ <P ¢}
= —max{A e RTH(A@7 ), > ¢, Yy eV},

which after a small bit of work for the special cases

= —inf{o, — 4yly €V},
where )’ = {y € Y| neither ay = ¢, = +00 nor (Ey = ¢, = —0}
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= sup{¢y — $y| ye ',
which by (2.32) R
= (¢, 9). (2.33)

Combining (2.33) with Corollary 2.27 yields the following representation
result.

Corollary 2.28. Let X be a complete maz-plus space. Any continuous linear
functional, f, on X°P has the form

-~ o~

f(d) =(¢,9)
for a unique ¢ € X.

It is natural to refer to this property as refiexivity. Recalling from Example
2.20 that C;" is a complete max-plus space, we see that it is reflexive in
this sense. The dual space is again C;cJr but with the opposite operations
being given there. (In particular, recall that ¢! ©°P ¢? = min*{¢!, ¢} is the
convexification of the minimum of ¢! and ¢?.) The second dual is once again
Cr " but with operations (®°P)°? = & and (®°P)°P = ® being the original
max-plus operations again. This is easily verified by noting that

(" @m)re?) = (inf{decitld<r o', & <7 6*))
Yy Y
= (nf{deCit19> 0" 6> 6%)
= max{¢}, 62} = (¢' ® ¢%),.

Similarly, S&  and SF~ " (the completions of S§ and S§) are reflexive.
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Dynamic Programming and Viscosity Solutions

In this chapter, we present the theory of dynamic programming and viscosity
solutions for some specific classes of continuous-time/continuous-space deter-
ministic optimal control problems and games. Dynamic programming (DP)
is a mature subject, and there are many excellent references. [8], [15], [36],
[46], [47], [48] are a few among many such references. In the specific context
of Hy, and games, [12] and [13] are also excellent.

For the class of continuous-time/continuous-space problems, DP consists
of two parts: The first part, the Dynamic Programming Principle (DPP),
makes a statement about optimality when the time interval of the problem
is broken into two segments. The second part, the Dynamic Programming
Equation (DPE), will take the form of a Partial Differential Equation (PDE),
and is obtained by taking an infinitesimal limit in the DPP. The DPP is a
principle that holds in great generality. These results are well known. However,
in the interest of making this book self-contained, some relevant DPP results
will be proved.

On the other hand, the DPE/PDE part is much more problematic. When
the DPE has a smooth (classical) solution, it is generally straightforward to
demonstrate that there is a unique solution, and this solution is the value
function of the originating control (or game) problem. Fleming—Rishel [46]
is an excellent reference on this topic. However, the PDEs generated by de-
terministic control and game problems seldom have smooth solutions. Even
seemingly innocuous problem statements lead to value functions that have
discontinuities in the gradient. Further, in the cases where the DPE has an
associated boundary condition (due to an exit condition in the control prob-
lem), this boundary condition may not be attained in the classical /pointwise
sense. These difficulties were not cleanly resolved until the advent of the vis-
cosity solution definition of solution of a PDE. Some early references are [10],
[22], [23], [24], [38], [57], [58], and some useful books are [8], [11], [36], [47] and
[48]. It should be noted that another, essentially equivalent, solution defini-
tion, “minimax solution,” was obtained independently by Subbotin (see [107]
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and the references therein). However, viscosity solution theory is the dominant
formulation.

If one drops the requirement on smooth /classical solutions, there are gener-
ally many weak-sense solutions (for instance, solutions that are smooth almost
everywhere). The great benefit of viscosity solution theory is that it typically
isolates the unique correct weak solution. By “correct,” we mean the solution
corresponding to the value function. Interestingly, this is also the limiting so-
lution when one adds a diffusion term to the dynamics with a multiplicative
small parameter on the diffusion, and lets the parameter go to zero. This has
led to the name, “vanishing viscosity” solution, and later simply to viscosity
solution.

It is useful to note that for certain infinite time-horizon problems, the
standard H, problem being one of them, the viscosity solution conditions are
not sufficient to specify the unique correct solution. In this case, an additional
condition is needed [88], [89], [106]. This issue is mentioned because this class
of problems will be one of the main classes we use as a basis for development
of the theory in this book.

3.1 Dynamic Programming Principle

Let us begin by deriving DPP results for the example problem classes we will
be considering. The two most ubiquitous DPPs to appear here are the control
and game problem DPPs where the cost function consists of an integral cost
possibly plus a terminal cost. We will focus on these here; for problems with
an exit cost, we refer the reader to [33], [47] and [48]. Further below we will
consider a problem with an L., payoff, and this will lead to a different form of
DPP. However, we place that DPP result with the corresponding development
in Chapter 9.

Consider first the control problem with dynamics and initial condition
given by

o= f(t, &), (3.1)
& = (3.2)

In other words, the state process here is & with initial condition {; = z € R™.
The terminal time will be T < co. The control process is u., and we let the
control space (for controls over any time interval [s,t)) be

t
/ lu,|? dr < oo} .

If one simply has U = R!, then we use the notation U, 1. The choice of Ly
norm here is arbitrary, and is used since our examples will generally be from
this class. We assume throughout that f € C(R x R" x U; R!) and that there
exists K < oo such that

Z/{Sl{t:{u:[s,t)ﬁUgRl
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|f(t,a:,u) _f(t7yvv) < K(|$—y| + |U—U|) Vte R,Vx,y € R? (A31G)
Vu,v € U.

We note that with this assumption and the definition of U, one is guaranteed
existence and uniqueness of solutions to (3.1), (3.2). The payoff for the control
problem will take the form

T
J(s,z;u) = / L(r, & up) dr + ¢(Er), (3.3)

where &, satisfies (3.1)—(3.2), L will be referred to as the running cost, and
¢ will be referred to as the terminal cost. We assume throughout that L €
C(R x R™ x U;R) and that there exists C' < oo such that

\L(t,z,u)| < C[|z|* + [ul}] Vte€ (~00,T), Vo € R", Vu e U. (A3.2G)

Similarly, we assume throughout that ¢ € C(R™ x U; R) and that there exists
Cy < oo such that

lp(x)] < Cylz)* VaeR™ (A3.3Q)
The value of the control problem is defined to be
V(s,z) = sup J(s,x;u). (3.4)
ueugT

The DPP for this problem is given by the following theorem.
Theorem 3.1. For any —co < s <t <T < > and any x € R",

V(s,z) = sup {/st L(r, &, up) dr + V(t,ft)} . (3.5)

uel/{gt

Proof. By definition,

V(&) = sup [ /tT L(r,€!u »m«m(&)}

uteul,

where ¢! satisfies (3.1) with initial condition ¢} = &; and input u!. Substituting
this into the right-hand side of (3.5) yields

sup {/ L(r,fT,uT)dr—i—V(t,ft)}

ueugt

t T
- rvrd L rvrd
s [ s s [ yar+ ofch)] }

t T
~ sup sup {/ L(r & ur)d /L el ul) dr+¢(£T>}
wedl wre \Js t

and it is easy to show that this is
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T
= swp { [ Lingudr+olen). ©
S

uGZ/{ZT

The DPP for the infinite time-horizon problem we consider is equally sim-
ple. Suppose the problem again has dynamics (3.1), but now with no time
dependence in the dynamics (i.e., £ = f(z,u)) and initial condition

o=z e€R" (3.6)

(i.e., with initial time always t = 0). Also take L to be time-independent (i.e.,
L(s,z,u) = L(x,u)). Again make assumptions (A3.1G), (A3.2G), (A3.3G),
but now take

UY = L2([0, 00): U) = {u . [0,00) — U C R! ‘

T
/ |u,|? dr < oo VT € [0700)},
0

and of course

U = Ly°([0,00); RY).

Note that L¥¢ # L5[0,00). Note also that there exists a unique solution to
(3.1), (3.6) for all time for any = € R™.
Let the payoff be

T
J(x, T;u) i/o L&, u,) dr, (3.7)

and for the moment assume that J(z,T;u) exists for all z € R", T € [0, 00)
and u € UY. Let the value function be

W(z)= sup sup J(z,T;u) (3.8)
ueUU T€[0,00)

which we also assume exists for all x € R™. The DPP then takes the following
form.

Theorem 3.2. For any 0 <t < oo and any x € R,

W)= swp { [ L dr+wien ) (39)

uEUé{t

The proof is nearly identical to the proof of Theorem 3.1, and so we do
not include it.

The above discussion was kept highly general to indicate that few assump-
tions are required for proof of the DPP. As noted earlier, we will have a few
problem classes for which we will prove all our results. The results could be
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proved for more general problems, but then the assumptions would need to
be more abstract; for instance, we assumed the existence of J(x,T;u) for all
x,T,u, and W (z) for all z just above. By focusing on specific problem classes,
we will be able to make the assumptions much more concrete and easily check-
able. If one desires to prove the theory for another problem class, then one can
make analogous assumptions and follow similar chains of theorems to obtain
the results. We expect that the general max-plus numerical methods theory
will hold generically, but that one would need to prove specific results for var-
ious problem classes. This is, of course, similar to other principles and general
methods/theory.

Let us specialize the above general DPP results to specific classes which
we will follow throughout the text. We will also sharpen the results for these
problems as needed. First, we take the dynamics to have the specific form

§=f(t,0) +o(&u (3.10)
with initial condition

=z €R” (3.11)

for the finite time-horizon case, and

£=f&+au (3.12)
with initial condition

o=z€R” (3.13)

for the infinite time-horizon case. For the finite time-horizon case, we assume

f e CR xR™"R),
|f(t,z)] < K(1+|z|) VteR,VYeeR",
for some K < oo. (Although an inequality of the second type above follows

from the first, we include it explicitly to indicate that we will be using the
same constant, K, for both bounds.) We also assume

o e C(R™; LR, RM)),
lo(z) —o(y)| < K,z —y| Va,yeR", (A3.2F)
lo(z)] <m, VYazeR"

for some K,, m, < co. We keep the same definitions of Z/{SI{T, Us,T, UY and U
as above. For the finite time-horizon problem, consider a payoff form

T 2
J(s,z;u) = / Ur &) — %|ur|2 dr + ¢(&r). (3.14)
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Remark 3.3. The more general running cost I(r, &) — %u?FTFuT dr with pos-
itive definite I'7I" is equivalent to the above problem by a simple change in
o, and so we are content to use form (3.14).

We replace the above assumption on L, (A3.2G), with an assumption that
le CRxR"YR),

0<I(t,z) <C[1+]z[*] VzeR" VteR, (A3.3F)
[1(t,z) —1(t,y)| < Ci(1+|z| + |y|)|x —y| Vz,y e R", Vt € R,

for some C] < oo. Similarly, we assume that there exists C'y < 0o such that

¢ € C(R"R),
0<¢(z) < Cy[l+[a]’] ¥aeR" (A3.4F)
[¢(z) = o(y)| < Cs(1 + |z| + |yl)]x —y| Vz,yeR"
Let
V(s,x) = sup J(s,z;u) (3.15)

ueugT

for some U C R™, U # 0.
We will be obtaining a DPP where there is a bound on the Ls-norm of the

u in the supremum. First, one must get a bound on the behavior of V (s, z).
Let Qr = [0,T] x R™.

Lemma 3.4. V(s,x) > 0 for all (s,x) € Qr. Further, there exists vo < o0
and C1 < oo such that for all v > 7

V(s,z) < Cr(1+ |z[*) Y(s,z) € Q.
Proof. Taking v = 0 and noting that [, ¢ > 0, yields the first assertion. We

proceed to the second assertion. By (3.10) and Assumptions (A3.1F) and
(A3.2F),

< el + K [ 0l ar s [l dr
By Gronwall’s inequality, this implies there exists Cy = Co(T) < oo such that
&) < C2 {1 + |z +/t |ur|dr] : (3.16)
Using Holder’s inequality, one finds there exists C5 = C5(T") < oo such that

t
6P <G |1+ fof+ [ fular]. (3.17)

Now by assumptions (A3.3F) and (A3.4F),
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T ,.y2
[ i) =] a4 oter)
S

T 2
< [ aarier) - Tl dr+ con+ et
which by (3.17) with C = max{C;, Cy}
N T N 2
<C1+T)1+ Cs(1+ |z)?)] +/ [003(1 +T)— 72} |u,|* dr

which upon letting v5 = 2CC5(1 + T), becomes
2

T
= C(1+T)[1+ Cs(1+|z|?)] +/ [7; — 7;} lu|* dr.  (3.18)

From (3.18), one immediately obtains the second assertion. O

Lemma 3.5. Let v > 72 and € < 1. There exists Cg,@g < oo such that for
any e-optimal @ (i.e., such that J(s,z;4) > V(s,z) —€), one has

T
/IWdrs G (1 + [z)
S ’7 72

and .
2
/ i dr < Co(1+ |2))[ts — t1[V2 ¥ 1,8 € [5, T].

ty

Proof. Let gsatisfy (3.10), (3.11) with input @. By assumption and the first
assertion of Lemma 3.4,

2 T T ~
Ttk i< [C1E)ar+ o +o

which as in the proof of Lemma 3.4 yields (noting € < 1)

A

2 T
7/ wftdr < P+l + 2 [P
S

for proper choice of Cs,vs € (0, 00). Consequently,

. R
5

/ a2 dr < — >
s i

By Cauchy—Schwarz then for any t;,ts such that s <t; <ty <T

to 6
/ g dr < | 2 (14 |af?)
th Y=

with Cy = [Ca/(v2 = 3)|V2 O

5 (1+ [a]?).
2

1/2
lts — 1112 < Co(1 + |2])[t2 — ta] /2
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Remark 3.6. Let M, = C2(1 + |z|), M € [M,,c0) and define

to
ggT:{ueug{T:/ lup| dr < M|ty —t,|/? th,tQE[s,T]}.

t1

We have shown that V(s,z) = SUP,egM_ J(s,x;u).

Lemma 3.7. Let & be a solution of (3.10) on [s,T] driven by u € G),. Then
there exist B1, Bo, By < 0o such that

|& — x| < Bi(r —s) + Bav/r — s+ Bslz|(r —s) Vr e |[s,T].

Proof. By (3.10),

&-v=[ CFE) — F)dp+ @) —s) + / o (€,)up dp.

Consequently, using (A3.1F), (A3.2F) and the assumption on w, one finds

6 — 2 < K(1+ [2])(r — 8) + Mmgv/r —5 + K/r €, — 2 dp.

Employing Gronwall’s inequality then yields the result. O

We can now obtain some DPP results which will be more helpful for this
specific class of problems than the general result of Theorem 3.1.

Theorem 3.8. For any 0 < s <t <T < oo and any x € R™,

V(s,z) = sup {/: I(r,&) — %2|ur\2dr + V(Lft)} . (3.19)

M.
u€egy ’

Proof. Let t € (s,T). For any y € R",

T 2 X
V(t,y) = sup {/t U(r, ér) - %mr‘ZdT’ + ¢(§T)} ) (3.20)

1161/IET
where é is driven by 4 from initial state ft = y. Let the right-hand side of

(3.19) be denoted by R(s,z). Substituting (3.20) into the right-hand side of
(3.19), one obtains

t ~ 2
R(s,z) = sup sup { / l(?",fr)*%lﬂrlzdr

aegﬁ/fta@ ﬁEUET

T . 2 R
+/t I(r, &) — %|7)r|2 dT‘—|—¢)(§T)},
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where ét is driven by @ with initial condition ft = &, and £ is driven by @
with initial condition s = x. Concatenating the two trajectory segments, and

noting that the concatenation of 4 with @ is an element of Z/l[g Ty, one has

T 2
R(s,) < sup { [ e = Sl ar+ ¢><§T>} —V(s,2).
aeug{T s

The reverse direction has an analogous proof, and we do not include it. For a
similar proof in a deterministic game context, see [91]. O

Remark 3.9. Minor modifications of the above proof also yield the DPPs

t 2
Vs = sup { [ ttn) = Ll Par + Vit

uegM,

for any M > M, and

t 2
V(s,x) = sup {/ Ir &) — %|ur|2 dr + V(t,&)} .

ueugt

We now turn to a DPP for a more specific infinite time-horizon problem
than the general problem given above. Recall that the dynamics and initial
condition are given by (3.12) and (3.13). The assumptions on the dynamics
are modified as follows. We now assume

feCR"R),
(@ —y)'[f(z) = fW)] < —¢slz —y[* Va,y e R,
f(0)=0,

for some K, cy < oo. We note that this implies
e’ f(z) < —cglzf?

for all z. This last inequality implies exponential stability of the system when
u = 0. As before, we suppose

o e C(R"; LR, RMY)),
lo(z) —o(y)| < K|z —y| Vaz,yeR", (A3.21)
|0(x)| S Mme Ve Rn,

for some K,,m, < oco.
Consider the payoff

T
J(:U,T,u):/o l({T)—7;|uT|2dr, (3.21)
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and value function (also known as available storage in this context [52], [108])

W(z) = sup sup J(z,T,u). (3.22)
ueUV T<oo
We assume that
le CR"R),
l(2) —l(y)| < (1 + [z| + |y])|z —y| Vaz,yeR", (A3.31)

0<l(z) <wlz|* YzeR"

for some Cj, oy < 0o. Lastly, we assume that
2.2

¢y
2m2ay

> 1. (A3.4I)

We remark that under these assumptions the value exists, and that for suffi-
ciently small 6 > 0 (Section 3.2 below and [88])

A2
0<W(x)<cy 5

)
lz|> VaeR"™ (3.23)

my
We now indicate the more specific DPP that one can obtain in this context.

Theorem 3.10. Let & satisfy (3.12), (3.13). Let § > 0 be sufficiently small
such that (3.23) holds, and such that with 32 = ~% — § one still has the
inequality (ﬁ%?)/(?mgoq) > 1. Then for any € > 0, for allz € R™

T 2
Wiy = sw { [ a6 - Sl i wien | (3.21)
wey 1w L0
where )
Ug,lz| vl 2 e iy _cp | 2
L{O,T = {U el ‘ §||u||L2(0,T) < g + S |:2’rn(276 4 cf:| |1‘| }(325)

Proof. The following proof is adapted from [88]. From Theorem 3.2 and (3.21),

~

T 2
W) = sup { / Z<fr>”2|ur2dr+W<sT>}; sup J (.7, u).

ueUy ;. ueUy ,
(3.26)
Let

T 2
Or ﬁ/o aileal dt + L Jer P, (3.27)
which by (A3.3I) and (3.23)
T
> [ U de+ wier). (3.28)
0
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Note that @ is absolutely continuous and the indefinite integral of its deriva-
tive. Then, almost everywhere,

T .
|x\2+/ 2eTE dt
0

which by (3.12), (A3.11)
T
< alz|? - 2cfal/ €)% dt — R i

~2

C
+ 4
m(T

Qr =« Erér,

+2al/ o fﬁy ETU(fT)

= Ozl|.’1}‘2 — QCfQ + 20él / gTO' (§T) . (329)
0

Using the fact that 2a - b < cflal? + $|b|2 on the last two terms of (3.29)
yields
22

2m?2

T
Qr Saulef —esQ+ 2! / o7 (€)o(E)udt + — s ubo™ (€r)o(Er)ur

o

which by (A3.2])
2 amg [T 2 72 2
< olz|® —cfQ + |u|® dt + = |ur|”.
Cf 0 2

>
Solving this ordinary differential inequality with Qo = 555 |z|?, we find

e 1—e T
Qr < 2 2| zfem T 4 ay|z]?
T 2 t 22
+/ [almaeCf(t—T) / |ur|2 dr + Vecf(t—T)|ut|2] dt.
0 cr 0 2
Applying integration by parts to the first term in the integral yields
~92 T 2 /\2
QT S Cf’y e—CfT+ % |x|2+/ al";/]/o- (1 _ Cf(t T)) + Cf(t T) |U|2 dt
2m2 cf 0 ct 2
~9 T 2 ~2
_ {CWQ ey ‘”] jf? +/ Mo T (1= e D) uf? dt
2mg. cy 0 3 2
72
*IIUIILQ (0.7 (3.30)

Let § = 2 5 - a’m . and note by (A3.41) that 6 > 0. We have
<7

2 T <2
o o ~ co(te Bl
Qr < [Qfmze T C;] 22 — 5/0 (1= e )ul dt + 5 [l oz
(3.31)
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Then, by (3.26), (3.28), (3.31) and the definition of 7,

2m?2

g

2 T
= Y e, = s (t— g
T To) < | Ge™ o 4] ot =5 [0 el dt = Gl

2
CFV —eyT . U 2 0 o
< e+ 2l = Gl g (332)

~

On the other hand, by (A3.3I), (3.23) and (3.26), J(z,7,0) > 0, and so for
e-optimal u

~

J(x,T,)u) > —e. (3.33)
Comparing (3.32) and(3.33), we see that for e-optimal u, we have
1 2 € 1 Cffy2 —cyT Q) 2
sllullz,om < 53 2m2 + P |z[°. (3.34)

This is an upper bound on the size of e-optimal u which is independent of T
(using e=T <1). O

3.2 Viscosity Solutions

In the previous section, we concentrated on the relationship between the DPP
and the control problem value function for the example problem classes we will
concentrate on. As noted earlier, the DPE is obtained by an infinitesimal limit
in the DPP, and takes the form of a nonlinear, first-order Hamilton—Jacobi—-
Bellman PDE (HJB PDE) in these problem classes. In the finite time-horizon
problem, it is a time-dependent PDE over (s,7) x R™ with terminal-time
boundary data. In the infinite time-horizon case, it is a steady-state PDE
over R", with “boundary” data only at = 0 (W(0) = 0) in the specific
problem class we will concentrate on.

The value functions for such control problems are typically viscosity so-
lutions of the corresponding HJB PDEs. Thus, when we use our numerical
method to obtain the value function, we are also solving the nonlinear HJB
PDE (for a viscosity solution). Alternatively, if one has a nonlinear, first-order
HJB PDE, one may solve it via a numerical method for the associated control
problem. PDEs have associated semigroups [96], and in the HJB case, this
semigroup is equivalent to the DPP.

The relationship between the HJB PDE and the associated control problem
is a classical topic. Some early references are [14], [46], [65], among many
notable others. This early theory was restricted mainly to the case where
the PDE had a classical solution (everywhere differentiable, and meeting the
boundary conditions pointwise). However, it was well known that such control
problems (unless containing an additional nondegenerate diffusion term in
the dynamics) did not typically have classical solutions. (One of the very few
counterexamples is the linear/quadratic case.)
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A major advance came in the 1980s with the development of the notion of
the viscosity solution of a PDE. A few early works are [10], [22], [23] and [24],
and some books are [8], [11], [36], [47] and [48]. Again, the relevant literature
is vast, and these represent only a tiny fraction of the work in this area. The
viscosity solution of an HJB PDE need not be a classical solution, and typi-
cally has discontinuities in the gradient; in some problem classes it may even
have discontinuities in the solution itself as well as not meeting the boundary
conditions pointwise. Note that there are typically many weak solutions to
a PDE which solve the PDE pointwise almost everywhere, and the viscosity
solution conditions isolate the correct such weak solution. Specifically, there
is generally a unique viscosity solution to the HJB PDE with given boundary
data. A counterexample to this is our steady-state problem class example,
where an additional condition is required to isolate the correct solution [88],
[89], [106].

We will not actually need viscosity solution theory to compute the control
problem value function, as we work, instead, directly with the DPP. Of course,
viscosity solution theory is necessary to associate this value function with the
solution of the associated HJB PDE. Consequently viscosity solution theory is
not absolutely essential to the bulk of the theory developed after this chapter.
Nonetheless, viscosity solution theory is a fundamental component in the way
one thinks about nonlinear control, and so has a place in any book dealing
with DP and nonlinear control. There are many excellent works on the theory
of viscosity solutions (see above references), and we will not duplicate that
material here. However, it will be useful to review the basics of viscosity
solution theory here, and to indicate the relationship between the viscosity
solution and the value function more completely for our example problem
classes.

We start with a definition of viscosity solution for the finite time-horizon
problem. (One can give a single definition for both the finite time-horizon
and infinite time-horizon cases, but it appears that it will be simpler for our
needs here to write separate definitions.) The following definition is for a
continuous viscosity solution, as our assumptions will preclude problems with
discontinuous viscosity solutions. We will also only need to consider cases
where the boundary conditions are met pointwise. More general definitions
can be found in the references.

The result for the finite time-horizon problem is quite well known. We con-
sider the problem with dynamics (3.10), (3.11), payoff (3.14) and value (3.15)
for initial times s € (0,7). We assume (A3.1F)—(A3.4F). The corresponding
PDE problem is

0=—Vi(s,x)+ H(s,2,V,V(s,z)) VY(s,z)€ (0,T)xR"  (3.35)
V(T,z) =¢(x) VaeR", (3.36)

where the Hamiltonian, H, is given by
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ue

2
H(s,z,p) = — max {[f(s, z) + o(x)u]'p +1(s,z) — ’y2|u|2} . (3.37)

Here, V; represents the partial derivative with respect to time variable, and
V.V represents the gradient with respect to the space variable. Where no
confusion arises, we may often use V in place of V,, to represent the gradient
with respect to the space variable. It is helpful to note that in the common
case where U = R/, this Hamiltonian takes the form

H(s,z,p) = — | f (s, z)p+1(s,z) + ;?pTJ(x)aT(x)p . (3.38)

There are several equivalent definitions of a continuous viscosity solution,
particularly with regard to the set of test functions. We recall one definition
of a continuous viscosity solution of (3.35) (c.f. [48], definition 2.4.1). Suppose
V € C((0,7] x R™). Further, suppose that for any g € C1([0,7] x R"™) and
(s,z) € (0,T) x R™ such that V' — ¢ has a local maximum at (s,z), one has

—gt(Sny) + H(&x,vzg(s,x)) S 0

Then V is a continuous viscosity subsolution of (3.35). On the other hand,
suppose that for any g € C1([0,7] x R") and (s,z) € (0,T) x R™ such that
V — g has a local minimum at (s, ), one has

—gi(s,x2) + H(s,z,V,g(s,x2)) >0

Then V is a continuous viscosity supersolution of (3.35). If V' is both a con-
tinuous viscosity subsolution and a continuous viscosity supersolution, then
it is a continuous viscosity solution.

We now state the viscosity solution result. This result is rather standard;
the fact that we allow quadratic growth in the cost criteria moves it slightly
beyond the realm of the most basic results. For completeness, we also provide a
partial proof. See the references for a more complete discussion and extensions.

Theorem 3.11. Under assumptions (A3.1F)-(A8.4F), and taking v > 72
(see Lemma 3.4), the value function (3.15) is a continuous viscosity solution
of (3.35) meeting the terminal condition (3.36) pointwise.

Proof. As noted above, we provide a partial proof for completeness. First we

address the continuity issue. Let £ and 7 satisfy (3.10) with initial conditions

& = x and 1y = y, respectively, for some s € [0,T). In particular, fix some

R < 00, and let 2], |y| < R. Let u € U} be e-optimal for either z or y with
€ (0,1]. We have

§e—me =8 —ns+ / [f(?", &) — f(r, nr)] dr + / [U(gr) - J(WT)]UT dr.

Using Assumptions (A3.1F) and (A3.2F), this yields
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t t
|stfnt\swxfy|+f</ |§r*77r\d7"+Ka/ & — el dr.

By Cauchy—Schwarz, there exists C7 < oo (dependent on T') such that

¢ ¢
|£t—77t|2§01{|x—y|2+[1+/ |ur\2dr}/ Sr—nr|2d7‘}.

By the e-optimality of u, and Lemma 3.5, there exists C5 < co (dependent
on R, T) such that

t
& —me|* < O3 {Ix —y? +/ & — 1) dr}.

Then, using Gronwall’s Inequality, we find that there exists Cy = C4(R,T) <
oo such that

& —me| < Cylx —y| Vte[s,T], Yo,y € Br(0) (3.39)

(where we recall Br(0) = {x € R"||z| < R}).
Now, let us specifically take u. to be e-optimal for initial condition {5 = x
(rather than for n, = y). Then

Vs, ) = Vi(s,y) < J(s,2u°) — J(s,y,0) + ¢
T
< / 1(t,6) — 1t m)) dit + BEr) — Sr) + <.

which by (A3.3F) and (A3.4F)

T
< Cl/ (L 4+ |&e| + [ne])|&e — me| at

FCs (L + x| + [nr))lér —nrl + ¢,
which by (3.39)

T
< Calw - yl{Cz/ (L4 [&el + |nel) dt + C (1 + €| + |77T|)}

+e,
which by (3.16) with the Cy = C3(T") given there

< Cylz — y|{Cl

T
T+2C2(1+R)T+2C2//|ur|drdt]

bee

T
+Cy 1+2CQ(1+R)+202/ |ug| dt

Then, using Lemma 3.5, there exists C5 = C5(R,T) < 00
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< Cslz —yl+e.
Because this is true for all € > 0,
V(s,z) = V(s,y) < Cslz —y|
(with |z[, |y| < R). By symmetry, one obtains
[V(s,z) = V(s,y)| < Cs|z —y| (3.40)

(with |z|, |y| < R). This is (local Lipschitz) continuity in the space variable.
Continuity with respect to the time variable follows similarly, and we do not
include the proof.

Now that we have continuity of value function V', we show that it satisfies
the conditions for a viscosity solution of (3.35). Suppose (s, x) is a local max-
imum of V — g where g € C!, and that the viscosity subsolution inequality is
not satisfied at (s,x). Then there exists 6 > 0 such that

—gi(s,z) + H(s,2,V,g(s,2)) > 6> 0.

Then, by the definition of H and the assumptions, there exists § > 0 such
that for ¢t € [s,s + ), y € B;s(x),

_gt(tv y) + H(tv Z, vzg(ta y)) > 9/2

Let u € gé”; Let & satisfy (3.10), (3.11) with control u. By Lemma 3.7,

there exists 6 € (0,0) such that for all ¢ € [s,5 + 8], one has & € Bs(x).
Consequently, for ¢ € [s, s + 4],

_gt(t7 gt) + H(t7 gta vmg(t7 gt)) 2 9/27
and then by the definition of H, one has

a0 — { 0.8 + o607 Vaglt. &) +1(0.6) — J ) 2 072

Integrating (and multiplying by —1), one finds

t 2 _9 -
/ U, 6) = DNl 4+ 10,6 + 06 Vag(r. &) dr < 0=,
which implies
t 2 B B
/ I(r,&) — %\ﬂrﬁdr +g(t, &) — gls,z) < M (3.41)

Recall that V satisfies the DPP of Theorem 3.8. Let € € (0, 1], and let u
be e-optimal in (3.19), and let £ again represent the corresponding trajectory.
Then, by Theorem 3.8,
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t ,.Y2
V(s,z) < / Ur, &) — 3|ar|2 dr+V(t,&)+e. (3.42)

By continuity and the supposition that (s,z) is a local maximum of V — g,
there exists 0 € (0, ] such that

V(s,x) = g(s,2) > V(t,&) —g(t,&) Vi€ [s,s+93)]. (3.43)
Combining (3.42) and (3.43), one has
t 2
—e < [10n6) = Gl dr+ (0.6 - (5,2).

Letting € < (6t)/2, one has

t 2 0t —s
[ ire) - Tl ar+ gt -0 > - X200 gy
On the other hand, taking u = @ in (3.41) yields
t 2 0t — s
[ire) - Tl ar+ ot -0 <-L20 @)

Clearly, (3.44), (3.45) is a contradiction, and so

—gi(s,z) + H(s,2,V5g(s,2)) <0

Consequently, value function V' is a continuous viscosity subsolution of (3.35).
The proof that the supersolution condition holds is similar, and we do not
include it. O

Remark 3.12. Note that it has also been shown that V is locally Lipschitz
continuous in the space variable, x.

It has now been demonstrated that the value function is a continuous
viscosity solution of the associated HJB PDE for this problem class. However,
this is of course only half of the story with regard to the relationship. The
other half is the demonstration that the value is the only continuous viscosity
solution (uniqueness).

Such uniqueness results have been a foundation of viscosity solution the-
ory. As noted before, there are many excellent references on viscosity solution
theory, and that is not a principal focus of this book, so we will not go into
this in great detail. We will attempt to present sufficient detail so that the
reader is comfortable with the area, but not so much as to detract from the
principal focus of the book — max-plus based numerical methods. It is im-
portant to note that the max-plus results will be used to obtain solutions of
DPPs, and therefore by the results of the previous section, control problem
value functions. It is the one-to-one relationship between value functions (or
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DPP solutions) and viscosity solutions of HJB PDEs that then allows us to
say that our numerical methods are producing the unique solutions of the
corresponding HJB PDEs.

Early uniqueness results for finite time-horizon HJB PDEs can be found
in [10], [22], [23], [24], [57] among others, but the first results did not allow
for Lipschitz dynamics/quadratic cost criteria (critical to much control theory
which has a long history in studying linear /quadratic problems). A uniqueness
result handling our problem here was obtained in [92] for this class of problems,
but it required a constant o. Closely related results appear in [9], [59]. In
[26], a more general result (due to DaLio) for a game problem subsumes the
uniqueness result needed here. Below, we provide a particularization of that
result.

We first need to define the space in which uniqueness will be obtained. It
is the set of continuous solutions satisfying a quadratic growth bound. This
space, denoted by K, is given by

DiU(t,z) = {p eR": limsup Ulty) =Ut2) =y =) -p < 0},
y—z |z -yl
|Ullr = sup{|U (¢, )| + Ipl, (t,2) € [0,T] x Br(0), p € DJU(t,2)},
and
K= {UG C(0, T xR™): Ult,z) >0, ||U||r <+c0 VR>0

U(t, )|

(t,)€[0,T] xR™ 1+ |z[?

and < +oo}.

Note that by Lemma 3.4 and Remark 3.12, the value function lies in K.

Theorem 3.13. Assume (A3.1F)-(A3.4F). If V1,V5 € K are two continuous
viscosity solutions in class K, then Vi = Va. Further, if v > 72 (see Lemma
3.4), then the value function is the unique continuous solution of (3.85), (3.36)
in the class K.

In order to focus on the max-plus numerical methods, a simplification of
Da Lio’s proof to the case here is delayed to Appendix A.

We now turn to the HJB PDE for the infinite time-horizon problem class
discussed in the previous section. As noted above, the viscosity solution of
a PDE is typically unique (and is typically the “correct” solution as well).
The infinite time-horizon problem with Lipschitz dynamics and quadratic (or
higher) growth in the cost criterion violates this rule of thumb.

The HJB PDE corresponding to the infinite time-horizon problem (3.12),
(3.13), (3.21), (3.22) is

0=H(z,VW(z)) YzeR"\{0}, (3.46)
W(0) =0, (3.47)

where the Hamiltonian, H, is given by
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2
HGe) =~ ma{ [F0) + 0@l +160) - Flul | (3a)

Again, in the case where U = R/, the Hamiltonian takes the form

Hiz,p) = — [fT(x)p i)+ ;VszamaT(z)p] L (349)

As with the finite time-horizon case, we can restrict our attention to conti-
nous viscosity solutions meeting the boundary condition pointwise (W (0) = 0
in this case). Let W € C(R™). W will be a continuous viscosity solution of
(3.46) if it satisfies both of the following viscosity subsolution and viscosity
supersolution conditions. Suppose that for any g € C*(R") and x € R" such
that W — g has a local maximum at z, one has

H(z,Vg(z)) <0.

Then W is a continuous viscosity subsolution of (3.46). One the other hand,
suppose that for any g € C'(R") and € R" such that W — g has a local
minimum at x, one has

H(x,Vg(x)) > 0.

Then W is a continuous viscosity supersolution of (3.46).
A simple, one-dimensional example indicating the lack of uniqueness is

0=—[—aW, + 2>+ tW2].
There are two C* solutions with W (0) = 0:
Wh(z) = (2—v2)z? and W2(z) = (2 + V2)2?,
and an infinite number of viscosity solutions such as

_J(2—-V2)2? if x <1
W(w)_{(2+\/§)x2—2\/§ if 2 > 1.

We will show that there exists a continuous viscosity solution of (3.46),
(3.47) satisfying growth condition (3.23), and that this solution is the value
function (3.22). As with the finite time-horizon case, there will be two major
parts to the proof of the above statement. Here, we will start with what is
referred to as a verification theorem — which states that a solution of the
PDE must be the value function. The second major component will be the
proof that there exists a solution. The results presented here are distilled from
a game problem discussed in [88] (see also [89]). The results in [88] rely heavily
on the structure of our particular problem class. A related but different type
of result, under weaker conditions, can be found in [106].
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Suppose W is a continuous viscosity solution of (3.46), (3.47) satisfying
condition (3.23) and locally Lipschitz in . Then for any T € (0,00), W is
also a (steady-state) solution of the Cauchy problem

0=—Vi(s,x)+ H(z,VV(s,z)) V(s,z)€ (-0, T) xR", (3.50)

V(T,z)=W(z) VxeR", (3.51)

where H is given by (3.48). However, (3.50), (3.51) is identical to our finite
time-horizon PDE problem (3.35), (3.36). Consequently, by Theorem 3.13, we
have

Lemma 3.14. W is the unique continuous viscosity solution of (3.50), (3.51)
in class IC.

We also immediately find that if v > 42(7T) (see Lemma 3.4), then W is
the value function of the corresponding finite time-horizon control problem
with dynamics (3.12) for any initial condition

s=u (3.52)
with payoff and value
T A2 o
T Tow) = [ 1(60) = G lusl dt + e, (3.53)
V(s,z) =V(s,z;T) = sup J(s,z,T,u), (3.54)
ueyv

where we use the notation V(s,z;T) to emphasize the dependence on the
terminal time (actually dependence on T — s). However, this result is not
quite sufficient for our needs. Using the stability implied by the third and
fourth parts of Assumption (A3.1I), one finds

Lemma 3.15. W s the value function of problem (3.12), (3.52), (3.53),

(3.54) for any v satisfying (A3.4I), i.e., W(x) = V(s,z) for all —oo < s <
T < o0, for all x € R™.

The proof can be found in Appendix A.

Note that W is the value function for the finite time-horizon problem
independent of s,7. We now use this representation of W to show that it
must be the value of our infinite time-horizon problem. Specifically, we will
take s = 0, and let T' — oo. By showing that near optimal trajectories (of the
dynamics) are such that & — 0 (roughly speaking), the terminal cost satisfies
W (ér) — 0 (roughly speaking), and we obtain the result. Let us now fill this
argument in a bit.

Lemma 3.16. Let & satisfy (3.12), (3.52). Let § > 0 be sufficiently small
such that (3.23) holds, and such that with 32 = v — § one still has inequality
(3%¢})/(2mZay) > 1. Then for any e > 0,
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T 2
W(x)=V(0,z) =V(0,2;T) = sup {/0 1) — %|ur|2 dr —i—W(fT)}

uEL{UE Il

for all T € (0,00) and x € R™ where Ug;"zl is given by (3.25).

Note that Lemma 3.16 follows directly from the definition of V(0,z) =
V(0,z;T) and Theorem 3.10.

Lemma 3.17. Let u be e-optimal for problem (3.12), (5.52), (3.53), (3.54)
and let € be the corresponding state process. Then

T 2 2
25m m2 (201 1
Zat < = =2 S+ =z~ .
/S ¢ 5 + sy (@ +mg +—| Il (3.55)
Proof. Let Ry = [ |&|?dt. Then by (3.12) and (A3.11),
) T T
Ry < fQCf/ |g|2dt+2/ Lo(©udt + |z, (3.56)

which by the fact that 2a - b < cfla|® + (1/cs)|b]? for all a,b and (A3.21)

2 T
< —¢/Rp + %/ u|? dt + ||, (3.57)
f Js

Solving this ODI, one finds

m2 T

Ry < (1 — e M) |2 dt + — |ac|2
cf s f

Supposing that u is e-optimal, and using Lemma 3.16 and the definition of

Z/IU,E’M, yields the result. O

By (3.55) with s = 0, we see that for e-optimal u there exists 7 € [T'/2,T]
such that

2e m?2 20 2 1
2 PR —_—
&7 < { ) cfc + [&f < + m2 e

for any T < oo.
Now we need to assert that controls which are e-optimal for the problem
over [0,7] are also e-optimal for the problem over [0,7] for any 7 € [0,T].

W’} (3.58)

Suppose that @ is e-optimal over [0,T], with corresponding state process £
given by (3.12), (3.13). Then

2

T
| 0@ = ] e+ W) > W) . (3.59)
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Let 7 € [0,T] and suppose that @ is not e-optimal over [0, 7]. Then
T N 72 N o
/ 1@ — LJaP] dt + W (E) < W(w) < (3.60)
0
However, because W is also the value function for problem (3.12), (3.52),
(3.53), (3.54) with s = 7, (3.60) implies
T R ,y2 T R 72 N 7
| 0@ - Fharde+ [ 0@ - @k e+ WEr) < Wea) - =
0 T

or
2

T
|10 = TP de+ WiEr) < Wea) -,
0
which contradicts (3.59). Thus one has obtained the following lemma.

Lemma 3.18. If u is e-optimal for problem (3.12), (3.52), (3.53), (3.54) over
interval [0,T], then it is also e-optimal for problem (8.12), (3.52), (3.53),
(8.54) over any subinterval [0, 7], i.e.,

[ 6 = S i+ Wietr) 2 Weo) (3.61)

By (3.61) and (3.23), if u is e-optimal , then

' Ve ey’ 2 < T

[[(©) = S lul] dt + 5 —Z &) = W(x) —e. (3.62)
0 meg

However, by (3.58), given & > 0, we can choose T large enough so that |&, |> <

g. Therefore by (3.62), there exists T' < oo, 7 € [0,T] and e-optimal u such

that

T 2 2
Y 2 7 CryT
/0 [l(ﬁ) — ?|u\ ] dt > W(x) —e— ngs. (3.63)
Let
e = {’U,t if ¢ <T
T lo ift >

Then by Assumption (A3.31) and (3.63)

/00 [1(€) - flﬂﬁ] dt > W(z)—e - L2
0 m

where §~ is the state process corresponding to u. This implies that

2

() 2
i 2 i CfY™ ~
useupu/o [l(f) 5 |ul }dt W(z)—e ngs

Because € and € were arbitrary, we have
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- —lﬁu2 Wiz
E%A[M)2'”ﬁ>w”' (3.64)

By Assumption (A3.3I), this is equivalent to

o T -
W) < sup sup /0 1©) ~ L ful?) at (3.65)

On the other hand, because W is the value of (3.12), (3.52), (3.53), (3.54),

we have

o T A2 . T A2
W)= [ e - Sl de+ Wier) = [ [166) - TluPlar (3.0
0 0
for all w € YUY and T < oo. By (3.65) and (3.66) we have the representa-
tion/uniqueness result.

Theorem 3.19. Let W be a continuous viscosity solution of (3.46),(3.47)
satisfying (3.23), and which is locally Lipschitz in x. Then

T 2
W(z) = sup sup / [1(&) — %\ut\z] dt. (3.67)
ueU? T'<oo JO
This completes the verification theorem component of the relationship be-
tween the infinite time-horizon control problem and the corresponding HJB
PDE. All that remains is to prove that there actually exists a continuous vis-
cosity solution of (3.46), (3.47) satisfying (3.23) which is locally Lipschitz in
2. In some cases, results such as this can be taken directly from the PDE liter-
ature. In this case here, we can obtain existence by using a control argument.
In particular, we obtain the following.

Theorem 3.20. There exists a continuous viscosity solution to (3.46), (3.47)
satisfying (3.23), and which is locally Lipschitz in x.

Proof. Consider the finite time-horizon problem given by dynamics and initial
condition (3.12), (3.13) with payoff and value

~ T 2

T, T,u) = /0 (60— L-fuf?] (3.68)

V(z,T) = sup J(z,T,u). (3.69)
uel

Then by a proof similar to that of Lemma 3.15, V is a continuous viscosity
solution to

0=Vp— #vaa(x)aT(x)vv +¢T(@)VV + (@) (2,T) € R™ x (0, 00)

V(z,0)=0 reR" (3.70)
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(where we note that T' is the time variable in the PDE here).

Note that fOT 1(&;) dt is similar to the Q7 appearing in the proof of Theorem
3.10 but without the terminal cost. So by the same arguments as used for @,
one can show that

~

g T
T, T,u) < 2Ljaf? - 7/ g2 dt (3.71)
cr 2 Jo

~ ) )
where % =% - a’CT” > 0. This implies
¥

~

T, Tyu) < Zaf?,
Cf

and so by (A3.4I), there exists 4 < ~ such that

~2
5 CrY 2
J(x, T)u) < —ng ||,

which yields

~

~2
Ve, T) < %m? V(z,T) € R" x (0,00). (3.72)

Let T5 > T1. Then by taking u; = 0 for ¢t € (T1,7T3), it is easy to see that
Vi(z,Ty) > V(x,Ty).

Because Vis monotonically increasing and bounded above, we see that there
exists W such that R .
V(z, T)1 W(x) VaeR™ (3.73)

We now show that this convergence is uniform on compact sets. By (3.71)
and (A3.31), we see that for e-optimal u for problem (3.69), we have

1 1 (€7
Sl < 3 o+ 2ol (3.74)

Let o,y € Bg. Let ¢ and 7 satisfy (3.12) with different initial conditions,
& = x and 1y = y, but both with the same control, u, which is e-optimal for
initial condition x. Then by (A3.1I), (A3.2I)

d
£|§t — el < =2¢4|& — el + 20& — el (Ko |& — melue])

and using inequality 2a - b < cgla|? + |b|?/cs for all a, b, one finds

., K2 2 12
< —cplée — mil +?|§t*77t| g™
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Solving this differential inequality yields

Kg t 2
|§t — 77t|2 < |x _ y‘zefotJr? fo || dr7
or by (3.74),

K? a R? et
& — el Slw—yeXp{g”{eJr l ]}e . (3.75)
Cr

One also has (using (A3.1I) and (A3.21))
d .2 2 Mz 1o
— < — . —_g .
Glelt < —erlei + T2,

By similar estimates as used above, one finds

2em? 20qm?2
62 < e 4 |14 2000 | g2 (3.76)
dcy 5c?

and similarly for n. Then, by (3.75), (3.76) and (A3.3I)

T T
\/ l(&)—l(m)dt‘é/o i1+ (6] + el — e dt
<F(R)z —y

for some locally bounded function F' independent of T € [0, 00). This implies

~ ~

J(T,z,u)+e—J(T,y,u)
e+ F(R)|z —yl.

‘7(%7T) - V(ya T) <
<

Using the fact that ¢ was arbitrary and symmetry, we obtain

~

V(z,T) - V(y,T)| < F(R)]x —y| VYl|z|,lyl <R, YVR<oo,  (3.77)

and note that this bound is independent of T' € (0, c0).
By (3.77) and the Ascoli-Arzela Theorem, we see that the convergence in

(3.73) is uniform on compact sets, and that W is continuous.
Define

VIt ) = V(@ t+T) V-T<t<0, Vo €R",
so that for all 7> 1, V7] is a viscosity solution of

0=V,— #VVTU(SIJ)UT(LC)VV + g (@x)VV +1(2)|, (t,2) € (~1,0)xR™
(3.78)
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Then, by the uniform convergence, (3.78) and Lemma 2.6.2 of [48], Wis a
continuous viscosity solution of (3.78) as well. But since W is independent of
t, we see that W is a continuous viscosity solution of

0=— WVWT o(2)o” (x)VW + g7 (2) VW + () r€R",

and by (3.72)
Cf:Y\ 2
0< V[/ < O
() 2m?2 [l

Remark 3.21. Note that by (3.73), we have also shown that the solution, W,
is given by

W(z) = hm V(x T)= ;E%V(x ,T) VYaxeR". (3.79)

This completes our discussion of viscosity solution theory. We have consid-
ered two example problem classes — a finite time-horizon problem class and
an infinite time-horizon problem class. We have demonstrated equivalence be-
tween the control problem value functions and continuous viscosity solutions
of their corresponding HJB PDEs. In the following sections, we will develop
max-plus based numerical methods for solving these equivalent problems.



4

Max-Plus Eigenvector Method for the Infinite
Time-Horizon Problem

We now (finally) begin development of max-plus based methods for solution
of HJIB PDE /nonlinear control problems. We will work first with an infinite
time-horizon control problem (3.12), (3.13), (3.21), (3.22). This, of course,
corresponds to the steady-state HIB PDE (3.46), (3.47). The infinite time-
horizon problem has some facets that are more complex than the finite time-
horizon problem. This is primarily due to the fact that the infinite time-
horizon problem essentially corresponds to the limit of the finite time-horizon
problem as the time-horizon goes to infinity. As we indicated in Chapter 3,
there are nonuniqueness issues here as well. Also, for the infinite time-horizon
problem, a fuller analysis of error sources and convergence rate for this first
max-plus method exists than in the finite time-horizon case.

Several max-plus based methods for infinite time-horizon problems will
be discussed in this book. In this chapter and the next, we will focus on
a method where the solution is found as a max-plus basis expansion over
a space of semiconvevx functions. The DPP, (3.24), for this problem takes
the form W = S, [W] where S, (given by (4.14)) is max-plus linear. It will be
demonstrated that W is an element of a (max-plus vector) space of semiconvex
functions. Expanding W in terms of a max-plus basis over this space leads to
a max-plus eigenvector problem. More exactly, the vector of coefficients in this
max-plus expansion is the solution of a max-plus eigenvector problem with
max-plus eigenvalue zero. Other max-plus numerical methods and a somewhat
different min-plus problem will also be discussed later.

It makes a good deal of sense to break the development of this first nu-
merical method into two parts. In the first part, we will blindly truncate the
max-plus expansion of the value function (as an element of a space of semi-
convex functions; see Chapter 2). This will allow some of the main concepts
to come through. However, a successful application of the method will be
greatly enabled by a full understanding of the error/convergence analysis (for
the method), which is delayed to Chapter 5.

Before immersing ourselves in the development, we place this work in some
context. As noted above, the approach relies on the max-plus linearity of the
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associated semigroup/DPP. To the author’s knowledge, the first mention of
the max-plus linearity appears in [71], and one might also note the discussion
in [63]. The second key enabling concept is the notion of max-plus bases
for spaces of semiconvex functions (as discussed in Chapter 2). This was first
developed in [44]. The numerical method for the infinite time-horizon problem
was developed in the series of papers [75], [78], [79], [80], [81], [85], [86]. Closely
related papers are [50] and [76]. A somewhat different, but related approach
is being developed in [3], [4] (currently for the finite time-horizon problem
class).

4.1 Existence and Uniqueness

In this section, we recall the system and assumptions. We also provide some
basic results that will be needed below.

In order to have our materials handy, let’s recall the infinite time-horizon
problem we will consider here. The dynamics and initial condition are

€= (&) +a(&)u (4.1)

with initial condition
o=x € R" (42)

The payoff and value function (available storage) are

T 2
I L) = [ 1) = Flunlar (43)
0
and
W(z) = sup sup J(z,T,u) (4.4)
ueUV T<oo

where the control w lies in

UY = L¥°([0,00);U) = { u:[0,00) - U CR!|
/ lu,|? dr < 0o VT € [0, oo)} (4.5)
[0,7)

Note that ¢ is an n x [ matrix-valued multiplier on the control.

We will make the following assumptions which are similar (although not
identical) to the assumptions for the infinite time-horizon problem in Chapter
3. These assumptions are not necessary but are sufficient for the results to fol-
low. No attempt has been made at this point to formulate tight assumptions.
In particular, in order to provide some clear sketches of proofs, we will assume
that all the functions f, o and [ are smooth, although that is not required for
the results. We assume there K, ¢y € (0, 00) such that
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|fz(z)| <K VzeR",
(z— )T [f(2) — f(y)] < —¢sle —y|* Va,y e R, (A4.11)
f(0) =0.

We note that this implies
ol f(z) < —cglaf?

for all x, which implies exponential stability of the system when v = 0. We
assume there exists K,, m, € (0,00) such that

Range(o(z)) =R"™ Vz e R",

|O'ac(x)| <K, VzecR" (A421)
lo(z)| <m, VaxeR",

o~ (z)] <m, Vaxe€R™

Here, we of course use 0! to indicate the Moore—Penrose inverse (c.f. [54]),
and it is implicit in the bound on o~!(z) that o is uniformly nondegenerate
(i.e., there exists n > 0 such that zTo(z)oT (z)z > n|z|? for all z,2 € R™).
We assume that there exist Cj, a; € (00) such that

lleo(z)] <C, V2 €R,
0<Ii(z) <lz)* VzeR"™ (A4.31)

The system is said to satisfy an He attenuation bound (of ) if there
exists 7 < oo and a locally bounded available storage function (i.e., the value
function), W (z), which is nonegative, zero at the origin, and such that

T A2
W(z) = sup sup / 1(&) — 7|u,5|2 dt (4.6)
ueUV T<oco JO

where ¢ satisfies (4.1),(4.2). We reiterate that the corresponding HJB PDE is

0=H(z,VW(z)) Va e R"\ {0}, (4.7)

W (0) = 0, (4.8)
where the Hamiltonian, H, is given by ,

HGe) =~ {10+ o@lp+160) - TP (49)

which, in the case where U = R/, takes the form

Hie,p) = [fT(a:xp i)+ Q;p%moj(x)p} . (4.10)
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Because W itself (not its gradient) does not appear in (4.7), one can always
scale by an additive constant. It will be assumed throughout that we are look-
ing for a solution satisfying boundary condition (4.8) which fixes the additive
constant. Lastly, we assume that
2.2
Y Cy
2m2ay

(A4.41)

Then one has the following result (see Chapter 3).

Theorem 4.1. There ezists a unique continuous viscosity solution of (4.7),
(4.8), locally Lipschitz in x, in any class

_ 2_§
0<W(z) <cy 72m2

(e

such that § > 0 sufficiently small that (A4.41) holds with +* replaced by ~v*—§.

|| (4.11)

We also have the following. Consider the finite time-horizon control prob-
lem with dynamics (4.1), initial condition (4.2), and payoff and value given
by

T 2
J(x,T,u) = /0 U&) — %|ut|2dt’ (4.12)

V(z,T) = supyeyv J(z, T, u).

Theorem 4.2. The unique continuous viscosity solution in the class such that
(4.11) holds for some & > 0 sufficiently small that (A4.41) holds with ~*
replaced by v? — 6, is given by

W(zx) = TlgnDO V(z,T) = sup V(z,T) (4.13)

T<oo
which is also equivalent to representation (4.6).

This was proved in Theorem 3.20 and Remark 3.21.

4.2 Max-Plus Linearity of the Semigroup

We will show that W is a fixed point of the corresponding semigroup operator.
The semigroup is defined directly by the DPP for the finite time-horizon
problem. We begin with the following lemma which is a statement of the
DPP for this particular problem.

Lemma 4.3. Let V be given by (4.12). Then,

~

T 2 R
V(z,T) = sup {/ (&) — %|ut|2dt + V(T - T)}
0

uellV

(where & satisfies (4.1), (4.2)) for any 0 <7 < T < oo and any © € R".
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Proof. Note that for any s € (0,T),

~ T-s 2
V(z,T —s)= sup [/ U&) — 72“7“|2d7"| )
0

ueUY

where ¢ satisfies (4.1), (4.2). Since neither the dynamics nor the payoff is
time-dependent, one can shift the time variable to obtain

T
V(z,T —s) = sup l/ (&) — %2|Ur\2 dr] ,

ueUv
where ¢ satisfies (4.1), £ = x, which recalling (3.15)
=V(s,x).
Consequently, by Theorem 3.1 for any 0 < 7 <7T < o0

~

T 2
Vi, T)=V(0,2) = sup [/ 1(&,) — 72|ur|2dr+V(T,gT)]
ueUlV 0

T 2
s | [ 166 - Fluar+ 7670 o

ueUY

Define the semigroup S, [W] for W in the domain of S, Dom[S;] = {W €
S: S W()|(z) < oo Vz e R}, by

ueUV

T 2
s0veNe) = swp { [T - Thuparewen @

where £ satisfies (4.1), (4.2). Note that the semigroup properties (1.8) and (1.9)
are easily verified. Also note that Dom[S;] includes all semiconvex functions
satisfying (4.11).

Theorem 4.4. For any 7 € [0,00), W given by (4.13) satisfies S.[W] =W,
and further, it is the unique solution in the class (4.11).

Proof. We begin with the first assertion. From (4.13), one has
W(z) = sup V(z,T),
T<oo
which by Lemma 4.3

T 2 N
— sup sup {/ l(ft)—é|ut|2dt+V(§T,T—r)},
0

T<oco uelylv
where £ satisfies (4.1), (4.2)

T 2 R
= sup sup {/ l({t)é|ut|2dt+V(§T,TT)},
uelV T'<oo 0

which by (4.13) again
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— sup {/OTz(gt) - §|ut|2dt+W(§T)}

ueUY
_ 8, W)

The proof of uniqueness is similar to the proof used to demonstrate unique-
ness of the viscosity solution and value within the class (4.11) in Chapter 3.
Let W satisfy W = S.[W]. One shows that W (z) < W(z) and W (x) > W (z)
for all x € R™. The first of these two inequalities is more technical, and we
address that first.

Let m be any positive integer (which we eventually let go to oo). Note
that by the semigroup property,

W(z) = SPW](x) = Spr [W](
= su t) — S |Ut 2 mT
= swp { [ 160 - Thul at + Wi |
= sup J(z,m7,u)
ueUV

A‘Z
Let § > 0 be such that with 32 = 42 — §, one has 5-- T ~>1land 0 < W(z) <

>
- |x|2. Fix any z € R™. Let

2
2m?2

T Cf/’?Z
Qr = [ il at+ e (4.15)
0 o

where ¢ satisfies (4.1), (4.2), and note that by (A4.3I) and (3.23)

T
> [ ugdr+ wien. (4.16)
0

Note that this definition of Qr is identical to (3.27), and following the same

steps as found there (in the proof of Theorem 3.10. Specifically, letting 5=
2 ~
;; — 25 and noting that by (A4.41) § > 0, one has

Cr

)
Qr < [Ehemorm + 21 =5 [ 1= Dl + Bl
(4.17)
Consequently, by (4.15), (4.16) and (4.17)
-5 A cr(t—
J(x,m)g[;n Ty }W 5 / (1= e D)l dt — dllull?, o
CFY™ ey 2 2
< [+ 2]l =l g (1.18)

On the other hand, by (A4.31) and (4.11), J(z,T,0) > 0, and so for e-optimal
u (where, as usual, we take € € (0,1])
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J(x,T,u) > —e. (4.19)

Comparing (4.18) and(4.19), and letting 7' = m7, we see that for e-optimal
u, we have

€ 1fc ’72 —crmT 82}
Il oy < 5+ 5 e + 2
e 1[e? o 9
< -4 = — . 4.2
_(5+6[2m§+cf || (4.20)

This is an upper bound on the size of e-optimal u which is independent of m
(for large m).

By a similar analysis as for Qr, one easily shows that by (A4.1I) and
(A4.21),

2
_ m
[t 1yr® < e |2 + T;||u||%2(kr,(k+1)r)

for any u € YV and any nonegative integer k < m. Repeating this estimate,
and combining terms, one finds that for any non-negative integers j, I such
that I +j <m and any u € YUY

) I
Eiir? e e jcf7|$|2+c;{€ T lE e wa||u||2Lz((1—i)r,(1+1—i)r)]
=1

j—1
—(j—1—13 2
+> eV 1)Cf7||u|LQ((1+z’)n(1+1+i)7)}
1=0

—IcpT —jeyT (.2 mi 2
<e e |z + ?HUHLQ(&(IH)T)'

For simplicity, we consider only m which are even. Adding subsequent esti-
mates and taking I = m/2, one easily finds

m m/2 m2
Z |€jr|> < emmerm/2 Z eI | e + =217, 0.mn
j=m/2 =0 i

1 m2
Cmesr/2 2 ?
<emmerr (m) 2+ L 0 mr)

Let u be e-optimal (over (0, m7)). Then, substituting (4.20) into (4.21) yields

“ 1 m2 (e 1[ey?
E 2 < —meyT/2 2 Mo ) < - f “l 2
&7 <€ 1—e—¢7 ol + cy |9 + 5 | 2m2 * cy =

j=m/2

which taking m > 2
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e T m2 (e 1 cf'y2 o
< —— ) |2)P+ =2 =+ = —| |z)?
_(1—6_Cf7>|| +cf {5+5{2m§+cf oy

which for proper choice of K; and K5 independent of m

< K1 + K|z (4.21)

Fix some & > 0, and let m > 2(K + Ks|z|?). Suppose |¢;-[> > mé/2 for all
j > m/2. Then by this choice of m,

mé -
K + Kslz|* < 5 < Z €5+ 17,
j=m/2
which by (4.21)
< K1 + Koz|?

which is a contradiction. Therefore, given any € > 0, there exists an m < oo
and a corresponding e-optimal u such that there exists integer k € [m/2,m]
such that

<é. (4.22)

Suppose we have chosen such m and (e-optimal) w, and let k be the above
integer. By Lemma 3.18, this u is also optimal over for the problem over time
interval (0, k7). Consequently,

W(2) = SHW](x) < J(x.hru) +

(&) — —\ur|2dr + W(fk )+

Il
\

Using (4.11) and the choice of 7, this is

ker 2 22
i 2 CFY™ o

(&) — —lu.|"d
| e =t ar + 55

<
< Vo br) + 5z
which by (4.13)
Cf/’}72 ~
< Wi(x)+ 2m2£+5

Because this is true for all € > 0 and € € (0, 1], we have W (z) < W(z) which
is one of the desired inequalities.
For the reverse inequality, note that for an arbitrarily large integer m,
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R mT 2
Vemr) = sup { [*it6) - Tusfar}
0

uedV

which since W is in the class specified at (4.11)
mT 2
< sup { [ 160 - Pl e+ e |
0

ueUv

= Smr [W](x) = 57" [W](2) = W(2). (4.23)

On the other hand, by Theorem 4.2,

V(z,T) — W(x). (4.24)
Then (4.23) and (4.24) imply W (z) > W (z) (otherwise one obtains a contra-
diction).ihus, one has the two inequalities which imply that any solution of
W = S.[W] in the class given in (4.11) must be W. O

Note that W is a fixed point of S, for any 7, which provides some freedom
in the choice of problem we wish to solve. This may be of interest in the actual
construction of numerical algorithms.

Now we will demonstrate that S, is linear in the max-plus algebra. Let
¥, ¢ € Doml[S;]. For a € R, the proof that max-plus multiplication passes
through the operator is trivial:

S.la®¥l(@) = 5, la+ via)
T 2
= sup { [Tt - ShuP e+ atvien |

uell
— 0+ S, [¥)(2) = a® S, [¥](x) (4.25)
for all x € R™. In the case that a = —oo, one has

s.toow o) = s { [ 1(6) - P ar + vier) - oo
= sup (o0} = ~00 = ~00® 5, [4](2)

ueUY
for all x € R™. Now considering max-plus addition, we note that

5,100 vl(e) = sup {maxtoter) w(e )+ [ it6) - Jlular)

uweUlV

T 2
= sup maxfo(e) + [ 16) = Flul an

ueUY

bE) + /0 "1(e) - T dr}

T 2
= max{ sup {qzﬁ(&) +/0 1(&) — %|ur|2 dr} )

uweUv
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sup [v(n)+ [ 16 - Tl ar] |

ueUlV
= max {S;[¢](x), S-[¢](x)}
= S, [¢](x) ® S, [¥]()
— (S,[6] @ S, [¥]} (2). (4.26)

By (4.25) and (4.26), one has
Theorem 4.5. The semigroup, S-, is linear in the mazx-plus algebra.

Remark 4.6. Using the techniques of Chapter 3, it is not difficult to show that
S [¥] is well-defined for all continuous 9 belonging to the class given by (4.11)
for some § > 0 satisfying the condition there. Consequently one may take the
domain of S; to be this set. One can further show that S, maps this domain
into itself (a property without which the semigroup property (1.9) could not
hold). The domain can be reduced to the subset of locally Lipschitz functions
in this class, and in that case, one can show that S, again maps this domain
into itself.

4.3 Semiconvexity and a Max-Plus Basis

In this section, we first show that the value, W, lies in the space of semicon-
vex functions, and then we describe the max-plus basis that we will use in
the following sections. The following result is equivalent to Lemma 3.16, but
introduces some new notation.

Lemma 4.7. Given ¢ € (0,1), R < oo and |z| < R, let u*T be e-optimal for
problem (4.12). Then, there exists Mr < oo (where this is independent of ¢,
|z] <R and T € (0,00)) such that

s

|Lo0,1) < M.

Lemma 4.8. Given ¢ € (0,1), R < oo and |z| < R, let u>T be c-optimal for
problem (4.12). Then, there exists dr < oco (where this is independent of ¢,
|z] < R and T € (0,00)) such that

|§&¢] <dr  Vte[0,T].

Proof. The proof follows directly from Lemma 4.7 and the assumptions, par-
ticularly the contractivity of f. Specifically, let ¢ satisfy (4.1) with initial
|€0| = |7| € R and e-optimal disturbance, u*7. Then,

d
L] =267 7€) + 26 o ()us"
which by Assumptions (A4.11) and (A4.2I)
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IN

—2¢4[€[* + 2m[€][uT|

IN

2
—eslél? + 22 fus TR,
Cf
Integrating, one finds
m2 !
|ft|2 < |$|26—Cft+J/ ecjc(r—t)lui,T|2 dr
¢r Jo

which by Lemma 4.7
m2
< |z + =2 Mj
Cr

=

which yields the result with dg = [R?* + (mZ/c;)M3] O

The next result will be at the core of the methods, since we will be working
in spaces of semiconvex functions.

Theorem 4.9. V(z,T) is semiconver (in x) with constants independent of
T € [0,00).

Proof. It is sufficient to show that the second differences of ‘A/(-,T ) are
bounded from below on any Bgr(0) by some —cg. Let € Br(0), v € R”
and |v| = 1.

Let 6, € (0,1). Let u be e-optimal for (4.12) with corresponding & sat-
isfying (4.1) with &) = x. Then

Viz—o6v,T) =2V (2, T)+ V(z+6v,T) > J(T,z — v,u+ A) — 2J(T, z,u)
+J(T, x + 6v,u) — 2¢ (4.27)
where A will be given below. Let £, ¢ satisfy the dynamics of (4.1) with

initial conditions 50_6 = — 6v and &) = x + dv. Also let the corresponding
disturbance processes be u + A and u, respectively. Then,

€= =FE) = F(E) + (@) = a(&))u,
and

=0 =f(E) = FE) +a(u—0o(€ %) (u+ A).

Now we choose

A== ENFE) -
~(0(&") = a(€))u
=~ HENF(E) — 2 () + F(€7°)
+(0(€%) = 20(€%) + o (€7°))u} (4.28)

FE) + (a(&%) — a(€))u— (f(€°) = f(7°))
}
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(Although A is defined by the above feedback formula, the corresponding A
as a function of ¢ is used.) By substitution, we see

@oio=g g
and since &) — £ = dv and £J — £,° = dv,
§-&=¢6-¢° vi>o. (4.29)
Consequently, by (4.27) and (4.29)
V(z —60,T) =2V (2, T) 4+ V(z + 6v,T)

T 2 T
2/0 z<g—5)—2z(50)+1(55)dt—%/0 i+ AP = 2[ul? + Juf? dt — 2¢

T
= /0 (&) —1€0 — &71) —20(E°%) + 1(&) + [&) — &) at

42 (T
—?/ 2uT A+ |A? dt — 2.
0

By Assumption (A4.3I), the second differences in [ are bounded, and in fact,
one has

V(z—6v,T) =2V (z,T) + V(z + 6v,T)

T 2 T
> _/ 208 - ?|2dt—%/ 2T A4 |ARdt— 20, (4.30)
0 0
Now,
d o
e =&l =206 - &1"1& - &)
=2[& = &&= FE) +(o(&) = o(&))ual,
which by (A4.11), (A4.2I) (and the general inequality 2ab < cya® + b%/cy)
< 27|67 — €717 + 200 1€ — &P ul
K2
<18 _ 02 [_ Boo2]
< I6? = &P [=er + il

Using separation of variables (to solve the ordinary differential inequality) and
Lemma 4.7, one obtains

K2 pt

€0 — €0 < (x4 bu) — afPe” T Jo e
2

< s2e=crte e Mn®

Hence there exists ¢ (independent of T') such that
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€ — €012 < §%ee et (4.31)
Substituting (4.31) into (4.30), we get

T
V(e — o0, T) = 2V (@, T) + V(x + 60, T) > — / 2yt dl (4.32)
0

s
—?/ 2uT A+ | AP dt — 2.
0

Now, by Lemma 4.8, [£Y| < dg for all t > 0, and so by the smoothness of

f, o, there exist Q¢ r, Qo,r < 00 such that |f,z(2)| < Qr R, |022(2)] < Qo.r
on |z| < dg+ 6. Thus, by (4.28), (4.29) and (A4.3I),

1Al < mo {QsrIE — &1 + Qorl€) — &P lwsl} Vit €[0,T],

where the bound is independent of T' < co. Employing (4.31), this yields

1Ay < myind? [e_cft(l + |ut\)} VO<t<T < oo (4.33)

for appropriate choice of ¢z dependent on R.
Substituting (4.33) into (4.32) yields

V(z —60,T) —2V(2,T) + V(z + 6v,T)
T 72 T

7/ 2C)5%ce ™t dt — ?/ [2m06352(|ut| + |ug|?)eert
0 0

v

+2m2 %6t (1 + |ut|2)672cft] dt — 2¢
> —Mpé? —2e YO<t<T<oo

for appropriate choice of M, R Since € > 0 was arbitrary, this implies semi-
convexity. 0O

Remark 4.10. Note that if one supposes uniformly bounded second derivatives
of f and o, then the use of Lemma 4.8 (which requires the contractivity of
f) can be avoided. However, one still needs bounded ||u||, and the proof of
Lemma 4.7 also made use of the contractivity of f. Consequently, although
the addition of assumptions of uniformly bounded second derivatives would
shorten the proof, it is not clear that it would be useful unless one needed to
obtain a tighter bound on the growth of Mg as a function of R.

Corollary 4.11. W(x) is semiconvex.

We will informally refer to the restriction of W(x) to any closed ball,
Br(0) = {x € R"||z| < R}, as W(x) as well. Recall that the semiconvexity
of W implies that given any ball Br(0), W is Lipschitz with some constant,
L, over Br(0) (c.f. [42]). Recall also, from Chapter 2, that S&" denotes the
space of semiconvex functions with (semiconvexity) constant ¢ and Lipschitz
constant L over Br(0). Consequently, Corollary 4.11 immediately implies the
following.
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Corollary 4.12. Given any R € (0,0), there exist cr, L € (0,00) such that
W e Srlr
R,

Finally, it is useful here to recall Theorem 2.13 which we paraphrase as follows.

Theorem 4.13. Let C' be a symmetric matrix such that C — cgl > 0. Let
Vi(z) = =4 (z — 2;)TC(x — x;) for all i € N where the x; form a countable
dense subset of € = {x € R" : 71 (C?) < (Lr+|C|R)?}. Then, {; : i € N'}
is a countable basis for max—plus vector space SI%R R In particular, for any
b€ st

9(x) = sup [a; + i« =P la; @ ¢i(2)], (4.34)
eV i=1
where
a; = — max [—¢(z) + ¢¥i(x)] Vi (4.35)

rEBR

4.4 The Eigenvector Equation

In order to reduce complexity, we suppose throughout the next two sections
that W has a max-plus basis expansion with a finite number of terms. Of
course, one must consider the error introduced by truncating the expansion
at a finite number of terms in the numerical computations. However, in order
to focus on the theory underlying the solution of the eigenvector equation (to
follow), we delay the error analysis to the next chapter.
Let W(z) = @;_, a;®v;, a” = (a1,as,...,a,), and B be the v x v matrix
with entries
B,

,J

= — max (i(z) — S-[¢](2)). (4.36)

:EBR

Here we are letting the finite number of terms in the basis expansion be v.
Note that B actually depends on 7, but for this section we fix any value
7 < TR, and suppress the dependence in the notation, where S, [¢);](z) is C?
on [0,7) x Bg(0) for all 4. (See, for instance [37] for existence of 7r.)

We assume we may choose C such that the semiconvexity of the
basis functions is increasing for small time; this ensures that the (A4.5I)
elements of B are finite.

Remark 4.14. In practice, some informal checks are used to search for such a
C'. Counsider the linear/quadratic case where f(z) = Ax, o(z) = o (constant),
and I(z) = 127 Dz, where the matrices are such that the above assumptions
are satisfied. The corresponding Riccati equation is R=D+ ATR+ RA +
Q—}YZRJJTR with Ry = —C, and condition (A4.5I) is equivalent to choosing C'
such that

D—ATC - CA+ #CUJTC > 0. (4.37)
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The current practice is to linearize the system at numerous points, and search
for a C such that (4.37) holds for all the linearized systems.

By the semiconvexity preserving property of S, for the given choice of C,
one notes that

Sr[wi)(@) = €D Bis @ i), (4.38)

where again we truncate the expansion, and postpone analysis of the errors
introduced by truncation to Chapter 5.

We will use the notation B ® a for max-plus multiplication of matrix B
and vector a.

Theorem 4.15.

1. Suppose W is a solution to S,[W] =W, and that any expansion W (zx) =
@D._, a; ® ¢;(z) on Br(0) requires a; > —oc for Vi. Then a = B ® a.

v

2. Conversely, suppose a = B ® a and that W(z) = @,;_, a; ® i(z) on
Bgr(0). Then S;[W] =W on Bg(0).

Proof. We begin with the first assertion. We have

@ a; @ Yi(z) = W(x)
which by assumption
= S WO)@) =S |Day 9 6;0)]| (@)

and then by Theorem 4.5

=P 5.,

{flj ® B;; ® 7/%(5”)1 }
j=1 i=1

{@(aa‘ ® Bi;j ®1/Ji(90))}

=1

which by (4.38)

|
AN
I
N

N

v

@(Bi,j ® aj) | ®Yi(z)

j=1

©
Il
-

But this implies that
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max{a; +¥1(x),...,an + Yu(z)} = max{(m]aX(BLj +aj) + Y1(x)), ...
. (mJaX(B,J +a;) + Y (x))} (4.39)
Because it is necessary that any particular a;, > —oc (i.e., that this term
is needed in the expansion), there exists y;, € Br(0) such that a;, +¢i, (yi,) >
a; + 1;(y;,) for all j # dg. Then, by continuity, there exists a neighborhood

Bs(z) € Bgr(0) with y;, € Bs(z) such that the left-hand side of (4.39) is
simply a;, + 14, () for all x € Bs(z). Consequently,

a;, + ’l,[)io (l’) = mlax{mjax[Bm + (Zj] + 1/11(93)} Va e B(;(z) (440)

However, the only way in which a maximum over a finite set of quadratics
can be exactly identical to another quadratic over an open neighborhood is if
one element of the set of quadratics is exactly the quadratic being matched.
Consequently, (4.40) yields

(27

= max[B;, ; + a;].
j

Since this must hold for any choice of iy, one has

a=B®a,

where a is the vector [a;] and B is the matrix [B; ;].
For the second assertion of the theorem, note that if a = B ® a, then

v v

PDai @ vile) = DL BB @ a;) p @ i)
i=1

i=1 | j=1
_@{%@@ 1 @ il }

— P, 5, 1)w)

=5, |Pa; ;| (@)
j=1

v

Now since W(z) = €;_, a; ® 1;(x), one sees that this last expression is
W(z) = S;[W|(z). O

4.5 The Power Method

The goal then is to solve the eigenvector equation
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e=B®e, or, equivalentlyy, 0®e=B®Re. (4.41)

There are two main steps. The first is to compute (approximately) B, and the
second is to solve the eigenvector equation given B. We will address the latter
step in this section; the former step will be discussed in the next section.

Note that because the eigenvalue is known, the solution of (4.41) reduces
to the solution of a linear system. One obvious approach would be to solve
this linear system directly. However, without the expansion of the max-plus
algebra in some way so as to compensate for the lack of additive inverses
(see [6]), one cannot proceed in that manner. Consequently, we instead have
used the power method to obtain the eigenvector. Not only does this yield a
numerical algorithm for the solution of (4.41), but interestingly, it has also led
to a proof of the fact that in this special case, there is a unique eigenvector
(corresponding to the unique eigenvalue of 0 — see [6] for the uniqueness of
max-plus eigenvalues). Of course, this uniqueness is in marked contrast to the
state of affairs over the usual field. To be more specific regarding the power
method, note that it will be shown that the eigenvector may be computed via
the iteration

e= lim B™"®0
m—00

where 0 represents the (usual) zero vector, and B™ represents the max-plus
product of B with itself repeated m times. Interestingly, this will terminate
(i.e., the iterates will stop changing) in a finite number of steps. This method
is referred to as the power method.

Let W be the available storage (given by (4.13)). For the remainder of the
section, fix any 7 € (0, 00). Define

() = 5,00~ sup { [ 160 = TluPar s wien )

ueug
where & = x and Z/lg = {u ceUv . &= y}

Lemma 4.16. There exist M|, M|z, < 0o, monotonically increasing as
functions of the subscripts, such that

5w = swp { [ 16 - Tl @+ wien) |

U
uGUMW‘

and

sup £ [ 1660 = ot a4 wien )

uely

T 2
= s { [ 16 - Tk aswie)

U
ueU
UMz |y

where



74 4 Max-Plus Eigenvector Method

U . U . U - U .
uM|x| = {u eU” :|lul < M|z|} and U, Moy = {u eU, :lull < me‘}.
In other words, e-optimal u (for e < 1) are bounded in Lo-norm by M, and
M,y),y| for each of the above problems, respectively.

Proof. The proof of the first assertion is simply Theorem 3.10. For the second
assertion, one has (because u € U}))

T ’72 2 o T ’72 2
uf{ / 1)~ L dt+w<a>}us;b%{ / e - 2w dt}+w<y>.

After one has this form, the proof is a slight simplification of the proof of the
first assertion. Somewhat more specifically, one finds (for proper choice of Cf,
027’)’)

T 2
|16 = Gl + W) < ol = o JulP e + W) < <1 (443)
if
Jull > (1/Can)1+ Culaf? + W(p)] = Migy . (4.44)

On the other hand, taking u® = 0 with corresponding trajectory £°(-), one
has

T 2 T
[ e - Ltpaeswin) = [ uyarw) zo. @
0 0

Comparing (4.43) and (4.45) yields the result. O
Lemma 4.17. H is continuous.

Proof. The proof follows easily from the definition of H and Lemma 4.16, and
so we only sketch it.

The proof of continuity in y is clear. We consider only the continuity
in z. Let 1,20 € R"™, |21 — 22| < 1, and let R > max{|x1|, |z2|}. Let
y € R"™. Let u!* be e-optimal for S, [W](x1), and let u*¢ be e-optimal for

SUDy,equ {fo (&) ——|u,g|2 dt+W(fT)} with £y = x5. Let the trajectory gener-

ated by (3.12) with £y = z; and control v/ be denoted by £%J for 4, j € {1,2}.
Then

. T _12 1,612 1,1
- (e - TP+ w2 +e
0
/(5“) Tl [Ue) - Gt
T — 1) + W) - W)

0

+ 1(5272) —1(EV?) dt + 2.

o
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However, u'* € Uf; and u** € Mé{ M. Consequently (as for instance in
(4.31)), there exists § > 0 such that if |; — 25| < 4, then |§! — &% < e,
€2t — €2?| < e for all t € [0,7] (and, of course, there exists dr < oo such
that |11, [€21], €12, |€22] < dp forall t € [0,7). One then finds that, using
Assumption (A4.3I) and Corollary 4.12, for proper choice of M R,T

}y(xl,y)gfly(ZQay)ngzRﬁg

if |x1 — 22| are sufficiently small. A reverse inequality follows through symme-
try. O

Lemma 4.18. H(0,0) =0, H(z,y) > 0 for all z,y € R™, and H(x,z) > 0 if
x # 0.
Proof. Noting that

(o) = s { [(16) - Sl ar+ wien}

uweUv

- s { [ - T aswien | @)

ueug 0

it is obvious that H(z,y) > 0 for any z,y. (It might be worthwhile to note
that by the assumptions on the dynamics, Ug # () for any y € R", and so
H(z,y) < cc.)

We consider the case x # 0. To prove H(x,z) > 0, suppose H(z,z) < 0.
Then by (4.46) and Theorem 4.4, this implies

— Su ’ *lzu 2 xr
W)~ s { [ - Gl et <o

or

sup {/OTZ(&) - 722|ut2dt} > 0. (4.47)

uely

As in the proof of Lemma 4.8, one has

d 9 9 m2 9
— < — —_g
dt‘§t| < —cpl&l” + o g |,

which, using &y = z, and solving the differential inequality (as before) yields
2

_ m
&7 < |zPem "t + ?:Hu”%g(o,t)'

Because we require &; = z (i.e., u € UY), this implies

cr —esr
el 0.y = Ll (1 - e7o7). (4.49)
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Now, by (A4.41),

2mgal L
A2 e 2
f
Let
b=t 7, (4.49)
and let 5
. & —CcrT
e = Smf; (1—e )|z (4.50)

Let u® be e-optimal for (4.47) with corresponding trajectory . Then &£ = x
and

T ’-Y2
/ 0&) - ?Wf 2dt > —e. (4.51)
0
Let
2 . 92 0
V=g (4.52)

(so that 42 =72 + /2 > 7?). Then,

T ~2 T T 2 52
= e
[ - St = [ - Tuirars (T )t
0 0 0 2

which by (4.51) and (4.52)

0
>~ + 2l 0.,

which by (4.48) and (4.50)

1) 1)
> 8Cf (1 e_ch)|J,‘|2—|-4;%(1—€_Cf7-)|1‘|2
(SCf —CfT 2
= 8m§(1_e ImY\x|?. (4.53)

Then, because &£ = z, one may loop over this trajectory repeatedly by
employing the disturbance

U =uy_n, Vtenr,(n+1)r), Ve {0,1,2,...}.
Letting E be the corresponding trajectory, and employing (4.53), this yields

nTt 5
[ 1@ - T2l - el
0

This implies that

T )
lim sup / (&) — %|ut|2 dt = 400,

T—o00 welU
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which contradicts Theorems 4.1 and 4.2 (because ¥ > 7). Therefore H(z,x) >
0.

Lastly, we turn to the proof that H(0,0) = 0. Because H(0,0) > 0 was
noted above, it is only required to show H(0,0) < 0. However, using (4.46)
and the fact that the first supremum in (4.46) is W (z) where W (0) = 0, one

has . )
H(0,0) = — sup {/ (&) — %|Ut|2 dt},

ueug 0

where £ = &, = 0. But taking v = 0 (and using [ > 0) implies that

T 72
sup {/ 1(&) — 2|ut2dt} > 0.
ueug 0

Consequently H(0,0) <0. O

The proof of convergence of the power method relies on the following two
lemmas.

Lemma 4.19. Let u € UY.
T 2
| e = Fhula < we) -wie) - e, @

where & satisfies (4.1) with input u and initial condition & = x.

Proof. By (4.42) and the fact that W = S [W],

T 2
W) = i)+ s { [N6) - FluParwie)}. @)

uelly

Fix any @ € YUY, and let j = £, where & is the corresponding trajectory. Then

Wie) = e+ s { ["ute) - Tl ar+ wien )

uelY
Y

But w € Ug, so the result follows. O

Now let the {z;} be such that z; = 0, that is,

P1(z) = f% Tow.

Lemma 4.20. B;; = 0. Also, there exists 6 > 0 such that for all j # 1,
E%J < —9.



78 4 Max-Plus Eigenvector Method

Proof. We prove the second assertion first. Let
75 = argmax{y;(z) - W(2)}, (4.56)

the existence and uniqueness of which follows from the choice of the {1;} —
in particular, the quadratic growth condition C'—cgI > 0. In fact, there exists
K > 0 such that

W (T;) — W(z) < 4;(@;) —vj(z) — Kl — 75> Yo e R (4.57)

Let u® be e-optimal for S;[¢;] with corresponding process £°. Then

T 2
S < [ 1D - TP at+ (e +e

which by Lemma 4.19,

<W(z;) - WI(&) +;(67) — H(T;,67) + ¢,
which by (4.57),

< (@) - KI& — 757 — H(T5,65) + ¢ (4.58)
and so, by Lemmas 4.17 and 4.18, there exists J; > 0 such that

< (@) =05 +¢

which yields the assertion (with ¢ = min;<,, J;).

We now prove the first assertion. First we should perhaps note that by
the deﬁnition of ¢y and (4.11), 73 = 0, the origin. Note that for disturbance
process u) = 0 and initial condition x = 0, the corresponding state process
is ¢ = 0 for all t. Consequently, [/ 1(¢)) — % |ut 12 dt + 11(£%) = 0 Suppose
there exists a disturbance process, © and € > 0 such that one has fOT l(a) —

ol |ﬁt|2 dt + wl(a) > e > 0 where E is the state process corresponding to

§0 =0 and dlsturbance u.
Suppose 57. = 0. In that case, let ©® be an infinite repetition of u, i.e., let

atoo = atfntr vVt > 0,

where n; is the largest integer less than or equal to ¢/7. Then, letting g"o be
the corresponding state process one has (using Theorem 4.2),

nr o 2
W(O) 2 timsup [ 1§2) - a5 ae
n—00 0
> lim {ne} = oo, (4.59)

T nA—oo

which contradicts the fact that W satisfies (4.11).
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Now consider the case EAT # 0. This introduces an additional technical
complication. Essentially, after t = 7, one lets the system drift back arbitrarily
close to the origin, then pushes it directly to the origin with the disturbance
process. The integral over this whole path will be positive, and one again
creates an infinite repetition of this loop to obtain the same contradiction.
We now make this argument concrete. We first let £ be a solution of (4.1)
with €, = x # 0 which will be driven to the origin in finite time as follows.

Let @ = 07 (€)[~ (&) ~ &/IE] for ¢ € [0,]al] so that § = &/[£,], and
consequently, Em = 0. Note also that by Assumptions (A4.11) and (A4.21),
las] < mo[1+ K|&]] < mg[l + K|z|] for all t € [0, |z|]. Conbequently, if |z| <
§ < 1, one has folwl &) -2 || dt > — 'Y m (1+K5)25 > —v2m2(1+ K?)d.
Now, we begin to construct our loop traJectory. Let u,f be as above where
now &, # 0. Let uy = 4y for all ¢t € [0, 7), and so the corresponding trajectory

satisfies & = & (for all ¢t € [0,7]). Let w; = 0 for all ¢t € [r,7) where 7 is
chosen such that \f:| < § where § is yet to be specified and the existence of
such a 7 follows directly from Assumption (A4.1T). We take ¢ < 1 such that
7 m2(1+ K?)§ < ¢/2. Now, let u; = ;7 so that with z = £, = &, one has

& =¢&, . forallt € [#,7+ |&|] and in particular

g = O

Further, fT-HSTIZ( =5 \ut\th > 'y m2(1+K?)§ > —e/2. Putting all three

segments together we see that fTHg* 1(&) — 7|ut|2 dt >e+0—-¢/2=¢/2
and that f e

disturbance process 7 an infinite number of times to obtain a contradiction of
the form (4.59).
Thus, in either case, we find that there does not exist a disturbance process
o~ 2 o~
such that [ 1(&) — % [G|* dt + 1 (&) > 0. Therefore, u® = 0 is optimal, and
SO

= §0 = 0. Then, as in the previous case, one repeats the

/Z§t ol di + 91 (€2) = 0

or, equivalently, S [¥1](Z1) = 1/11(331)- This implies
By <0. (4.60)

To get the reverse inequality, note that W (0) = 0 and W (z) > 0 for all
x € R". Because W is smooth in some arbitrarily small neighborhood of the
origin [108], one has V¥ (0) = 0. Further, since S;[¢1](0) = 0, S;[¢1](x) <
S-[W)(xz) = W(z), W(0) = 0, VIWV(0) = 0 and S;[t)1] semiconvex, one has
VS [¥1](0) = 0. Then, by the semiconvexity preserving property of S, for our
choice of C' (i.e., Assumption (A4.51)), and the fact that ¢;(z) = —127Cu,

we see that 11 (x) — S-[¢1](z) < 0 for all . Therefore
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By >0. (4.61)
By (4.60) and (4.61), we are done. O

Theorem 4.21. Let N € {1,2,...,v}, {ki}EZ{VH such that 1 < k; < v for
all i and kn11 = k1. Suppose we are not in the case k; = 1 for all i. Then

N
Z Bk'i;ki+1 < 0.
=1

Proof. By Lemma 4.20, this is true for N = 1. We first prove the case N = 2.
The proof of the general case will then be relatively clear, but we will also
provide a sketch of the induction argument. First note the monotonicity of
the semigroup in the sense that if g1 (x) < go(2) for all x, then

Srlg1](x) < Sr[ge](x) VaeR™ (4.62)

Suppose either 7 # 1 or j7 # 1. Without loss of generality, suppose i # 0.
By definition ¥, (x) + B;; < S;[w;](z) for all z. Using (4.62), this implies

Sr[vj + Bjil < S-[S-[wi]] = Sar[thi],
and by the max-plus linearity of S;, this yields
S-[i] + Bji < Sar[thil,
which implies in particular that
Sr[i](@i) + Bji < Sar[i](Ti), (4.63)

where 7; is the argmax as given in (4.56).
On the other hand, by (4.58) (with £° generated by an e-optimal u®)

Sor[i)(T:) < hi(T) — K|&5, —Tl* — H(Ti,&5,) + ¢,
and then by Lemmas 4.17, 4.18 (as in the proof of Lemma 4.20)

(Note here that one may need to reduce the size of §; and ¢ to allow for the
finite number of time horizons {7,27,...,v7}.) Combining (4.63) and (4.64)
yields

S—,—[’l/lﬂ(fl) . sz(fl) + Bj’i <—-0;+e< —bd+e. (465)

Then, using the fact that B; ; = min, {S-[¢;](z) — ¢¥;(z)}, and letting ¢ | 0
yields Bi,j + Bjﬂ' S —0.

The case for N > 2 follows easily by induction, and we give only the main
points. To obtain the result analogous to (4.63) for N > 2, suppose that for
some N > 2, one has
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N—-2

Se[3] + Bik, + Y Brykgs < Snelthry_,] (4.66)
=1

which we already have for N = 2, Then

N-2
Selb]+ Bk + D Brokior + Brw i < SN[k 1]+ Bry i
=1
= SNr[¥ky_1 + Brn_1.4]
< SN[SH[]] = Siv1y- (Wil

Consequently, an induction argument yields this for all N. The remainder of
the proof follows analogously to that for the case of N =2. 0O

A sufficient condition that a matrix has exactly one max-plus eigenvalue
is that it not have any entries that are —oo. This is demonstrated under a
weaker sufficient condition in [6], Theorem 3.23. (See also [25].) By the above
results, this eigenvalue must be zero (ignoring errors due to approximation).

Theorem 4.22. limy_,o, BN ®0 exists, converges in a finite number of steps,
and satisfies e = B ® e.

Proof. Given the matrix B, one can associate a corresponding directed graph
with v nodes (recall B is v x v) where the transition cost from node ¢ to
node j is B, ;. (This is referred to as the precedence graph in [6], and more
information on the relationship between the precedence graph and the matrix
may be found there.) Let us refer to the node corresponding to ;1 as the origin
node. The elements of BY ® 0 correspond to the optimal costs of transition
paths of length N, that is, [BY ® 0]; is the maximum cost over all paths of
length N starting at node 7 and ending at any node k. For instance,

[B% ® 0]; @@BJ®BM®O] maX[Bi,j+Bj,k+0]~

A loop will be defined to be any path (or segment of a larger path) that
starts and ends at the same node. Because the graph has only v nodes, any
path of length greater than v must contain at least one loop. Let [; be the
maximal cost of a path from node i to the origin node. By Theorem 4.21,
any loop other than the trivial loop (the loop of length one from the origin
node back to itself) must have negative cost to travel the loop. Thus, the path
corresponding to cost I; must not have any loops (except possibly trivial loops
which we will ignore). Consequently, the length of the path corresponding to ;
might as well be assumed to be no longer than v and have no loops. Similarly,
let {° be the maximal cost of a path from the origin node to any other node.
By the same analysis as for I;, one may assume without loss of generality that
the path has no loops and has length no longer than v. Then [; = [; +1° is the
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maximal cost of any path from node i through the origin node to any node
k, and the maximal cost path will have no loops (ignoring trivial loops). This
path has length < 2v.

Let the maximum cost path from any node to any other node without
loops be Cp.

Let N > 2v. Suppose a path from node i to some other node has length
N. The path must contain at least one loop. In fact, defining My to be the
largest integer less than N/v, a path from node i to the origin node of length
N must contain at least My loops. Thus, by Theorem 4.21, the path must
have cost at most C'p — M0 unless at least one of the loops is the trivial loop.
Suppose N is sufficiently large that Cg — Myd < l;. Suppose the path does
not contain the trivial loop. Then, the path yielding cost [; with the addition
of trivial loops until the length becomes N (recall the path passed through the
origin node) has cost I; > Cp — My, and so has larger cost. Alternatively,
suppose the path does contain at least one trivial loop and at least one other
loop. Let the other loop have length m. Then the path cost may be increased
by at least d by elimination of this loop followed by the addition of m trivial
loops (so as to maintain total path length N). Thus, we find that any path
of length sufficiently large so that Cp — My /6 < I; (and N > 2v) cannot be
of maximal cost unless it is the loopless path of cost I; with the addition of
trivial loops until the length becomes N. Therefore, [BY ® 0]; = I; for all N
such that Cg — My /6 < l; and N > 2v.

Thus, we see that BY ® 0 converges in a finite number of steps. Denote
the limit as e. Note that

e= lim BYN®0=B® lim BN "'®0
N—oo N—oo
:B@Mhm BM@0=B®e,

and so we see that e is a max-plus eigenvector corresponding to max-plus
eigenvalue 0. 0O

Not only is the max-plus eigenvalue unique [6], but one also obtains the
following.

Corollary 4.23. There is a unique maz-plus eigenvector, e up to a maz-plus
multiplicative constant, and of course this is the output of the above power
method.

Proof. Let e be the eigenvector obtained by the above power method iteration
(ie., e = limy_oo BY ® 0). Consider [BY ® €/]; when ¢’ is any eigenvector
and N will be taken sufficiently large. This is the maximal cost of any path of
length N starting at node ¢ and ending at any node k with terminal cost €}
By a proof similar to that used in the proof of Theorem 4.22, for N sufficiently
large, say N > N, the maximal cost path will pass through the origin node,
and the only loops will be trivial loops. Let [; again be the maximal cost of a
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loopless path from node i to the origin node, and now let ZS, be the maximal
cost of a loopless path from the origin node to any node, k, with terminal cost
er. Then, the maximal cost of the path of length N will be given by I; + [2,
independent of N > N.

Because €’ is an eigenvector, for each i € {1,2,...,n}

e = [A}im BN®e’]:lZ-+lA2, =1+ 10+ (%1%
(where [° is given in the proof of Theorem 4.22)

lim BY ®0 +(i0

N—o0 e
- 67; (lel - lo)
=% -1 ®e.

_ 10)

Thus, ¢ = (lE, —1%) ® e which proves the result. O

4.6 Computing B: Initial Notes

The obvious first step in application of this method is the computation, more
exactly numerical approximation, of B. A more complete discussion of the
computation of B will appear in the next chapter. For completeness in this
chapter, we indicate one approach (but see Section 5.3.1 for a more complete
discussion).

Recall that,for any specific 7, (see definition (4.36))

By == max {0 - sup | [0 —|wt2dt+¢g(§r)]}, (467)

Tr€EBR welV

where we suppress the dependence of B on 7 to reduce notation. Also, recall
that (see, e.g., [37]) given any R < oo, there exists a 7g < oo such that
Vi, ) = S-[1;](z) is a C? solution of (4.7) on Bg x [0, 7). Consequently,
for 7 € (0,7r), one can use a first-order Taylor approximation. That is,

B;,; ~ — max {wi(x)—wj(x)—r[2172waa(x)gT(x)V¢j+fT(x)ij—l-l(x)} }

r€BR
Of course, one can proceed to higher-order terms.

Remark 4.24. 1t has been observed that one does not need to compute the
entire B matrix. That is, there exists § > 0 such that one may take B; ; =
—oo if |z; — x| > § with Eu = B, ; otherwise, and then B has the same
eigenvector as B. The value of § appears dependent on 7. Some thoughts on
the dependence of such a § on 7 can be found in [3], [4], [67].
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Remark 4.25. Recall that 7 > 0 is free. Ideally, one obtains the same solution
for all 7 (ignoring error analysis — discussed in the next chapter). Interest-
ingly, one may use different values of 7 for different rows of the B matrix
without altering the eigenvector. A discussion of the dependence of the error
size on T appears in Chapter 5.

4.7 Outline of Algorithm

For purposes of readability, we briefly outline the steps in the max-plus eigen-
vector algorithm for (approximate) computation of W over a ball, Bg.

1. Choose a set of max-plus basis functions of the form v¢;(z) = —%(z —
2;)TC(z—z;) where the z; lie in Bp,,. (In practice however, a rectangular
grid has been used.) Choose a “time-step,” 7.

2. Compute (approximately) elements of the matrix B given by

Bji = — max {y;(z) — S:[¢](2)}-

r€EBR

A reasonably efficient means of computing B is important, and a Runge—
Kutta based approach is indicated in Section 5.3.1.

3. Compute the max-plus eigenvector of B corresponding to max-plus eigen-
value A = 0 (i.e., the solution of e = B ® e). This is obtained from the
max-plus power method a*t1) = B ® a® starting from a(®) where a(%
is taken to be the zero vector. This converges exactly in a finite number
of steps, say 7. Let the limit be a =a™.

4. Construct the solution approximation from W(z) = @;_, @; ® ¢;(z) on
Br(0).

4.8 A Control Problem Without Nominal Stability and a
Game

In this last section, we briefly indicate two extensions: one to a minimizing

control problem where the dynamics are not nominally stable, and another

to a game problem whose DPE is an HJB PDE. The material in this section

may be skipped without creating any difficulty in the following chapters.
Consider the control problem with dynamics

£= A6 +Q(&)v, (4.68)
So =, (4.69)

where v € U = LY([0,00); R!). Let the payoff and value be given by
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T
T 7o) = [ 1) + Suat, (4.70)
0
Wa(x) = inf sup Jo(z,T,v). (4.71)
UGMTE[O,OO)

Note that v. is a minimizing controller.
Assume that @ is uniformly bounded and nondegenerate in the sense that
there exist aq, ag € (0, 00) such that

ailyl’ < 357 Q@)Q (2)y < aolyl® Va,y e R" (Ad.1m)
Note that Assumption (A4.1m) implies

Q@),1Q7 (2)| <c2 VzeR" (4.72)

for some ¢z € (0,00).
We assume that 4,Q,1 € C?(R"). We also assume that there exists ¢; €
(0, 00) such that

‘A:c(m”a |Aa:x(x)‘ <e¢; Vze Rn,
A(0) =0, (A4.2m)
Qz(2)], (Q7 e (@)], (@ Nau(2)| <1 Vae R

We assume that there exist cs, ¢4, c5 € (0,00) such that
[lzz(z)| <cs VaeR™, (A4.3m)

and
calz)? <l(z) < cslz]* Vo e R™ (A4.4m)

The quadratic bounds in (A4.4m) are chosen for convenience; it is expected
that most of the results will hold for more general polynomial bounds (but
which still enforce 1(0) = 0 and I(x) > 0 for = # 0).

Note that we do not assume stability of the nominal dynamics; more ex-
actly, we do not keep our typical assumption which in this context would be
2T A(z) < —ka|z|? for some k4 and all x. However, the facts that 1(0) = 0,
I(z) > 0 for = # 0 and the non-negativity of the 3|v;|? term imply that near-
optimal controls must drive the system toward the origin. (This statement
will be made more exact below.) Consequently, any near optimal control will
stabilize the system to the origin.

Lastly, note that again by the non-negativity of the running cost

veU

W2($) = inf {/ l({t) + %|Ut|2dt} . (473)
0
We begin with a result that serves to produce some a priori bounds on the

behavior of near-optimal trajectories of the system.

Lemma 4.26. Given R < oo, there exists Mr < oo such that Wa(z) < Mg
for all x € Br(0). Further, there exists Mr < oo such that for any e € (0,1)
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the following statements hold: If v is e-optimal for control problem (4.75),
then [[v°||L,00,00) < Mg, and [|E%||L,10,00) < Mr where §° satisfies (4.68),
(4.69) with input v=. If v° is e-optimal for finite horizon problem

veU

T
V(x,T) = inf {/O 1(&) + ;ut|2dt}, (4.74)

then [[v || L,j0,m < MR, and [|§°| L 0.1 < MR-

Proof. Suppose z = 0. Note that with input v° = 0, one has ¢) = 0 for all
t > 0 by Assumption (A4.2m). Therefore, J(0,T,v°) = 0. Since | > 0, we
have W5(0) =V(0,T) = 0.

Now suppose = # 0. Let

5~ {Ql@ (- - A) Ho<t<pl
0 if ¢ > |zl
Then

)

- - {—ﬁ if 0 <t <z,
AE) ift > |z|
which yields

5:{33(1—;) if ¢t < |z
"o

if ¢ > |z,
and this implies ¥ € C[0, 00) with ¥, = 0 for ¢ > |x|. Therefore

|z t
Jg(:c,T,f)):/ l(xm)+§|ﬁt2dt
0 2|

for all T > |z|. Because |Q|,|Q!| are bounded, © € U. Thus, there exists
some Mp < oo (independent of T' > |z|) such that

Viz,T) = ig{{Jg(x,T,v) < Mpr VT >|z|,
Wy (z) = 7111615 Tlgréo Jo(x, T,v) < Mg (4.75)
for all # € Br(0). Using this same o for T' € (0, |z|], one obtains (4.75) for all

T € (0,00) and x € Bg(0).
If v* is e-optimal for V, then

T T
/ %|vf|2dt§/ WE) + SlvfPdt < V(2,T)+e < Mg +1
0 0

and

T T
/c4|§§\2dt§/ UED) + L2 dt < V(. T) + & < Mg + 1.
0 0
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Consequently,
[l ajo.ry < [2(MR + D)2

and
1€° | Lajoy < [(1/ca)(Mp + 1)]2.

Similarly, if v® is e-optimal for Wa, then [|v¥|[1,10,00) < [2(MR + 1)}1/2 and
1651 10,00) < [(1/ca)(Mp + 1)]1/2. To complete the proof, simply let Mp =
max{[Q(MR + 1Y (1) ea) (Mg + 1)]1/2}. 0

The corresponding HJB PDE problem is

0 =— inf {(A(z)+Q(z)v) - VW +1(z) + 3|v[*} (4.76)

vER!

=~ [A(z) - VW +1(z) — 3(VW)TQ(x)Q" (x) VW] = H(x, VWV),(4.77)

with boundary condition W (0) = 0. The following two results are entirely
standard, and in fact, simpler that the infinite time-horizon results of Chapter
3, due to the fact that one is minimizing a non-negative cost here. We do not
include the proofs.

Theorem 4.27. Wy satisfies the DPP:

Wy (z) = inf {/OT (&) + v dt + W2(§T)} (4.78)

veld
for any T € (0,00).
Theorem 4.28. W5 is a continuous viscosity solution of HIB PDE (4.77).

We now proceed to demonstrate that the value function is semiconcave.
First we will need a technical lemma.

Lemma 4.29. Given e € (0,1], R < oo and |z| < R, let v&T be e-optimal for
finite time-horizon problem (4.74). Then there exists dr < oo (independent of
e, z, and T') such that

&) <dr Vtel[0,T].

Proof. For T < 2, the result is obvious by the bound on v*7 in Lemma 4.26
combined with (4.72) and (A4.2m).

We consider the case T > 2. Let t; € (0,T) and s € (—t1,T —t1). For ease
of notation, consider only the case s > 0 for the moment. One has

t1+s . t1+s
/ stdt] < / A + +HQE)! fur] de

t1

and by the assumptions, there exist kg, k1 < oo such that



88 4 Max-Plus Eigenvector Method

t1+s
S/ ko + k1[&:| + ki |ve| dt

t1

< kos + k1 [l oo,y + N0l ao,m)] Vs

for proper choice of k7. Considering also the case s < 0, one then easily sees
that for any s € (—t1,T — 1),

€ti+s] > €6 | — kols] — K5 (€]l a0,y + 10l La0,1)] V18-

If v is e-optimal with e € (0, 1], then combining this with Lemma 4.26, one
finds -
[Et1+s] = 1662 — kols| — 2k1 Mp+/|s. (4.79)

By (4.79),

T
el u0m > [ (

However, there exists p : [0,00) — [0,00) such that

— 2
€| — kolr — t1] —2k’1MR\/|r—t1|) dr.  (4.80)

kols| + 2k, Mp/[s| < a/2 Vs < p(av),

where p(a) — o0 as o — co. Consequently,

— 2 2
(16| = kolr = t1] = 20 Mp/Ir = a]) " > % (4.81)

if |r —t1| < p(a).
Combining (4.80) and (4.81), one finds

|§1€1|2

HfHLQ(OT) min {T/2, p(|&, 1)},

which since T > 2,

2
|§t1| min {1 p(‘fh |)}

Combining this inequality with Lemma 4.26 yields

mae |16 P min {1, pllen D} < 372,

tle[O,T]
which yields the result. 0O

The definition of semiconcavity is directly analogous to that of semicon-
vexity, and we do not include it. The semiconcavity of the value function
will follow directly from the uniform-in-time semiconcavity of the finite time-
horizon value function.
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Theorem 4.30. The value function for the finite time-horizon problem (4.74),
is semiconcave in x, and the semiconcavity constant over any Bpr is bounded
uniformly in T.

Proof. We will show that second differences of V' in = are bounded from above.
Let R < oo and z € Br. Recall

V(z,T) = 12{{ Jo(z, T, v). (4.82)

Since we are interested in the long-term semiconcavity, we will assume 7" > 1.
Let n € R™ with |n| = 1. Let 6,¢ € (0,1). Let v° be e-optimal for (4.74). Let

E€=AE)+QE N, €0)=x
ET = AET) +QE T, £F(0) =z +on,
T =AET)+QE T, €T (0) =a -0,

where the controls v* T, v%~ are given as follows. Let

ot { QNET) [AE) — AT + Q& )vf —on] ift<1
t e ift >1

and
v JQTNET) [AE) — AT T) +QE)vf + o] ift <1
K v§ if ¢ > 1.
With these choices of v, v%~, one has

T =611t —& =—-0(1—1t)n (4.83)

for t <1 and
+ 58 _ 6~
t t
for t > 1.
Now V(x,T) > Jy(x,T,v°) — € by the choice of v¢, so that

V(T,z +dn) —2V(t,z) + V(T,z — dn)
< Jo(x, T + 0n,v=") — 2J5(x, T, v°) + Jo (2, T — 6, v= 7 ) + 2¢

1
s/ UEET) — 20(E) + e ) dt
/\vs+|2—2|vt|2—|—|v 12 dt 4 2

which by (4.83) and (A4.3m)

1! _
< c36% + 5/0 (Jof ™12 = |0 1?) + (i~ = [0 |?) dt + 2e. (4.84)
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Considering the integral of the second difference in v® on the right-hand side
of (4.84), (where, for simplicity of exposition, we drop the notation indicating
the t-dependence), one has

1
/ |,U5,+|2 o 2‘1}5‘2 + |’UE’7|2 dt
0

= [l e iaE) - a6 - on-+ QAL - 2P
HQTHETIAE) — AT + oy + Q(e°)] | dt

- / Q7 (EA(E) — A=) — o]
HQTHETAE®) — A(€) + on]| dt

+f DaA(E) — AE) — BrTQ T (EIQ EHQUE NS
FALA(E) — A+ T QT (€ )Q €T )QE N de

+ [ e -2 + e e Qe (1)

Considering the three integrals on the right-hand side of (4.85) separately,
we first have, using 2a - b < |a|? + |b]?,

/ Q€ AE) — Al — o
HQTHETAET) — A(E™T) + on]|” dt
§2/|Q*1(€€’+)[A(£5)— (NP + Q€= )om”
HQTHETIAE) — AP + Q1€ )on| dt,
which using (4.72) and Assumption (A4.2m),
<263 / A — A+ AE) — A + 202l de
<2clc2/ e — o) 4 |8 — e | dt + 4c362
and by (4.83)
_40102/ |6(1 — t)n|? dt + 4c36% < 4(cf + 1)c36°. (4.86)

The second integral on the right-hand side of (4.85) can be bounded as
follows:
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1
/0 AAA(E) — A(EH) — b7 QT (EH)Q T (EHQ(E N
LOLA(ER) — A€ + T QT (€ )Q (€T )QUE W dt
—2 / { (€5) — A(E)TQ™ (55*)@*1@5**)

€)= AR E )
[Q T ET) - @ (55 )Q~ (5 )]Q(éf)vfdt

=2 / { (€) — AENTIQT(EH)QHET) - QT(E)Q ()]

A(E°) — (&5 +) + A& = A"
Q ()R 1) Q) dt

-2 / o 1Q T (€ )Q (€ ) — QT (€5 T)Q M €T TIQIET ) dt.(4.87)
Combining Assumption (A4.2m) and (4.72) yields
‘(Q_T(I)Q_l(x))w’ < 2cic9 VreR™ (4.88)

Therefore, the second integral on the right-hand side of (4.87) is
1
<deread [l €71 1Q(E) 17 d
0
1
< 4clc§5/ il 126(1 = t)n| [v°] dt < Se1 2N Tro2. (4.89)
0
The first integral on the right-hand side of (4.87) becomes
2 [ {lae) - AT T E R HE) - Q‘T(fg")Q‘1(£57‘)]
—[A(ET) = 2A4(€%) + AT T)TQTT(ENT)QTHE ) JQ(E7)v" dt
<2/ AE) - AE)]
TENQTHET) —QTT(E)QTHENNQE)] w7 dt
+2/0 |A(€8’+)—2A(£8)+A(€8’_)||Q_ (ENRQTHENNQEN] v dt.

Employing (A4.2m), (4.72), and (4.88), one finds

1 1
<add [ 1g - et et e+ 2] [ Jge - e Plofla,
0 0

which using (4.83) and Holder’s Inequality
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< (4c3ck + 8clcg)l\//.7352. (4.90)

Combining (4.87), (4.89) and (4.90), one finds that the second integral on the
right-hand side of (4.85) satisfies

/0 2[A(E7) — A(E™T) = on)TQTT(EN)QTH(ET)Q(ET )"

F2LA(E7) — A7) + )T Q7T (€7 T)QTHENT)Q(ET) v dt
< [8c12 + 4¢3 2 + 8c1 3] Mo, (4.91)

The third integral in (4.85) involves the second differences of v°.
1
_ _ 2
[ lat e Qe -2 + @ e e e
0

= [ T@nee T Eme e
27T QT (€)@ T (E)QHE)QENS

+oTQT(E)QT(E7T)QTH(ET)Q(E7) v  dt. (4.92)
Consider any C? function F : R® — R and = € R", and let z, = z + &7,
x_ = x — dn. Denote the first and second directional derivatives in direction

n by F,, and F;),. Then
s
F(zy) —2F(z)+ F(z_) = / Fy(x+rn) — Fy(z —on+rn)dr
0

:/6/6an(:c—(6+r)n+m])dpdr

< ‘mlax | Eyy (2 4 1) |62 (4.93)

Taking F(x) = ¢T[Q T (2)Q ()¢ with ( € R™, one has by (A4.2m) and
(4.72)

|Fan(@)] < 11Q7T (2)Q 7 (@)]aal ¢ < 2(crea + 1) ¢ (4.94)

Combining (4.92) with (4.93) and (4.94) (for x = £°, v = 51, x_ = €57
and ¢ = Q(&°)v°) yields

1
/0 Q1 (€5 )QE)ve[* — 2 2 + QL) Qe ) P dit
1
< / Heres + )|QUENA S de
0

1
< 2c5¢q (o + 01)52/ |v¢ |2 dt < 2]\/4\1230301 (co + ¢1)0%. (4.95)
0
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Combining (4.86), (4.91) and (4.95) bounds the right-hand side of (4.85);
therefore there exists c¢5 < oo such that

1
/ |52 = 210°|% 4 |05 |2 dt < e56°.
0

Substituting this into (4.84) yields

V(T,xz —0n) — 2V (t,z) + V(T,z + 6n) < (c3 + ¢5)0% + 2¢. (4.96)
Because d,e € (0,1) were arbitrary, this implies semiconcavity. O
Lemma 4.31. V(z,T) — Wa(x) uniformly on compact sets.

Proof. Note that V(z,T') is monotonically increasing in T and bounded above
by Wa(x). The proof that, in fact, V(x,T) — Wy(z) uniformly on compact
sets is similar to that appearing in the proof of Theorem 3.20. O

Combining Theorem 4.30 and Lemma 4.31 yields the following.
Corollary 4.32. W, is semiconcave.

One can now use a semiconcave space structure analogous to the semi-
convex case. First, in analogy with the max-plus algebra, one defines the min-
plus algebra (commutative semifield) over RT = R U {400} with operations

a®” b=min{a, b}, a® b=a+b.

In direct analogy with max-plus spaces, a variety of spaces of concave and
semiconcave functions are min-plus vector spaces (or moduloids [6]). One
would then proceed in a manner analogous to that in the previous sections
of this chapter to obtain an approximate computation of the value function
(4.71) via a min-plus eigenvector problem with eigenvalue zero. We leave the
development to future researchers.

4.8.1 A Game Problem

There is a class of game problems that are closely related to control prob-
lems such as these. These game problems encompass a subclass of nonlinear
Ho control problems (via their state-space game representations).

Consider the game problem with dynamics

§=A) + DEu+o(§w (4.97)
with initial condition

¢ = z,€ R", (4.98)

where here u. will be the control for the minimizing player and w. will be the
control for the mazimizing player. We suppose u € U = L¢([0,00); R!) and
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w €W = L¥¢([0,00); R¥). Here D and o are n x [ and n x k matrix-valued,
respectively. Consider the payoff

T 772 ,.}/2
e Toww) = [ 060+ Tluf - Slod 499)
0

We will be using the Elliott—Kalton definition of value (c.f. [8], [35], [38]).
A nonanticipative strategy for the minimizing player is a mapping A : W — U
such that if w, = W, for almost every r € [0, t], then \.[w] = A.[w] for almost
every r € [0,¢], for all ¢ > 0. Let the set of nonanticipative strategies for
the minimizing player be denoted by A. A nonanticipative strategy for the
maximizing player is a mapping 6 : &/ — W such that if u, = 4, for almost
every r € [0,t], then 0,.[u] = 0,.[d] for almost every r € [0,¢], for all ¢ > 0. Let
the set of nonanticipative strategies for the maximizing player be denoted by
©. The lower and upper (Elliott—Kalton) values are

W, =inf sup sup Ji(z, T, Aw],w) (4.100)
A€ weWw Te0,00)
and

Wy =sup inf sup Ji(z,T,u,0[u]).
0€6 vEU T¢[0,00)

(Note that the existence of these upper and lower values follows from the
Soravia [106] result discussed below.) If W, = W, then the game is said to
have value (in the Elliott—Kalton sense), and we say that Wi = W, = W is
the value of the game.

The DPE corresponding to a game is referred to as a Hamilton—Jacobi—
Isaacs (HJI) PDE. The HJI PDE corresponding to the lower value is (c.f. [8],
[38])

weRF ueR!
U T
o fuf? = (4.101)
2
= —A(@) - VW ~(x) - min {(D(a:)u) VIV + T’2|u|2}
A2
~ max {(U(x)w) -VW — ?|w|2 (4.102)
=— {A(a:) VW + ()
z)DT(z)  o(z)oT(x

=— z?eanl fé%ﬁ{[A(x) + D(z)u+ o(x)w] - VW + ()
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2 2
LS G
L - TP

with boundary condition W (0) = 0. Note that the right-hand side for the last
equation corresponds to the HJI PDE for the upper value. In this case, we
say that the Isaacs condition is satisfied, and one generally expects the game
to have value, the value being the unique (correct, as discussed in Chapter 3)
viscosity solution of the HJI PDE.

We consider only the case where the controller dominates the disturbance
in the sense that

QQT o DDT  goT
2 22 272
is uniformly bounded and nondegenerate in the sense of Assumption (A4.1m).
In this case we see that the HJI PDE for this game, i.e., (4.103), coincides
with the HIB PDE (4.77) for the control problem (4.68)—(4.71).

Now note that, by Soravia [106], one also has that the game value function,
W1, and the control value function, Wy, are both minimal, non-negative, con-
tinuous viscosity supersolutions of (4.103)(equivalently (4.77)). Consequently,
W1 = Ws, and of course then by Theorem 4.28 and Corollary 4.32, W, is a
semiconcave viscosity solution of (4.103). Therefore, the min-plus algorithm,
outlined above, to compute control problem value W5 also obtains the value
of the game problem, 7.

4.9 An Example

As an example, we consider the two-dimensional min-plus problem with & =
(€1,&)T and dynamics

#(8) = (ormemee )+ (1) (e won

Let v, be such that the reduction of the previous section yields a matrix in
the quadratic term in the gradient given by
QQ" fo o
2 |0 1/2|°
Note that this example was chosen so as to represent a second-order sys-
tem of the form ¢§ = (3/4) arctan(2y) + v + w. The running cost was simply
I(z) = 3 +23. One might note that the assumption of uniform nondegeneracy,

(A4.1m), is violated in this example (although one still has controllability).
The corresponding PDE is

0= —{z2W,, + 2 arctan(221)W,, + 5 (27 + 23) — sW2,}

with usual boundary condition W(0) = 0.
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The computations were run at a coarseness level that allowed computation
in less than 10 seconds on a 2000 Sun Ultra 10. The left-hand plot in Figure 4.1
depicts W. The right-hand plot in Figure 4.1 and the left-hand plot in Figure
4.2 depict the partials of W; note the nonsmoothness. The right-hand plot
in Figure 4.2 depicts the approximate backsubstitution error — computed
by taking first-order differences on the grid to approximate VW, and then
substituting this back into the PDE. The resulting error values were scaled
by dividing by 1 + |x|2.

e
sz

=
=

Fig. 4.1. Value and partial with respect to z1, 2-D problem

Fig. 4.2. Partial with respect to 2 and scaled backsubstitution error, 2-D problem
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Max-Plus Eigenvector Method Error Analysis

In the preceding chapter, the basics of a max-plus eigenvector method for an
infinite time-horizon control problem were laid out. In that development, we
assumed the extremely “unlikely” case that the value function had a finite
max-plus expansion. Proceeding in that way allowed us to analyze the power
method for solution of the eigenvector without great delay. We now return to
the problem, and remove this assumption. The mechanics developed in the
previous chapter will continue to be used for solution of the finite-dimensional
eigenvector problem. However, we will now analyze the errors induced by the
truncation of the infinite-dimensional max-plus eigenvector (eigenfunction) to
a finite number of terms. In particular, the truncation will be achieved by
taking the centers, z;, of the basis functions, 1; = —%(z — 2;)7C(z — z;), on
a uniform grid over the ball of radius Dg (see Theorems 2.11 and 2.13). At
the same time, we will consider the errors induced by the fact that we cannot
compute the elements of the (finite) B matrix exactly, but only approximately.
We will find that the convergence of the approximate solution to the exact
solution will depend on the relative rates at which the distance between the
basis function centers and the errors in the computation of the elements of
the corresponding B matrices go to zero.

The problem dynamics continue to be given by (3.12) with initial condi-
tion (3.13). The payoff and value, W, continue to be (3.21) and (4.4). Con-
sequently, the HIJB PDE and boundary condition remain (4.7) and (4.8). We
retain assumptions (A4.11)—(A4.4I). The value function is the unique, “cor-
rect” solution of the eigenvector problem 0 ® W = S.[W] and/or HIB PDE
in the appropriate class (as given in Theorems 4.1 and 4.4).

Let cgr be the semiconvexity constant discussed in Section 4.3. In this chap-
ter, we modify Assumption (A4.51) to allow matrix semiconvexity coefficients
(see Remarks 2.10 and 2.14).

We assume that one may choose symmetric matrix C' such that
C—cgrlI > 0 and such that S;[1);] € Sg L for all i where C—C’ > 0, (A5.51)
|C|CTHR 4 |C7YL' < Dg and ¢;(z) = = (z — 2;) T C(z — z;).
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This assures us that each S;[1);] has a max-plus basis expansion in terms of
the basis {t; }. We remark that in the linear/quadratic case with f(z) = Az, o
constant, and [(x) = %ITDSC with A, 0, D,~ such that Assumptions (A4.1T)—
(A4.4I) are met, condition (A5.5I) is satisfied. This follows from the fact that
matrix expression D—ATC —CA+ Q%CTO'UTC is positive definite for C' = ¢l
with sufficiently large c. We note that this assumption will need to be replaced
by a slightly stricter assumption (A5.6I) in Section 5.2 for the results there
and beyond.

Sections 5.1 to 5.3 will provide development of the error estimates. The
details will be somewhat technical. For those desiring a preview, we note that
a summary of these results appears in Section 5.4.

5.1 Allowable Errors in Computation of B

In this section, we obtain a bound on the maximum allowable errors in the
computation of B. If the errors are below this bound, then we can guarantee
convergence of the power method to the unique eigenvector. In particular,
the guaranteed convergence of the power method relies on Lemma 4.20 and
Theorem 4.21 because these imply a certain structure to a directed graph
associated with B (see [78], [85], and for a more general discussion, [6]). If
there was a sequence {ki}izi\fﬂ such that 1 < k; < v for all ¢ and ky1 = k1
such that one does not have k; = 1 for all 4, and such that

N
Z Bki7k'i+1 >0
=1

then there would be no guarantee of convergence of the power method (nor
the ensuing uniqueness result for that matter). In order to determine more
exactly, the allowable errors in the computation of the elements of B, we first
need to obtain a more exact expression for the § that appears in Lemma 4.20
and Theorem 4.21, and this will appear in Theorems 5.4 and 5.5. That will be
followed by results indicating the allowable error bounds. To begin, one needs
the following lemma.

Lemma 5.1. Let £ satisfy (3.12) with initial state & = x € R™. Let K, 7 €
(0,00), and let u € L3[0,7]. Suppose § > 0 sufficiently small so that

2
P — (5.1)
cp(l—e )

where ¢y, m, are given in Assumptions (A4.11), (A4.2I). Then

dcy sy 4
K& —a|* + 0llullZ, 0. > g5 l2* (1 —e77)"

m
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Remark 5.2. It may be of interest to note that the assumption on the size of §
may not be necessary. At one point in the proof to follow, this assumption is
used in order to eliminate a case that would lead to a more complex expression
on the right-hand side in the result in the lemma statement. If some later
technique benefited from not having such an assumption, the lemma proof
could be revisited.

Remark 5.3. It is perhaps also worth indicating the intuition behind the in-
equality obtained in Lemma 5.1. Essentially, it states that, due to the nature
of the dynamics of the system, the only way that ¢, —x|? can be kept small is
through input disturbance energy ||u||?, and so their weighted sum is bounded
from below. The dependence on |z| on the right-hand side is indicative of the
fact that |f(x)| goes to zero at the origin.

Proof. Note that by (3.12) and Assumptions (A4.11) and (A4.2I),

d
£IEI2 < —2¢s[€)? + 2m |€]|ul (5.2)
2
ma
< —cplé? + —Z|ul? (5.3)
Cf

Consequently, for any ¢ € [0, 7],
2t
R
Cf 0

and so ¢
luls 00 = 2 Il = laf?] ¥t € [0,7]. (5.4)

We may suppose

& < V1+(1—em)4/2]z| Vte[o,]. (5.5)
Otherwise by (5.4) and the reverse of (5.5), there exists t € [0, 7] such that

(SCf

K|&r — o + 6llullL0.0 = Sllulli,p. = (1= e 7)Haf? (5.6)

2mz

in which case one already has the desired result.
Define K = /1 + (1 — e=%7)4/2. Recalling (5.2), and applying (5.5), one
has

d _
167 < 2716 + 2mo Kzl ju .

Solving this ODI for |&|?, and using the Holder inequality, yields the bound

2 < [offe~m 4

K
Mgy |x|Hu|| (1 _ 6_4CfT)1/2. (57)

Ver
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This implies

1/4

—CFT 1 T —4cyT
-] < Jale™ T + g/ mo K z[ful (1 — e*/7) (5.8)

1/4
Cr

We consider two cases separately. First we consider the case where |£,| <
|z|. Then, by (5.8)

& — 2| = |z = [&]

—CfT 1 N7a —4crT 1/4
> Jal (1 - =) = —py/moKlalJull (1 - e~4m) . (5.9)
C

f

Now note that for general a,b,c € [0,00), a + ¢ > b implies

b2
a’ > 5 2 (5.10)
By (5.9) and (5.10) (and noting the non-negativity of the norm),
me K
ver

1
6 = af? > maax { gla(1 = 7 = "R afuf (1~ 7)o}

which implies

K& — x4 8u?

Km,K
Ver

5||u|2}. (5.11)

K
2 ma{ S af?(1 70172 = KPR a1 e10r7) 4l

The right-hand side of (5.11) is a maximum of two convex quadratic func-
tions of ||u||. The second is monotonically increasing, while the first is positive
at ||u|| = 0 and initially decreasing. This implies that there are two possibil-
ities for the location of the minimum of the maximum of the two functions.
If the minimum of the first function is to the left of the point where the two
functions intersect, then the minimum occurs at the minimum of the first
function; alternatively it occurs where the two functions intersect. The min-
imum of the first function occurs at ||u|lmin (where we are abusing notation
here, using the min subscript on the norm to indicate the value of |lu|| at
which the minimum occurs), and this is given by

Km K |z|(1 —e4erm)1/2
2,/0

The point of intersection of the two functions occurs at

[t min = (5.12)
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Verla|(1—emem)?
QmUF(l _ 674Cf7')1/2 :

(5.13)

[[ulline =
The two points coincide when

5 Km2R (1 —e=r7)  Km2[1+ (1 —e~97)4/2)(1 — e~4er7)
 c(l—emwm)2 cp(l—eerm)? ’

and |Jullint occurs to the left of ||u||min for § less than this. It is easy to
see that assumption (5.1) implies that J is less than the value at which the
points coincide, and consequently, the minimum of the right-hand side of
(5.11) occurs at ||u|int-

Using the value of the right-hand side of (5.11) corresponding to ||w||int,
we find that for any disturbance, wu,

dcylal® (1 —emm)t

am2 K> (1 —eterm)’

K& —af” + 6l|ull®* >

which, using definition of K

_ deylaf? (L—eem)t
T T (—e it (= e )2
6Cf|.13|2 —crT\4

Now we turn to the second case,
&1 > Jol. (5.15)
In this case, (5.15) and (5.8) yield

1 —
[wle ™™+ 7\ mo K [ ful| (1 ety S g, (5.16)
C

!
Upon rearrangement, (5.16) yields

/*Cf|x‘ (1 _€—Cf7')2

||U|| > my K (1 _ 6—40f7')1/2'

Consequently, using the definition of K and some simple manipulations,

Scrlr?(1 —e—crm)4
2 2 > f
Ko malw ol 2 = cem T = e

S Seylzf?

o2 (1—e erm)t, (5.17)

Combining (5.14) and (5.17) completes the proof. O
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Now we turn to how Lemma 5.1 can be used to obtain a more detailed
replacement for the § that appears in 4.20 and Theorem 4.21. Fix 7 > 0. Let

3R 2m2a,
T € (2 772>7 (5.18)
s

and in particular, let 33 = 72 — & where § is sufficiently small so that

2 2
§ <2 "égal. (5.19)

!

Then all results of Chapter 4 for W hold with 42 replaced by 73, and we
denote the corresponding value by W, In particular, by Theorgm 2.13, for
any R < oo there exists semiconvexity constant c% < oo for WY over Bp,
and a Lipschitz constant, L% also for I/ny\0 over Bp,. Note that the required
constants satisfy ¢% < cg (see proof of Theorem 2.13). If LY > Ly sufficiently
so that |C||C~! R + |C~|LY > Dg, we modify our basis to be dense over
ED% where D% > |C||C7'R + |C7Y LY (and redefine D = DY in that
case). Then, as before, the set {¢;} forms a max—plus basis for the space of

0 0
. . - . . . . cp,L
semiconvex functions over By with semiconvexity constant, C%, ie, S 7.
For any 7, let

7; € argmax{t;(x) — W (z)}. (5.20)
|z|<R
Then for any x € B,
V(@) — (@) < W (2) = W (T;) — Kolo — 7, (5.21)

where 2Ky > 0 is the minimum eigenvalue of C' — ¢%I > 0. Note that Kj
depends on 7.

Theorem 5.4. Let 7y satisfy (5.18). Let K = Ky satisfy (5.21) (where we
may take Ky > 0 to be the minimum eigenvalue of C' — cO I > 0 if desired).

~
Let 0 > 0 satisfy 6 < % ——V—U and (5.1). Then, for any j # 1,

—dey|z;|? eyt
Bj; < Smgj (L—e 7).

(Recall that by the choice of 11 as the basis function centered at the origin,
Bi1 = 0; see Lemma 4.20.)

Proof. Let Ky, T, ¢ satisfy the assumptions (i.e., (5.1), (5.19), (5.21)). Then

S-[i1(Z5) —;(T;) = sup {/ 1(&) — 2 fug dt+¢j(§f)—¢j(l‘j)}v (5.22)

u€Lo
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where ¢ satisfies (3.12) with & = Z;. Let ¢ > 0, and u® be -optimal . Then
this implies

™ 2
—_ — v _
Selusl@) —vi(@) < [ 16) - Fluilde+ us(€D) - (e +
0

and by (5.21) and the definition of 7y

T ~2
< [ U = Rt - dluif? e + W (ED) - W (z;)
0
—Ko|€i — fj|2 +e
and by Theorem 4.4 (for W),

< 0| — Kolgs — 7 +e.
Combining this with Lemma 5.1 yields

S-1(F5) — ¥(T5) < M(l —emom) e,

2
8m?2

Because this is true for all € > 0, one has

—dcy|z;]?
S)() — (7)< el () eyt (5.23)
But
By = min {5, [;](x) ~ v;(x)) (524)

which by (5.23)
—ocy[z;|? —cpry4
< Sm2 (1—e7). O

Theorem 5.5. Let 7y satisfy (5.18). Let Ko be as in (5.21), and let § > 0 be

given by
Kom2 ~2 A2
5= min{ Mg T _ 70} (5.25)
Cf 2 2

(which is somewhat tighter than the requirement in the previous theorem). Let
NeWN, {ki};zivﬂ such that 1 < k; < v for alli and kny11 = k1. Suppose we
are not in the case k; = 1 for all i. Then

2 5Cf (1 _ efch‘r)4.

N
E Br. k... < —max|Tg,
iR+l — ks | i Smg.

i=1

Proof. By Theorem 5.4, this is true for N = 1. We prove the case N = 2. The
proof of the general case will then be obvious. First note the monotonicity of
the semigroup in the sense that if g;(z) < go(x) for all z, then
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Srlg1](z) < Srlge](x) Va e R™ (5.26)

Suppose either ¢ # 1 or j # 1. By definition, ¥, (x) + B;; < S-[¢;](z) for

all x € R™. Using (5.26) and the max-plus linearity of the semigroup yields
S:l(x) + Bji < Sor[Yil(x) Va,
which implies in particular that
Se[¥;](T:) + Bji < Sor[t] (7). (5.27)

Now, employing the same proof as that of Theorem 5.4, but with 7 replaced
by 27 (noting that condition (5.1) is satisfied with 27 replacing 7 by our
assumption (5.25)), one has as in (5.23)

_ _ —bcy|z;|? C9csrn\4
o, (@) — () < ST (g omaerryt (5.29)
mO'
Combining (5.27) and (5.28) yields
_ _ —bcg|z;|? _oe,ry4
Sr)() — 77[}1(551)} + Bj; < 78“2 | (1 — e %y ) .
mO'
Using the definition of B; ;, this implies
_5Cf|jl|2 —2¢c;m\4
B+ Bj; < 78mgz (1—e?97)". (5.29)
By symmetry, one also has
—6Cf|f|2 —2¢c,r\4
Bl"j + Bj’i S STZJ(l — € f ) . (530)

Combining (5.29) and (5.30) yields

Bi,j + Bj’i < — max{|fi|2, |fj|2} 86’;1% (]. — 6_26f7)4. O
The convergence of the power method (see Chapter 4) relied on a certain
structure of B (By,; = 0 and strictly negative loop sums as described in the
assumptions of Theorem 4.21). Combining this with the above result on the
size of loop sums, one can obtain a condition that guarantees convergence of
the power method to a unique eigenvector corresponding to eigenvalue zero.
This is given in the next theorem.

Theorem 5.6. Let B be given by Bj; = — maxerR{z/)j (z) — S-[¥i](z)} for

all i,5 <wv, and let B be an approzimation of B with By = 0 and such that
there exists € > 0 such that for all (i,j) # (1,1),
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—CfT 4
1B;; — Bij| < max {|7;|*, [Z;]*} ( bcy ) (L—e ) —¢e, (5.31)

8m?2 V2
where s )
. [ Kom; v° A
§ = A 5.32
mln{ o 2 5 ( )

Then the power method applied to B converges in a finite number of steps to
the unique eigenvector € corresponding to eigenvalue zero, that is

¢=B®e¢.

Proof. Let N € NV, and consider a sequence of nodes {kzi}f\jil with k1 = kny1.
We must show that if we are not in the case k; = 1 for all 4, then

N
Z Bki,k7:+1 <0.
i=1

Suppose N > v2. Then any sequence {kzz}fitl with k; = kni1 must be
composed of subloops of length no greater than v2. Therefore, it is sufficient
to prove the result for N < v2. Note that by the assumptions and Theorem
5.5,

N N N
E Bki7ki+1 < E Bki,ki+1 + E |Bki;k7i+1 - Bki;ki+1‘
=1 i=1 =1

6Cf (1 . efchT)ll

‘2 5Cf (1 _ e—ch‘r)4(N/y2) e

Then by the same proofs as for Theorem 4.22, and Corollary 4.23, the result
follows. O

Theorem 5.6 will be useful later when we analyze the size of errors intro-
duced by our computational approximation to the elements of B.

If the conditions of Theorem 5.6 are met, then one can ask what the size of
the errors in the corresponding eigenvector are. Specifically, if eigenvector € is
computed using approximation B, what is a bound on the size of the difference
between e (the eigenvector of B) and €? The following theorem gives a rough,
but easily obtained, bound.

Theorem 5.7. Let B be given by B; ; = —max 5, (¥j(z) = S:[wi](z)) for

all i,5 < v, and let B be an approximation of B with B11 = 0 and such that
there exists € > 0 such that
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= N AR U e_ch)4 -

|Bi,; — B j| < max{|z;|*, |z,|*} Sm2 — —e Vi,j (5.33)
where p € {2,3,4,...} and 0 is given by (5.32). Then the power method will
yield the unique eigenvectors e and € of B and B, respectively, in finite num-
bers of steps, and

4
- N [ oep \ (1 o)
lle — €]l :mlax|6i — &) < (Dr) (8m?,> = —€.

Proof. By Theorem 5.6, one may use the power method to compute é, and so
one has that for any j < v?,

m

~ 5 ~ ~
é; = |BY ®0|. = max |B™ ®0|.= max max ZB’“"?
J [ :Ij méuz[ :IJ m<p? {kl};—lpkl:j = 1HRI+1

where the exponents on B represent max-plus exponentiation and the bound
m < v? follows from the fact that under the assumption, the sum around
any loop other than that of the trivial loop, By = 0, are strictly negative.
Therefore,

€; < max max
m<v2 {k}7 k=g

m m
E |Bkl7kl+1 - Bkl7kl+1| + E :Bkl,k1+1
=1 =1

which by the assumption (5.33) and the fact that e is the eigenvector of B,

< (D)’ ( s ) e —ete

2 —2
8mz vH

Using symmetry, one obtains

4
~ 5 1—e—CfT
5 — 5] < (Dg)? (8;;;> ( e ) —e. O

We remark that by taking e sufficiently small, and noting that 1 —e™%/7 <
¢y for non-negative 7, Theorem 5.7 implies (under its assumptions)

~ - 2 50? T4
lle—é| = m?x|ei — & < (Dgr) smZ ) i (5.34)

Also note that aside from the case i = j =1 (recall By ; = 0), one has
in{|7; |} < z|% |750% ) Vi, g
rlnﬁl{|x2| } <max{|z;|,[7;]*} Vi, j
Using this, and choosing € > 0 appropriately, one has the following theorem

(where we note the condition on the errors in B is uniform but potentially
significantly stricter). The proof is nearly identical to that for Theorem 5.7
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Theorem 5.8. Let B be as in Theorem 5.7, and let B be an approximation
of B with B11 =0 and such that

= dep\ (1—eerm)
. — 2 f .o
|Bij — Bij| < 1;1;1{1{|$z| } <9m§> " Vi, 7, (5.35)
where p € {2,3,4,...} and 0 is given by (5.32). Then the power method will

yield the unique eigenvectors e and € of B and B, respectively, in finite num-
bers of steps, and

dey ) (1 — e*‘sz)4

- . —_ 12
o el < min{ i} (5% ) s

A simpler variant on this result may be worth using. Note that for 7 €
[0,1/cy], one has 1 —e~ %" > (¢;/2)7. Then by a proof again nearly identical
to that of Theorem 5.7, one has:

Theorem 5.9. Suppose 7 < 1/cy. Let B be as in Theorem 5.7, and let B be
an approzimation of B with By 1 =0 and such that

B; . — B; ;| < min{|z;|? b \rt Vi, j 5.36
| ij — m|-r£§11fl{\$z|} W i (2% (5.36)

where p € {2,3,4,...} and 0 is given by (5.32). Then the power method will
yield the unique eigenvectors e and é of B and B, respectively, in finite num-
bers of steps, and

5cd 4
o |2 f T
le =€l < 111172{1{|x1| } (9(16)m§> 2"

This variant is included because the simpler right-hand sides might sim-
plify analysis.

5.2 Convergence and Truncation Errors

In this section we consider the approximation due to using only a finite number
of functions in the max-plus basis expansion. It will be shown that as the
number of functions increases (in a reasonable way), the approximate solution
obtained by the eigenvector computation of Chapter 4 converges from below
to the value function, W. Error bounds will also be obtained. These error
bounds will be useful in the error summary to follow in Section 5.4.
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5.2.1 Convergence

This subsection contains a quick proof that the errors due to truncation of
the basis go to zero as the number of basis functions increases (more exactly,
as the distance between basis function centers decreases). No specific error
bounds are obtained; those require the more complex analysis of the next
subsection.

Note that in this subsection, a slightly different notation for the index-
ing and numbers of basis functions in the sets of basis functions is used.
This will make the proof simpler. This alternate notation appears only in this
subsection. Specifically, let us have the sets of basis functions indexed by v,
that is the sets are indexed by v. Let the cardinality of the v*® set be Z(*),
For each v, let X = {;UE”)}II:(? and X c X+, For instance, in the
one-dimensional case, one might have X = {0}, x® = {-1/2,0,1/2},
X®) = {-3/4,-1/2,-1/4,0,1/4,1/2,3/4}, and so on. Further, we will let
the basis functions be given by ") = Sz - 2NTC(z — 2), and con-
sider the sets of basis functions ¥(*) = {1/12@ i € ZW}. Then define the
approximations to the semigroup operator, S, by

-
r) =Pal” @y (2), (5.37)
=1
where
af”) = —max |4 (@) - S [¢](x)| (5.38)

In other words, Sﬁl’) is the result of the application of the S, followed
by the truncation due to a finite number of basis functions. More specif-
ically, if one defines 7™ [¢](z) = @;Z-Vl az(”) ® il)z(l/)(;v) with the a(”) given
by (5.38), then S™)[¢] = T™ o S [¢] Also, let Y = {¢ : Bg(0) —
R| H{al(-u)} such that ¢(z) = @Zul a; ®w V)( ) Vz € Br(0)}. Then note
that for ¢ € y<”), one has

SM)[g] EB @B(”)@@a(”) ® ) (z) (5.39)
=1 | j=1

where B( “) corresponds to S (1.e., BZ-(Z-) =- maxx{wgu) (x)—Sﬁu) [wj(y)](x)})
Lastly7 we use the notation S.” to indicate repeated application of S, N
times. (Of course, by the semigroup property, S N=5 ~nr.) Correspondingly,

N
we use the notation Sﬁ'/) to indicate the application of S&V) N times.
Define ¢p(x) = 0 and

»
(@) =@’ @M (z),  a®%” = —max [ (z) — go(z)] . (5.40)
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From Chapter 3 (among many other sources) one has that

Jim S Npo) = W. (5.41)
Also, note that since X*) ¢ X+ one has

SO @) < .ol @) < S N ool(@)  (542)

for all x € Bpg.
Note that by (5.40), and the definition of ¢g, the corresponding coefficients,

ao(y), satisfy a®") = 0 for all 4. Combining this with Theorem 4.22 and (5.39),

A %

one finds that for each v, there exists N(v) such that

v N v v N(”) v =~
ST = ST 6] YN = N(w). (5.43)

Defining

W = gWNW gy (5.44)

we further find that the limit is the fixed point. That is,
SOWMT) = W™, (5.45)
Then, by (5.41), (5.42) and (5.44), we find that
W™ is monotonically increasing in v (5.46)

and -
W™ <w. (5.47)

Therefore, there exists W < W such that
W™ 1 oo, (5.48)

and in fact, one can demonstrate equicontinuity of the W™ on Bp given
the assumptions (and consequently uniform convergence).

Under Assumption (A5.5I), one can show (see for instance Lemma 5.12
below, although this is more specific than what is is needed, or Theorem 3.3
in [81]) that given € > 0, there exists v, < oo such that

W (@) = SW () = S (W (w) —
for all x € By for any v > v.. On the other hand, one always has
SWg] < S-[4].
Combining these last two inequalities, one obtains
W = MW < g WM™ < ST 42 =W 4o (5.49)

Combining this with (5.48), one finds
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Theorem 5.10.
WX = S [W], (5.50)

or in other words, W is a fized point of S;.

Then, with some more work (see [81], Theorem 3.2), one obtains a conver-
gence theorem.

Theorem 5.11. -
W (z) =W (z) Vz € Bg.

5.2.2 Truncation Error Estimate

Theorem 5.11 demonstrates convergence of the algorithm to the value func-
tion as the basis function density increases. Here we outline one approach to
obtaining specific error estimates. The estimates may be rather conservative
due to the form of the truncation error bound used; this issue will become
clearer below. The main results are in Theorem 5.14 and Remark 5.15. Note
that these are only the errors due to truncation to a finite number of basis
functions; as noted above, analysis of the errors due to approximation of the
entries in the B matrix is discussed further below.

Recall that we choose the basis functions throughout such that :L"g”) =0,

or in other words, 1/}%”(;10) = St2TCx, for all v. (Note that we return here
to a notation where the (v) superscript corresponds to the number of basis
functions — as opposed to the more complex notation with cardinality Z®*),
which was used in the previous subsection only.) Also, we will use the notation

W (2) = 5, 6] ()

and we reiterate that the N superscript indicates repeated application of the
operator N times. Also, qb((f') is the finite basis expansion of ¢y (with v basis
fucntions).
To specifically set C, we will replace Assumption (A5.51) with the follow-
ing:
We assume throughout the remainder of the chapter that one
may choose symmetric C' such that C —cgl > 0 and ¢’ € (0,1)
such that with C’ = (1 — ¢’)C, one has S;[¢;] € S}%/L/ for all 4
where [C||C~ YR+ |C7|L' < Dg.

(A5.61)

Note that one could be more general, allowing C’ to be a more general positive
definite symmetric matrix such that C' — C’ > 0, but we will not generalize
to that here. Finally, it should be noted that §' would depend on 7; as 7 | 0,
one would need to take §’ | 0. Since ¢’ will appear in the denominator of the
error bound of the next lemma (as well as implicitly in the denominator of
the quotient on the right-hand side of the error bound in Theorem 5.14), this
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implies that one does not want to simply take 7 | 0 as the means for reducing
the errors. This will be discussed further in the next section.

The following lemma is a general result about the errors due to truncation
when using the above max-plus basis expansion. The proof is long and rather
technical.

Lemma 5.12. Let §',C’, L' be as in Assumption (A5.61), and let ¢ € Sng
with $(0) = 0, ¢ differentiable at zero with V,¢(0) = 0, and —1a7C'z <
o(z) < %X/t\|x\2 for all z for some M < oo. Let {1:}7_, consist of basis
functions with matriz C' and centers {x;} C Bp,, such that C — C’ > 0, and
let A=max 5 min; |z — x;|. Let
xr DR
¢4 (x) = max[a; + ¥;(x)] Vo € Bg
where
a; = — max [1;(z) — ¢(z)] Vi.
r€EBR
Then
Cl[28+1+(Cl/@en)|lzlA if lo] = A
< ooy — 50y < {1CI[2B 15 1CH@eR)] 1A 1ol >
LM+ |C|]|z]|A otherwise,
where B is specified in the proof.
Proof. Recall that

¢(x) = max [a(Z) +1;(z)] Ya € B,

IGBDR
where -
a(F) = - max[iz(2) - d(z)] VT € Bp,
z€EBR
and

Y(z) = —(2x—2)"C(z —%) Vz€Bg, T € Bp,.
(There is obviously a slight conflict in notation between such a ¢~ where the
subscript 7 € R™ and ; where the subscript is an index of z; € R™, but this
should not lead to confusion, and seems the best compromise.) It is obvious
that 0 < ¢(x) — ¢°(z), and so we prove the other bound.

Consider any T € Br. Then
6(7) = a@) + V(@) (5.51)

if and only if
C@—1) € -D, (),

where
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D; é(x) = {p cR": liminf 2W 0@ - —2)p o} .

ly—a|—0 ly — x|

We denote such an Z corresponding to # (in (5.51)) as 7. By the Lipschitz
nature of ¢, one can easily establish that

|z -z < |C7HL. (5.52)

However, it will be desirable to have a bound where the right-hand side de-
pends linearly on |Z|. (Actually, this may only be necessary for small Z, while
(5.52) may be a smaller bound for large T, but we will obtain it for general
Z.) Using (5.51), and noting that ¢ > —127C’'2 > —127Cxz, one has

i@-2)TCE-7) <a(@) + 37" CT.

Also, because a(Z) + 1=(-) touches ¢ from below at T, one must have

for all z € Br where the last inequality is by assumption. Define
Flo)=i@-DTC@-7) - = -DTC@ - 7) — IM|zf,

and we see that we require F(z) < 1z7C7 for all € Bg. Taking the deriva-
tive, we find the maximum of F' at Z given by

i=(C+MI'CF (5.53)
and so . - B
T—-7=-M(C+MI)'7. (5.54)
(In the interest of readability, we ignore the detail of the case where Z ¢ Bg(0)
here.) Therefore, F(z) < 227 CT implies
@-DTCE-7) <T M(C+MI)"'C(C+ M)~ Mz
43 O(C + MI)'M(C + MI)"'CF + T CT
= Mz [ M(C+MD™'C(C + MI)™
+M(C + MI)"'MI(C + MI)™
—M2(C+ MI)2+C(C + /\71)-20]5 +77CT
= Mz [/\70(0 M2 40+ /\71)*20}5 I ¥er

=7 MC(C + MI)~'F +7C7. (5.55)
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Noting that C' is positive definite symmetric, and writing it as C' = \@\@T
where v/C' = Sv/A with S unitary and A the matrix of eigenvalues, one may
rewrite the first term on the right-hand side of (5.55) as
Eﬁﬁac+ﬁﬁr%:iﬂﬁgcw+ﬁﬂr%uc+ﬁm40F
_ T_
—F VOQVC 7
where . 7 )
Q= M[VC (C+MI)WE " +VC (€ + MI)"'VT).
Making the change of variables y = \/aTm, (5.55) becomes
— = :T — p—
-9’ <y Qy+Iy
Noting that \FC’T(C’ + ./T/I\I)A\FCFT is a similarity transform of (C +
MUI)~L, one sees that the eigenvalues of @ are the eigenvalues of (C'+ M)~
Now, since (C' + MI) is positive definite,
(C+MI)=S545 "
with A the diagonal matrix of eigenvalues and S the unitary matrix of

eigenvectors. Therefore, /\//\I(C + ./\//\lf)*1 = ?(/\//171‘1)3‘1, and note that

0= maxi{m; 1} < 1 where the ); are the diagonal elements of .
Consequently,

7 - < B+ gl (5.56)
where § € (0,1). This implies
g -9 <Bly-7+791> + [9?
= 8][F -9+ 191 +2G -9 -] + lgl?
< By —g* + (B + Dyl

(1=0)/2= _» B e
+ﬂ[T|y -9°+ WM ],
which after some rearrangement, yields
= _2 21+ 62) s
ly—yl° < (= [yl (5.57)
or equivalently, ,
=T = 20+ 8%)] 7
(37 — $)TO($ — l‘) < |:(1_6)2:| 7 OZ.

Consequently, there exists § < oo (i.e., 3 = [VC|//erl[v/2(0 + 52)/(1-8)] )

such that
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1z — 7| < Bz (5.58)
Given Z, let 7 € argmin, |z; — Z|, and note that
|2z — Z| < A. (5.59)
It is easy to see that
(@) — ()] < 3@~ BT Ca—F) — (¢ - DT Cla =)
+3l@ = 2)T0@ - 27) — (2 — 27) T C(x — a7)]
|

1101 |[F = ajlla — 3| + [F — ;]2 — o]

IN

< HC1[7 - wille — 7 + 7 — wsl(le = 31 + [ — w7

which by (5.59)

IA

|C|[|x—§|A+ ;N] (5.60)
Combining (5.58) and (5.60), one finds

[6=(z) - vx(@)| < [C] [BlzlA + 122). (5.61)

Now note that
(@) — (@) < a(@) +¢=(T) — [az +¢;(@)]
which by (5.61)
e [Bma +142] 44(@) - ax. (5.62)

We now deal with the last two terms in this bound. Let

T; = argmax[;(z) — ¢(x)].

:1:€§R

(Note that we will also skip the technical details of the additional case where
T> lies on the boundary of Br, and consider only the case where the argmax
in the interior, Bg.) Then,

—C(Z; — ;) € D™ ¢(7;)
and B
—C(z — ) € D™ ¢(z).

By the semiconvexity, one has the general result that p € D~ ¢(z), ¢ € D™ ¢(y)
implies
(p—aq)-(x—y) > —(z-y)"C'(x—y).

Consequently,
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(T -2+ T -2 CE: —F) > — (@ — ) C (T — F).

Recalling that C’ = (1 — §')C', we see that this implies

115

(@~ ) O3~ ) + (1= ) (3~ 2) (@ —7) = ~[C] 55— 7| o; — 3]

K2

> —|C|[z; — 7|4,

or
§' (@ — 770 —7) < |C||7; — 7| A.

Noting that C' — cgl > 0, this implies
Cl 5

CR

77 — 7] <

a—a; < ¥(T;) — ¢=(T;)

x

(
= 93(T) — ¥=(T) + [5(T7) — U=(T7)] = [¥5(2) — ¥=(@)],

x

which, after cancellation,

= ¥;(T) — ¥=(@) — (@ — 77)C(2; - 2)

< [93(®) — ¢=(T)] + |C|A[T — 75,
which by (5.61) and (5.63)

<|C1[Bl7l + (3 + [C1/ (0 'er)) 4] A.
Combining (5.62) and (5.64) yields

o) — 62 (@) < [C| [28[] + (1 +1C1/(er)) A] A

Suppose |Z| > A. Then, (5.65) implies

6(7) — () < |C1 2B+ 1+ |C1/(F'en) 714,

which is the first case in right-hand side of the assertion.

(5.63)

(5.64)

(5.65)

(5.66)

Lastly7 suppose |[Z| < A. By assumption, there exists M < oo such that

P(z) < %M|x\2 Therefore,
$(T) — ¢4(T) < LM+ [C))[F < LM +[C))[z]A

which completes the proof. 0O
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The above lemma is a general result about the errors due to truncation
with the above max-plus basis expansion. In order to apply this to the problem
at hand, one must consider the effect of repeated application of the truncated

operator SS'). Note that Sﬁy) may be written as the composition of S and a
truncation operator, 7(*) where we have

T[g] = ¢°
in the notation of the previous lemma, where in particular, ¢2 was given by
¢2(z) = max[a; + 9;(z)] Yz € Bg,

K3

where
a; = — max [Y;(z) —P(z)] Vi.

z€EBR (0)

In other words, one has the following equivalence of notation

SWg] = {T™ 0 S, }[¢] = {S-[6]}2, (5.67)

which we shall use freely throughout the remainder of this chapter.
We now proceed to consider how truncation errors accumulate. In order
to simplify the analysis, we simply let

Mer = max{\0| 28+ 1+1C|/(cr)], 1 [M+|C] } (5.68)

Fix A. We suppose that we have v sufficiently large (with properly distributed
basis function centers) so that

max min |z —z;| < A.
:CEEDR g

Let ¢g satisfy the conditions on ¢ in Lemma 5.12. (One can simply take
¢o = 0.) Then, by Lemma 5.12,

do(x) — Meo|z|A < ¢ () < do(z) Va € Br(0). (5.69)

Now, for any & € Bg, let u'®% be g/2-optimal for S, [¢o](x), and let £15
be the corresponding trajectory. Then,
0 < Sr[dol(x) — 5-[4”)()
< G0l€r™") — (€7 + 5,
which by (5.69)
< Morlghela+ 2. (5.70)

Proceeding along, one then finds
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0 < S, [po](x) — SV [B5](x)

= S, [¢o)(x) — S-[68")(x) + Sr oy )(x) — S@ (e8] (),

which by Lemma 5.12, the fact that S, [¢0 ] R/L/ (by Assumption (A5.61)),
and (5.70)

< MC/ Tf,

|z A+ % (5.71)

Let us proceed one more step with this approach. For any = € Bpg, let
u?%% be g/4-optimal for S,[S,[¢po]](x) (that is, Z/4-optimal for problem S,
with terminal cost S, [¢o]), and let €257 be the corresponding trajectory.
Then, as before,

0 < Sor[o](z) — S, (S oY) (x)
S, 1S- (o]l () — S-S [65 ] ()

< S: o) (€25%) — SU[p)(€25%) + (5.72)

=] M

Now let _
N R if t € [0, 7]
Uy =
¢ 2t8775-) if t € (7,27],

and let EZE’I be the corresponding trajectory. Then combining (5.71) and
(5.72), one has

0 < Sor[d0)(z) — S-[SW6)(x)
< Mol A+ S+ (5.73)

Applying Lemma 5.12 again, but now using (5.73), one has

2,€,x

|A + MC’ |ET

0 < Sor[po)(z) — SIS [6 ()
S, 18- [@o])(x) — S (S [y () + S, [S¢ [¢(")H() SIS [65]] ()

|A+Mo/|£2”|A+Mc/|x|A+ + Z

2 _
2,€,x g
—MC/AE e o (5.74)
=0 i=1

=2,z

< MC’"&ZT

It is then clear that, by induction, one obtains

Lemma 5.13.

N _
0% Sy fol(o) - 51 nl(0) < Moo A S IENT 4 g 67

=0

. _ . =Ng, . . . .
where the construction of €-optimal €. =t by induction follows in the obvious
way as above.
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Theorem 5.14. Let {¢;}i_;, C' and A be as in Lemma 5.12. Then, there
exists m, A € (0,00) such that

0<W() - W™ (@) < Mo (164

) |z|A Vaz € Br

where Mcr is given in (5.68).
Remark 5.15. By Theorem 4.22, there exists N = N(v) < oo such that

W) =w»¥ (@) VYo e By,

and so Theorem 5.14 also implies

0< W)~ W0 (o) < Moo

— €

) |z|A Vz € Br

for N > N(v).

Proof. Let € € (0,1). Fix ¢¢ and z. For each N < oo, construct uF as
above along with the correspondlng f . Let u®® = uMFif t € [0,N7],

and similarly, ft = ft “ifte [0, N7]. Then, by the results of Chapter
3, there exists K < oo (independent of € € (0, 1)) such that

0 L o,nr) < K (1 + J2f?)

for all N < co. Consequently, using Assumptions (A4.1I) and (A4.2I), there
exist m, A € (0, 00) such that

E°57) < |zle™ ™ Vi€ [0,00). (5.76)
(We remark that m and A may depend on the particular ©°¢ constructed
above.) Then, by Lemma 5.13 and (5.76),

N al Nz

_q) m —)\ T <

0 < Sw-[o]() = S [gol(x) < Momx\emz; Ty

< MoAel—"— 45
1— e—)\‘r

P (V)N (V)N—i-l
Because this is true for all N € N, and S7”7 [¢o](z) = S7 [¢o](z) =
W™ (z) for all N > N(v), one obtains the result by taking the limit as
N — oo and thenasg | 0. O

Lastly, we note that for 7 sufficiently small, where

T<1/X (5.77)

is sufficient (so that A7/2 < (1 — e~*7)), one has
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0< W) - W"™(2) < MC,A<6

1 eM) 7| < Ky . |2z|(A/7)(5.78)

with o
Kl,‘r = 2Mc/em/)\. (579)

We note that through the dependency of K; , on M¢r, and in turn the de-
pendency of Mc¢s on ¢ (see (5.68)), K1, — oo as 7 | 0 (see (A5.6I) and the
discussion following it).

5.3 Errors in the Approximation of B

In the previous section, we considered the errors due to truncation while as-
suming that B and consequently, the eigenvector e were computed exactly. Of
course, as discussed in Section 5.1, there is an allowable upper limit for errors
in the elements of B, below which one can guarantee the convergence of the
power method. The errors in B also translate into errors in the eigenvector and
consequently the approximate solution as discussed in Sections 5.1 and 5.4.
In this section, we consider a power series (in t) for V(z,t) = S;[1;](z) where
we recall Bj; = —max 5o [~¥;(2) = S-[¢](2)]. With the power series for

V(z,t) = Si[thi](z) truncated at some level, t*'~! (for each i), we obtain a
relationship between v/, 7 and basis function density which guarantees that
the errors in B do not exceed the allowable bounds obtained in Section 5.1.
In addition to the errors incurred by truncation of the power series, there
may be errors in the computation of the terms in the series themselves. In
Subsection 5.3.1, one particular method for computing the power series terms
to sufficient accuracy is given.

As noted above, one approach to the computation of B is a Taylor series (in
t) approximation to S[;](z). More specifically, letting V (z,t) = Si[1:](x),
so that V satisfies

Vi=[-VV+i+ 52VVTaoVV, (5.80)
V($7O) = "/}i(x)’

one may approximate V as
— 1
Viz,t) = Wo(z) + Vi(z)t + §V2(rr)t2 +-- (5.81)

Here Vo(z) = ;(z) and V; is the right-hand side of (5.80) with ); replacing
V. Specifically,

1

where a = 00T and we drop the gradient/vector notation for simplification
here and below. The higher-order terms are computed by differentiating (5.80)
at t = 0. Of course this process requires some smoothness for V. The following
is well known, and so we only sketch a proof.
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Theorem 5.16. Given R’ < oo and v' € N, there exists 7/ > 0 such that
Ve ¥ (Br x (0,7)).

Proof. The result for C? can be found, for instance, in [37] as well as many
earlier works (see the references in [37] as well as [47] and [48]). In order to
obtain continuity of higher derivatives, one simply differentiates (5.80), and
applies the same technique. For example, the partial V, (z,t) satisfies

= eV by + Vo V| + [ + 200 UL,
(967 0) = Yig, (x).
Note that 7/ may depend on /. O

Fix some R’,1/ < co. Let 7’ be given by Theorem 5.16. We assume 7 <
min{7’,1,1/c} (Where the motivation for the bounds of 1 and 1/c¢ appear in
(5. 87) and (5.90) below) and R < R'. Then we may approximate V over
B x (0,7) by

~ t2 tl/_l
V(z,t) = Vo(z) + Vi(@)t + Vo) 5 + -+ Vyul(x)m- (5.82)
Letting o
Mp o = max Vo (z,t)],
(fE,t)GB"];X[O,T]
one has
_ ~ 7"’/ _
[V(z,t) —V(z,t)| < MR/’V/W Y (z,t) € B x [0, 7]. (5.83)
Now define the corresponding approximation to B by
Bjs = — max {u;(z) - V(z, )} (5.84)
reEB~
R
By (5.83) and (5.84), one has
By Byl < My T 5.85
|Bji = Bjil < Mgy oIl (5.85)

Comparing (5.85) with Theorem 5.9, one finds that a sufficient condition
for the convergence of the power method (using B computed from approxi-
mation V) is that 7 < 1/cs and that for some p € {2,3,4,...} (n =2 is the
weakest condition)

/
v

T 505 7'4
Mpi <[ in |7 2} —F )
R o S (WS §agmz o
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Note that the 7 < 1/c¢; condition can be removed by using Theorems 5.7 and
5.8 instead of 5.9. B

Because computation of B;; requires the maximization operation, below
we will introduce an approximation for Ej,i, to be denoted by Eﬂ (where
the maximum may only be computed approximately rather than exactly).
Suppose further that

’
v

~ = T

‘B],l - BJ,7,| S MR/”/W. (586)
Then, by (5.86), (5.85) with Theorem 5.9, one finds that a sufficient condition
for the convergence of the power method (using B) is that 7 < 1/c¢; and that
for some p € {2,3,4,...} (=2 is the weakest condition)

ST <[ in | |2} oG\ (5.87
B = B i oeyme ) v 87)
and so, alternatively, a sufficient condition is
/ 53 (v')! 1
V-4 [ in [Z; 2} f = )
T s ) St ) o (5.88)

Suppose a rectangular grid of evenly spaced basis function centers with Np
centerpoints per dimension, and recall that 1) is centered at the origin which
implies Np is odd. (Perhaps it should be noted that this is conservative in
that we are considering a rectangular grid encompassing Bp,, rather than just
those basis functions centered in the sphere itself.) This implies min;¢; [7;|> =
4D%/(Np —1)?, and (5.88) becomes

i o DESGW) N/ 1 \™/ 1Y
- 9(8)m§MR/7y/ Np Np —1 ’

which implies a sufficient condition is

, D2 585 (I//)! 1 nu+2 N 1 np+2
e I et ASETAN Y (N =~ Mpo [ — .
o= (9(8)m§MR/7V/ Np Mew \ 3,  (5:89)

where we recall that n is the dimension of the state space.
Therefore, if one fixes 7 < min{1,1/cs}, then it is sufficient that

log /,\/IVR/J,, + (np+2)log (1/Np)
log T

V>4 : (5.90)

Alternatively, one may, without loss of generality, require M R’ 2> 1in which
case (noting that log7 < 0 because 7 < 1) (5.90) yields the sufficient condition

(np+2)log (1/Np)

vV >4+
log T

(5.91)

in which case the lower bound on v/ scales like log (1/Np). We remark that
this sufficient condition may be quite conservative.
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5.3.1 A Method for Computing B

As noted above, one would not typically have a closed-form expression for
the B;; or even the B;; terms, and we denote the approximation of B by

B. In this subsection, we indicate some specifics of a numerical method for
the approximation. This is not essential to the error analysis, but it seems
appropriate to sketch an approximation technique so as to concretely indicate
one approach to this subproblem.

This particular approach requires one to define

)?M-(t) = argmax{¢;(z) — V(z,t)},

where V is given by (5.82) (i.e., the truncated power series expansion of
S¢[¢i](x)), and then to propagate X;,; as the solution of an ODE forward

from t = 0 to 7 via a Runge-Kutta method. One difficulty is that X'“(t)
diverges as t | 0. In order to remedy this, and also remedy unbounded deriva-
tives as t | 0, we replace 1;(z) by ¥7,(z,t) where

Yhalwt) = 5@ - T UC+ DAt/ - ), (592)

where
G =ai+ (/1) (z; — x5), (5.93)

and § > 0. Then one may define

XJa(t) = angmax{y7, (z,1) = V(z,0)}, (5.94)
and note that
)?;1(7') = X, () = argmax{¢;(z) — V(z,7)}.
Because )?}l(t) is the argmax at each time ¢ € [0, 7], this implies
[0 (X54(8),1) = Va(XF4(8),1) = 0

for all ¢ € [0, 7]. Differentiating with respect to time, implies

T

(167 T (X7,0),0) = Ve (K7,(0),0)] X,.4(0)
0706 (K75(0),8) = Vea (K750, 8)] = 0,

or

T

X540) = (07 den (K7 0.0) ~ Var KL 00.0)]

(167, (K7, (0), 1) = Via (K7, (8), )] (5.95)
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The initial state for (5.95) is

)Z'JTZ(O) = arginax{ ;l(a:,O) —V(, O)}

= arginax{—%(a: —2)T(C+6I)(x — ;) — Vi(z)} = ;.

Note that

[[w;—,z]zw(xv O) - wa(m7 0):| - _[C + 5[] + C= —SI, (596)

which is negative definite, and

(167 a2, 7) = Voa,7)] = =C = Vaw(a,7) (5.97)

would be negative definite on Br by Assumption (A5.61) if approximation
V(-,7) were replaced by S;[i);]. Also,

X7,(0)=x; € Bp, and X[,(7)€ Bg (5.98)

if approximation ‘7(7',') is replaced by S-[¢;]. This suggests the following
assumption (which is only used for this approach to computing B). Suppose
there exists § > 0 such that

[[07 e (@,6) = Vaal, )] + 81 <0 ¥ o] < g(1), Ve € [0,7]

and
X7, < g(t) Vtelo,7) (5.99)

where ¢ : [0,7] — R is any function such that §(0) = Dg, §(7) = R and §
is monotonically decreasing. Note that, by (5.96)—(5.98), the conditions are
satisfied at both endpoints (t = 0 and t = 7) when V (7, -) is replaced by S, [1);].
Consequently, this may not be significantly more restrictive than the general
assumptions, and for the purposes of sketching this particular approach to
computing B, let us assume (5.99). Note that this guarantees the existence of
the inverse in (5.95), and further that )N(]Tz(ﬂ is the unique maximizer in Bg.

Analytical expressions for the right-hand side of (5.95) can be obtained
from (5.82) and (5.92). (These can be used to generate sufficient conditions
that guarantee (5.99), but these are likely much too conservative.) Thus, one
merely needs to propagate the n-dimensional ODE (5.95) forward to time 7.
A Runge-Kutta method may be used for this, and the resulting approximate
solution denoted by X7,. The approximation of the elements of B are then
given by

Bji = —{vj(X7(m) - V(r.X"()}
= {u; X ) -V X} (5.100)
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Note the following:

The number of steps in the Runge—Kutta algorithm must be

controlled so that (5.86) is satisfied.
(5.101)

5.4 Error Summary

The error analyses of the previous three sections will now be combined. In
particular, the errors due to truncation and the errors in computation of B
will be combined to produce overall error bounds (5.109), (5.110). A condition
required for the algorithm to work (assuming one uses the power series of
Section 5.3 for computation of B) is also obtained.

Theorems 5.6 to 5.9 provided sufficient conditions for the power method
step to converge to the max-plus eigenvector. Employing the simplest condi-
tion (but also the strictest), that of Theorem 5.9, convergence of the power
method with approximation Bto Bis guaranteed if

[Bij — Bi,| < Igél{l{\xz\ } W TR (5.102)
where u € {2,3,4,...} and § is given by (5.32). Note that we are assuming
7 < min{l,1/¢s, 7'} as in Section 5.3 (as well as all assumptions including
(A5.61) and technical conditions (5.1), (5.19) which appear in Section 5.1).
Then, Theorem 5.9 implies that a resulting error bound for the max-plus
eigenvector given by

TR 50 < i _ 2 50? 74
le — €] = max|e; — & _Tgﬁlllﬂ{|$z| } 9(16)m2 ) 2’ (5.103)

where é corresponds to B. We remark that slightly different error estimates
(under slightly different conditions) are also given in Theorems 5.7 and 5.8.
Suppose we adopt the notation W (z) = @;_, & ® 1;(z) and W/ (z) =

@D;_1 ei ® Yi(x) so that W corresponds to the finite expansion with zero
error in the computation/approximation of B. Then, by (5.103),

_ _ Yer 4
_wll =~ _wif L2 f T
IW =W/ = max [W () = W ()] < minf] }(9(16)mg )

(5657'4 1 n(p—2)
s =2 f
m ) 104
z;?{|xl| }(9(16)m§) (ND> ’ (5.104)

where again, Np is the number of centers of basis functions per dimension
of the state space with a rectangular, evenly spaced grid of centers. It should
be recalled that the basis functions are such that 1, is centered at the origin
(1 = 0), and so Np is odd. (Perhaps one should note that we are being

2
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sloppy here by using the number of basis functions corresponding to covering
the entire rectangle which encloses the sphere Bp,,, although only those with
centers covering the sphere itself are required for the bound. Consequently,
the above bound is a bit more conservative.) Also, with the evenly spaced
basis function centers, (5.104) can be written as

. D2 5057_4 1 n(p—2) 1 2
—wh < (22 ) (— . 1
IW=wi < ( 9(4)m2 )(ND) (ND - 1) (5.105)

Using the approach of Section 5.3, (5.102) is satisfied if

, _ 1 nu+2
™ < Mpry (N) (5.106)
D

where //\/lvR/yy/ is given by (5.89) and v’ is the number of terms (including
zeroth order) in the Taylor series, and if (5.101) is satisfied.

This does not account for the truncation errors induced by using only a
finite number of basis functions. Let W be the true value function. Then, by
(5.78),

2D —

W (z) — W/ (z)| < K, T@ i Vz € B, (5.107)
T ND -1

where K ; is given by (5.79) (and we recall Ky, — oo as 7 | 0), 2Dr/(Np —

1) = A, and 7 satisfies (5.77); 7 now must satisfy

7 <min{l,1/cs, 1/X, 7'} (5.108)

The error bound (5.107) is not without drawbacks. In particular, 7 appears
in the denominator. However, it does not seem possible with the techniques
presented here to remove that term. This is the reason for concentrating in
Section 5.3 on fixed T with increasing v/ as the means for reducing errors.

Combining (5.105) and (5.107), the total error bound (assuming conver-
gence of the power method — for which (5.106) and (5.101) form a sufficient
condition — and 7 < min{1,1/cs, 1/, 7'}) is given by

- D%(50574 1 n(p—2) 1 2 |l‘| 2D
f R
_ < ZB7TF N\ Jrem i
W) W(x”_( 9(4)m2 )(ND> <ND—1>Jr M (ND—1>’

which for Np >3

_ (PROGTN (1 ”<M—2>+2+K l21 (2DRY 5 109)
= \18mz J\Vp M \Np )

Because the best error rate is limited by the 1/Np in the last term, we take
u =2, and find in that case
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W W(z)| < Dhocjr! ok, D EL] (L 5.110

That is, the total error goes down linearly in (1/Np). Note that this rate is
constrained by the fact that the solutions are only viscosity solutions — which
may have discontinuous first derivatives. It is conjectured that with smooth
solutions, the rate would instead be (1/Np)?.

This assumes that conditions (5.106) and (5.101) are met as well as (5.108).
Also, as in Section 5.3, one may prefer to write (5.106) as

log MR/,D/ + (np+2)log (1/Np)
log T

v >4+

)

or assuming without loss of generality that M Rr' ' > 1, one has the less tight
but clearer bound of

(np +2)log (1/Np)

Vi>4+4
log T

in which case the lower bound on v’ scales like log (1/Np). From this, one
sees, for instance, that doubling Np would typically imply the addition of

(P2 2) = 1T

to v/ where [(z) indicates the smallest integer greater than or equal to z.
Again, this assumes the use of the Taylor series/Runge-Kutta approach of
Section 5.3 toward the approximation of B. Alternate approaches may yield
different conditions.

Remark 5.17. All error bounds are actually conceived as the errors that may
be achieved with given computer effort. A key underlying assumption of this
chapter is that all the elements of B are computed. This requires substan-
tial effort because the number of terms in B is the square of the number of
basis functions. In practice, it has been observed that elements of B, B j,
corresponding to basis function pairs where |z; — x| is large generally do not
contribute at all to the resulting eigenvector (recall that this is the max-plus
algebra). By not computing these terms, one can greatly reduce the compu-
tations. All examples computed by the author have used this computation
reduction method. This is a question for further study.

5.5 Example of Convergence Rate

As an example, we consider the problem (4.1)—(4.4) in two dimensions with
dynamics
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d (& [ —2&[1+ 3arctan(3¢3/2)] w1
dt(&) - ( 16 _2352(6751/3)2 ) + (wZ) : (5.111)

The running cost is I(z) = £|z|? and 4* = 1. The corresponding HJB PDE is

0= f{ —2z1 [1 4 % arctan(3z3/2)] W, + [ml/Q - 3x2€*11/3] W,
+ (e} +ad) - JWE + W)}

with usual boundary condition W (0) = 0.

The backsubstitution errors (obtained by substituting the approximated
partials back into the PDE) for a basis function center spacing of 0.07 is de-
picted in the left plot of Figure 5.1. (The partials are approximated by simple
first-order differences — possibly too coarse a method for examination of the
errors.) This is a much higher density of basis functions than we normally use,
and the code took roughly 15 seconds to run on a 2000 Sony Vaio laptop. The
right plot of Figure 5.1 depicts the convergence as the spacing between basis
function centers goes to zero (i.e., as the number of basis functions increases).
In the left plot of Figure 5.1, one can see the effect of having a region where
none of the basis functions in our supply of basis functions is the one that
would achieve the solution there; this is evidenced by the sharp rise in errors in
the right-hand corner. There are two error convergence plots in the right-hand
graph. The lower one is the maximum backsubstitution error magnitude over
the plotting region when one excises that region not properly covered by our
basis function set. The upper curve includes this region not properly covered
in its computation of the maximum error. Considering the lower curve, one
sees that the convergence actually appears to be closer to second order than
first order as predicted in Section 5.4. As noted above, one actually expects
convergence to be second order in C! regions, and this is the effect we appear
to see in the plot.
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Fig. 5.1. Backsubstitution errors for one case and error convergence rate
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A Semigroup Construction Method

In this chapter, we develop a different max-plus based approach to the solution
of nonlinear control problems. We will again consider infinite time-horizon
problems. In particular, we will use the same problem class considered in
Chapters 4 and 5 as a vehicle for the development of the approach. Of course
the approach is not limited to this particular class, but it will be convenient
to work with the same class.

We continue to express the solution/value function in terms of a max-plus
basis, and again the coeflicients in this expansion will satisfy an eigenvector
equation, 0 ® e = B ® e. Recall that the main steps in the eigenvector al-
gorithm (Chapters 4 and 5) were the computation of B and the solution of
the eigenvector problem given B. It has been observed that the first step was
typically an order of magnitude more computationally expensive than the sec-
ond. (This was the case even when the technique for not computing the entire
matrix B, indicated in Remarks 4.24 and 5.17, was used.) This motivates a
search for alternative methods for computation of B.

Recall that B = B, operates on the discretization of the semiconvex dual
of the value, W where W satisfies W = S;[W] (or 0 ® W = S.[W]). Suppose
we have an indexed set of operators B™ = B for m € M = {1,2,..., M},
and let B = D,.cr B™. (1\_/Iore generally one can let B be a general max-
plus linear combination as B = P, ¢™ ® B™ for some coefficients ¢ €
R~.) If each B™ is relatively easy to compute, then B is relatively easy to
construct. We will see that B is related to S; = @,,c( ST Suppose each
ST corresponds to an HJB PDE problem 0 = H™(z, VW), W(0) = 0. Let

H(z,p) = maxyenm H™(z,p), and let the semigroup corresponding to H be
§T. Then, for small 7 > 0, §T may be closely approximated by S,. Thus
solution of the eigenvector problem for B, may closely resemble solution of
W = 5, [W], and consequently, solution of HJB PDE problem 0 = H(z, VW),
W(0) = 0.

The theory in support of the above discussion will be developed in this
chapter. We will also indicate application with a simple example. A class of
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problems where this method is especially handy is the class of problems with
a set of linear dynamics coupled to a switching controller. That is, where one
has 5 = AHt& + oHtuy where the pu; process will take values in some finite set,
say {u™|m € M}, while u; will be an Lo control process. In such problems,
the HJB PDE is nonlinear, and solution of the problem cannot typically be
obtained by piecewise pasting together of solutions of the constituent prob-
lems. Of course, one could apply this approach to a wider class of problems
as well.

As in Chapter 4, we will make the unwarranted assumption that the value
has a finite max-plus basis expansion (i.e., requiring only a finite number
of nonzero terms). This will again allow us to quickly obtain the algorithm.
However, in this case, we will not generate an error analysis analogous to that
in Chapter 5 as inclusion of such analyses for each max-plus algorithm and/or
application would be excessively long.

6.1 Constituent Problems

We will be solving a nonlinear HJB PDE problem

0= H(z, VW),

. (6.1)

where, as always, W(0) = 0 is the boundary data indicating that W is zero
at the origin. We will be interested in H that take the form

2

H(2,99) = ma sup |(/"(@) + 0™ (@)u) Vo +1"(w) = - fuf

1
= ma (/@) Vo4 "(@) + 556 o )o@ Vo (62)
where M = {1,2,...,M} and M < oco. One may also want to consider H
that are only approximated by a finite maximization of this form, but that is
a problem for future research. Define the constituent Hamiltonians as

2
H™(@,V¢) = sup | (f" () + 0™ (@)u)" Vo + 1" (&) = - [uf’
u€R!
= (@) T+ ") + 35960 (@)a() Vo
so that B
H = max H™.
meM

All of the constituent H™ will correspond to constituent control problems,
and will also have associated semigroups S7* and their duals B"™ = B*. These
constituent problems should be ones such that the B™ are relatively easily
computable. An obvious class consists of linear/quadratic problems.
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Remark 6.1. Perhaps we should remark here that it is the interplay of the
max-plus and standard algebras that makes this approach (as well as that of
Chapter 7) possible. Linear problems are particularly simple in the standard
algebra. However, standard-sense linear combinations of linear problems only
yield linear problems. However, max-plus linear combinations of standard-
sense linear problems yields a larger class of problems.

Although the obvious class of constituent problems are the linear/quadratic
problems, the analysis will be kept at a more general level. In particular, con-
sider a set of contituent system dynamics indexed by m € M and given by

ém — fm(fm) _,'_O_m(gm)u’

6.3
&' =z € R, (6:3)

where we note that all the systems have the same initial condition, and u €
U will be a (payoff-maximizing) input. To be specific, we continue to take
U = L¥<([0,00); RY). As noted above, the underlying concept being developed
in this chapter could be applied to a wide range of systems. However, to
be specific we will use the same class as considered in Chapters 4 and 5.
Consequently, we assume the following.

Each of the f™ and o™ satisfy (A4.11) and (A4.21), respectively.
In particular, the constants K, c¢f, K, and m, are independent (A7.11)
of m.

We consider constituent payoffs and values given by

r 2
T () i/ () = Lo fudl? dt (6.4)
0
W™(x) = sup sup J(z,u)= lim sup J'(z,u)
7€(0,00) u€L2(0,7) T ueL,y(0,7)
=sup sup J(z,u), (6.5)
u€U T€(0,00)

where £™ satisfies (6.3). We also assume that

Each of the {"™ satisfy (A4.3I) where the constants C; and ¢ are

independent of m. Further, the constants satisfy (A4.4I). (A7.2D)
The corresponding (max-plus linear) semigroups are again given by
2
spiolie) =swpd ["me) - Fhul arrolenf@, o)
ue

where £™ satisfies (6.3). The corresponding max-plus eigenvector problems
are

0® ¢ =S¢, (6.7)

where it is implicit that we are looking for solutions satisfying ¢(0) = 0 (which
of course eliminates the nonuniqueness due to max-plus multiplication by a
constant). The corresponding HJB PDE problems are given by
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0=H"(z,V¢), (6.8)
$(0) = 0. (6.9)
Let
Cs = { semiconvex ¢ : R” = R™ |0 < ¢(z) < cfwn_lijy\xﬁ Vo e R"} .

From Chapters 3 and 4 (see Theorem 4.1, Theorem 4.4, and Corollary 4.11),
we have the following.

Theorem 6.2. Suppose Assumptions (A7.11), (A7.21) hold. For fized 6 > 0
sufficiently small, each value function W™ (given by (6.5)) is the unique solu-
tion in Cs of the corresponding HIB PDE problem (6.8), (6.9). Further, each
W™ is also the unique solution in Cs of the corresponding fixed-point/maz-plus
eigenvector problem (6.7).

We will be interested in solving our original problem (with Hamiltonian

H) over some ball centered at the origin. Fix any R > 0. Then there exist
c,L € (0,00) (independent of m) such that

W™ eSat vYme M. (6.10)

(We will adjust the values of ¢/, L, § below, but the presentation is improved by
delaying this point.) Note that we abuse notation by using the notation W™
for both the value function and its restriction to Bgr. Let C be a symmetric
matrix satisfying C' — ¢TI > 0. For z; € R"™, define

Yi(z) = —F(z — )T Oz — ;).

Recall from Theorem 2.13 that if a set {z; : i € N’} form a countable dense
subset of £ = {z € R" : 27 (C?)z < (L +|C|R)?}, Then, the set {¢; : i € N'}
is a countable basis for max-plus vector space SI%L. Further, the coefficients
in the expansion of any ¢ € SI%,L are given by (2.20). That is,

o(2) = @ la; © i),

=1

where
a; = — max [;(x) — ¢(x)] V.
x€EBR
Throughout this chapter, we will assume that such available storage func-
tions actually have finite max-plus expansions, i.e., that
14
W™ (z) = Plai* ® ¢i(z)] Vo€ Br (6.11)
i=1
for some v < oo. Note that we used this same assumption in Chapter 4.
However, as noted above, an error analysis analogous to that in Chapter 5
will not be included.
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6.2 Operating on the Transformed Operators

We are not concerned here with a direct numerical method for solution of
HJB PDEs based on the max-plus eigenvector problem solution, but rather on
the construction of B matrices for max-plus eigenvector problems from other
matrices whose max-plus eigenvector problems are analytically tractable, and
the relationship of the constructed matrices to corresponding HJB PDEs. The
following theorem makes a critical connection between the problems over the
corresponding domains.

Theorem 6.3. Let ST be defined by (6.6) for each m in some finite set M.
Suppose that for each j € {1,2,...,v} and each m € M, there exists a finite
basis expansion of ST [1,], i.e., that

ST [ (x @B ®i(x) Ve Bg. (6.12)

Define S:[¢] for any ¢ in the domain (to be specified for specific problems
below) by

S0l = sup{mae[ ["e) - ThuPae o)} 61)

ueld (ME

for all x € Br where €™ satisfies (6.3). Then

z) =P Bi; @ i(x) (6.14)
=1
for all x € Br where
Bi; = max B = QBA B (6.15)

foralli,j€{1,2,...,v}.

Proof. The proof is a simple manipulation given by

S lusi)(@) = sup{ max [J7" (2, w) + 45 (€] |

ucU
= g 57 Wil(e) = ma x| B @ (o)

- 16{5{12%}(,1/} Lf?e% B ® il @ Bi i @i

By simple modifications of the proofs of Theorem 4.4 and Corollary 4.11,
one also has the following.

Theorem 6.4. Suppose Assumptions (A7.11), (A7.2I) hold. For sufficiently
small § > 0, Then there is a unique solution in Cs of W = S, [W].
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Remark 6.5. If necessary, we adjust the § of Theorem 6.2 so that Theorem 6.4
also holds. Further, if necessary we adjust ¢/, L so that W € S}%L.

Corollary 6.6. Suppose Assumptions (A7.11), (A7.21) hold. Further, assume
that the expansion for W is finite with v coefficients which we denote as
W = EB;’:l € ® ;. Also assume that each ; is active in the sense that
D,y @i # @D,_ e @Y for any j < v. Then the vector of coeffi-
cients, € is the solution of the maz-plus eigenvector equation € = B ® & where
Bij = @, e B for all i, j.

Proof. By assumption, for all z € Bp

@ & @ vi(z) = W(z)

7)) = 5. | D s (0) = Py 0 8- 1w](0),

which by Theroem 6.3

= @éj & [@ Biyj & wl(x)} = @[ Bi,j & 6ji| ® ’ll)l(.’b)
j=1 i=1 i=1btj=1
Using the assumption that all the i; are active, this implies that e; =
@)_, Bij ®&; Vi, or equivalently, ¢ = B®e. O

6.3 The HJB PDE Limit Problems

Now suppose that instead of desiring to solve for fixed points of the semi-
groups, one desires to solve related HJB PDEs. Consider the sets of measur-
able processes with values in M given by

Do = {p: [0,00) — M | measurable }

and
Dy ={p: [0,T) - M| measurable } .

Then by standard dynamic programming results under typical assumptions
(ct. [78], [79], [86], [88]), one obtains the following theorem. A specific example
of a class of dynamics, cost and set C is given in the remark just below the
theorem statement.

Again by simple modifications of the proofs of Theorem 4.1, Theorem
4.4, and Corollary 4.11, we have the following. Note that we are implicitly
adjusting the values of d, ¢/, L if necessary.

Theorem 6.7. Suppose Assumptions (A7.11), (A7.21) hold. There ezists a
unique solution in Cs of PDE (6.1), and this viscosity solution is also the
unique solution in Cs of
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W =S, [W] (6.16)

where

~ T ~ 2 ~
5.0 = sup supd ["10@) - TluPar+ 0@}, ©017)

nED, ueld
€= F(&u.p) = f (&) + o (uy). (6.18)
This solution is given by

T 2
W(z) = sup sup sup / (&) — l|ut|2 dt (6.19)
UEDoe uel T<0 Jo 2

where € satisfies (6.18).

Note that the operators S, do not necessarily form a semigroup, although
they do form a sub-semigroup (i.e., S, 1+,[¢](z) < Sy, Sy, [#](z) for all z and
all ¢ in the domain). Further, it is easily seen that S™ < S, < S, for all m.

With 7 acting as a time-discretization step-size, let

Dl = {,u : [0, 00) — M | for each n € N U {0}, there exists m, € M

such that u(t) = m, for t € [n7,(n 4+ 1)7) },

and for T' = fiT with 77 € N define DT, similarly but with domain [0, T) rather
than [0,00). Let MY denote the outer product of M, N times. Let T = nr,
and define

. A—1

Srlel(z) = max {H Sf‘k} [¢](x)

n—1
{2 e MY 150

where the [] notation indicates operator composition.

Roughly speaking the following theorem simply states that any nearly
optimal (worst case) u € Dr can be arbitrarily closely approximated (in
terms of the cost) by a piecewise constant u € DT for some small 7.

Theorem 6.8. Suppose that for any x € R"™, the origin lies in the interior of
the convex hull of the set { f™(x) }mem and that Assumptions (A7.11), (A7.21)
hold. Given T < 0o, R < 00 and € > 0, there exists N € N sufficiently large
such that letting T = T/N, one has Sp[W™|(z) — e < 5;[Wm](x) for all
x € B and allm € M.

SKETCH OF PROOF. The proof is heuristically clear, but technically com-
plex; we present only a sketch of the main points. We note that the first
assumption is essentially some sort of technical controllability assumption
which is sufficient for the proof, but may not be necessary. The first step is
to work with simple integrals. Consider some g € R" for all m € M, and
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suppose 0 € ({g™}mem)® (i-e., that the origin is in the interior of the convex
hull of the set of the g™ where the o superscript denotes interior and the
angle brackets denote convex hull). This guarantees that for any T < oo and
Ay € R™, there exists L < co and {A\? },,enm such that A, € [0,1] for all
m, >, A% =1and Ay = szmEM A0 g™. Then, given e > 0, T € (0,00),
w € Dr and Ag, {g™}, L as above, there exist N < oo, 7 = f/N and @ € D%

such that
T T
/ gut dt — |:A0 + / g’“ dt:|
0 0

In particular, one has fOT ght dt = mee M AL g™ for appropriate coefficients
AL (where AL, € [0,1] for all m, >, AL =1). The g"t process is created by
setting the time-steps where i, = m for each m to approximate the fraction
of time needed according to the {\) } and {\l,} allocations, and this yields
(6.20). One then approximates (6.18) over [0, ') by holding the 3 terms on the
right-hand side constant over each [NT, (N + 1)T) for N € {0,1,. -1}
where NT =T as

L

& = " (Ean) + 0" (Em)un (6.21)

For N sufficiently large, max 3 |§ N?| can be made arbitrarily small.
(Because there is no a priori bound on |lu|| in this formulation, an Ly bound
on near-optimal u processes which holds under Assumptions (A7.1I), (A7.2I)
is used here; see Chapter 3.) A similar discretization approximation is em-
ployed with the state driven by the & process. Note that (6.21) takes the

form &, = g + g4 u,. The final discretization of [0, 7] is then with time-step
T=(T/N)/N. O

Now note that because W™, W € C, one has ¥m (see proof of Theorem
3.20)

lim Sp[W™ =W, lim Sp[W]=W. (6.22)

T—o0 T—o0

Also, for all T' < oo,

W = Sp[W] = Jim Sp[W] (6.23)

uniformly on compact sets. By (6.22) and (6 23), given R < oo and € > 0,
there exists T < oo such that for all T > T and all m € M,

Sp[W)(z) —e < Sp[W™](z) Va € Brg. (6.24)
Also note that

W] = I1 57 > [ 5]

which using the fact that W > 0 from Theorem 6.4 and the monotonicity of
S
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where 0 represents the function identically equal to zero. Because this is true
for all n, one has (using Theorem 2.6, [88])

W > lim S™[0] = W™ (6.25)

n—oo

for any m € M. On the other hand,

k=0 k=0

which implies (using (6.22))

W< lim Sp[W]=Ww. (6.26)
Combining (6.25) and (6.26), one has
Wn<W<W VmeM. (6.27)
Also, by definition it is obvious that
Srlel < Srlg] veec. (6.28)

Now, by Theorem 6.8 and (6.24), given R < oo and £ > 0, there exist
T < 0o and 7 < oo such that with 7 = T'/@, one has

W(z) — 2e = Sp[W](z) — 26 < Sp[W™](z)
which by (6.27), (6.28) and the monotonicity of Sp[]

< Sp[W\(x) < Se[W)(x) < Sr[W](x) = W(x)

Vz € Bg. Because W (z) = S, [W](z) = (5,)*[W](x) = Sy[W](x) on Bg, this
implies

Theorem 6.9. Given R < co and € > 0, there exists T > 0 such that
W(z) -2 <W(z) <W(zx) VzeBpg (6.29)
where W and W satisfy W = S, [W] and W = S, [W].

Recall from Corollary 6.6, that under the conditions given there,

W(x) = @éj ®@vj(x) Vz € Bp,
j=1
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where the vector of coefficients, €, is the solution of the max-plus eigenvector
equation € = B ® € with B = @, B™. Thus Theorem 6.9 implies that
one can (approximately) solve HIB PDE (6.2) by solution of this eigenvector
equation. If the B™ are such that they are easily computed (say by Riccati
equations), then one has a method for computation of (approximate) solu-
tions of nonlinear HIB PDEs of the form (6.2) (or those that can be closely
approximated by HJB PDEs of that form) where the most difficult portion of
the computation, that of B, can be greatly simplified by representation of B
as a max-plus sum of the B™.

6.4 A Simple Example

As indicated above, a useful direction for application of this transform ap-
proach is as follows. One can solve simple linear/quadratic control problems
through solution of the corresponding Riccati equations. Given solutions of
the Riccati equations, one can construct the transformed operator (typically
the discretized version thereof), B, analytically with little effort. Thus, it is
natural to consider HIB PDEs that can be represented or approximated by
maxima of HJB PDEs corresponding to linear/quadratic problems. The sim-
plest example of this approach will be discussed here to give the reader some
flavor of a transformed operator construction approach.
Consider the HJB PDE over R given by

0 = max [(A"2)"VW] + 12" Dz + LvWwT 2V, (6.30)
where ¥ = LooT, and we assume D symmetric, positive definite, and

5
Assumptions (A7.11), (A7.2I) with f™(x) = A™x, o™ (x) = o, I"™(z) =

%xTDm for all m. (Also, as above, we assume that M is a finite set.) The goal
here is to demonstrate the mechanics of a procedure for solution of (6.30). HIB
PDE (6.30) corresponds to a control problem which has both an unknown Lo
disturbance process and a switching disturbance process given by

&= AME +ous,  E =z €R" (6.31)

T 1
W(z)= sup sup sup / [é{fD{t - 22|ut2} dt. (6.32)
7€[0,00) uEL2 p€Do JO Y

For each m € M, the corresponding HJB PDE and semigroups are
0= (A"z)"VW + 22" Dz + sVWT VW (6.33)

and

ST () = sup { / e TDE - sl + wz«(s:“)}

u€Lso
'trn — Arn,é-zn + Uut, 50 = 7. (634)
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The solutions will be denoted by V;*(0, z) = S™[v;](x) where the V;* : [0, 7] x
R". Letting ¢;(z) = —3(z — 2;)7C(z — z;), one may assume (without loss
of generality) that the V;™ take the form V;™(t,z) = i (z — A7'z;))T Q" (z —
Az;) + 22T R"x;. One then finds terminal conditions

Qr=0C, A"=I R"=0

and ordinary differential equations (ODEs)
Q" = [D+QmZQ" — ((A™)TQ™ +QmA™)|
A" = (A" —Qm D)4, R™=-A"TDA™.

It is important to note that none of these ODEs depend on z;. They only
need to be solved once for each m € M. Noting that S7*[¢;|(z) = V;(0,x),

and that one then has B]"; = —max;ep, {4i(x) — ij(O,:c)}, one can show
that
m o _ 1, 2, Tl T2
By =aq +aqj+v by — o 1, (6.35)

where we drop the m superscripts for notational simplicity, and where

=awd, =0B
Qg = [(C_QO)_lc_[]ﬂfi, ¥ = (C—Qo)_lCa:i
B; = (C — Qo)™ ' Qooz;, 6, =[(C = Qo)™ Qo + Iz;.

Note that the only computation that needs to be done for all pairs (i, ) is
(6.35). This implies that only 4n + 1 floating point operations need be per-
formed for each of the v pairs (i, j) where v is the number of basis functions
in the truncated expansion. The other operations above are performed only
once for each of the v single indices i. (In practice, it has been observed that
one does not need to compute B]"; for all pairs (i, j). The solution obtained
by computing only those B"; such that z; — x; is relatively small is identical
to the solution obtained by computing the entire matrix. That the solution
is identically the same rather than merely “close” is a typical property in
idempotent algebras. This is also noted in Remarks 4.24 and 5.17.) One then
obtains

B; ; = max B". Vi,j.
,] mEM 2,7 7]

Lastly, one solves € = B ® é. This max-plus eigenvector problem may be
solved via the power method (see Chapter 4). This converges exactly in a
finite number of steps to the unique eigenvector e.

A simple example with M = {1,2} has been included. The computation
takes about 5 seconds on a standard 2001 desktop PC. In the example,

, [-1 05 > [-1 01
A _[0.1 —1}’ A _[0.5 —1]’
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1.5 0.2 04 —0.1
b= [0.2 1.5]’ == [0.1 0.4 ]

Perhaps we should note that the solution is not the piecewise combination of
the solutions of the constituent linear/quadratic problems. The value func-
tion, its two partials and a backsubstitution error are plotted in Figures 6.1,
and 6.2. (The backsubstitution error is computed through approximation of
the gradient via simple (perhaps overly simple) first-order differencing, and
substitution into the HIB PDE.) The sharp cleft in the error plot is due to
a discontinuity in the gradient of the value function. The rise at the corners
opposite this cleft indicates that some additional basis functions should have
been added to cover this region; thus the user can determine when one needs

to extend this set.
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Fig. 6.1. Value function and first partial

It is worth noting that when one uses HJB PDEs that are quadratic
functions of x and VW, the corresponding transformed operators, B™ are
quadratic functions. In particular, for the very simple example HJB PDE
above (with no linear or zeroth order terms), one finds that the B™ take the

simple quadratic form
By = 5(xf,a])G™ (x]  a])" (6.36)

for a matrix G™ which is easily computed.
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Fig. 6.2. Second partial and backsubstitution error






7

Curse-of-Dimensionality-Free Method

In Chapter 6, we moved away from the direct eigenvector method. In par-
ticular, we considered problems where the semigroups could be constructed
(or possibly approximated) as max-plus sums of constituent semigroups, say

S = @,em ST Equivalently, we considered eigenvector problems with ma-

trices B = B; = @, BY'. If the constituent B™ were easily computed,

then B would be also. Because, with the direct eigenvector method, the cost
of computing B dominates the cost of computing the eigenvector given B,
this could provide a superior method when B takes the form of a max-plus
sum of simple constituent B™ (or, possibly, is well approximated as such).

However, the number of basis functions required still typically grows expo-
nentially with space dimension. For instance, one might use only 25 basis func-
tions per space dimension. Yet in such a case, the computational cost would
still grow at a rate of (25k)™ for some constant k where n continues to denote
the space dimension. We see that one still has the curse-of-dimensionality.
With the max-plus methods, the “time-step” tends to be much larger than
what can be used in finite element methods (because it encapsulates the action
of the semigroup propagation on each basis function), and so these methods
can be quite fast on small problems. However, even with the max-plus ap-
proach, the curse-of-dimensionality growth is so fast that one cannot expect
to solve general problems of more than say dimension 4 or 5 on current ma-
chinery, and again the computing machinery speed increases expected in the
foreseeable future cannot do much to raise this.

With the construction approach of Chapter 6, the computational cost of
computing B can be hugely reduced for some problems. However, one still
needs to compute the elements of B, and then the eigenvector, e, of dimension
K™ where K is the number of basis functions per dimension and n remains the
dimension of the state space. (We remark again that it appears one does not
need to compute the entire matrix, B, but only the elements corresponding to
closely spaced pairs of basis functions where the definition of “closely spaced”
needs clarification, and appears related to 7.) Consequently, even with a com-
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putational cost reduction of an order of magnitude, one can only expect to
gain roughly one additional space dimension over the direct method.

Many researchers have noticed that the introduction of even a single simple
nonlinearity into an otherwise linear control problem of high dimensionality,
n, has disastrous computational repercussions. Specifically, one goes from the
solution of an n-dimensional Riccati equation to the solution of a grid-based
(e.g., finite element) or max-plus method over a space of dimension n. While
the Riccati equation may be “relatively” easily solved for large n, the above
max-plus methods would not likely be computationally feasible for n > 6 in
the best cases (without further advances in the algorithms). Of course, grid-
based methods would not be computationally feasible either. This has been a
frustrating, counterintuitive situation.

This chapter discusses an approach to certain nonlinear HJB PDEs which
is not subject to the curse-of-dimensionality. In fact, the computational growth
in state-space dimension is on the order of n3. There is, of course, no “free
lunch,” and there is exponential computational growth in a certain measure of
complexity of the Hamiltonian. Under this measure, the minimal complexity
Hamiltonian is the linear/quadratic Hamiltonian — corresponding to solu-
tion by a Riccati equation. If the Hamiltonian is given as (or approximated
by) a maximum or minimum of M linear/quadratic Hamiltonians, then one
could say the complexity of the Hamiltonian (or the approximation of the
Hamiltonian) is M.

The elimination of the curse-of-dimensionality requires the elimination of
the max-plus basis function expansion. One works instead with the Legen-
dre/Fenchel transforms. The B matrices are replaced by the kernels of max-
plus integral operators on the transform/dual space. When the constituent
problems are linear/quadratic, the constituent kernels, B™, are obtained
analytically. The discretization comes through repeated application of max-
plus sums of these operators. Let us give some more detail on this concept.

As in the previous chapter, we will be concerned with HJB PDEs given or
approximated as

H(x,VW) = me{?,lf?.(.,M}{H (x, VIV)} (7.1)
or N
H(z, VW) = min  {H™(x, VIW)}.

me{l,2,....,M}

In order to make the problem tractable, we will concentrate on a single class
of HJIB PDEs of form (7.1). However, the theory can obviously be expanded
to a much larger class.

To give an idea of the proposed method, recall that the solution of (7.1)
is the eigenfunction of the corresponding semigroup, that is,

00W =W =S, [W],
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where we recall that S, is max-plus linear. The Legendre/Fenchel transform
maps this to the dual-space eigenfunction problem

O®e= ET ®e
where we use the ® notation to indicate B, ® e = ffi B, (z,y) ® e(y) dy =
SUPycrn [gT(x, y) + e(y)} where f® denotes max-plus integration (maxi-

mization), c.f. [63]. Then one approximates B, ~ D, B where M =
{1,2,..., M} and the B correspond to the H™. The power method for finite-
size matrices (see Chapter 4) suggests that the solution is given by

N
e:zvlgnoo{@ BT} ©0
meM

where the N superscript denotes the ® operation N times, and 0 represents
the zero function. Given linear/quadratic forms for each of the H™, the B
are obtained by solving Riccati equations for the coefficients in the quadratic

N
forms. Let ex = [@,,cp Br'| ©0. Note that

e1= P Broo

meM

= P Broeo= [ P B

(m1,ma)EMxM moEM

© ®0

@ o

mi1EM

e3 = @ Brm2ms g ()
(m1,ma,m3)EMXMXM

[

mzEM

ol @ oo
(m1,m2)EMXM

and so on. Then exy — e. The convergence rate does not depend on
space dimension, but on the dynamics of the problem. There is no curse-
of-dimensionality. The exponential computational growth is in M = #M.
(However, we remark that those B**2 ™~ © 0 which are dominated by
others can be deleted from the list of such objects without consequence, which
is important in mollifying the growth.) The computation of each Bimi} = is
analytical given the solution of the Riccati equations for the H™.

It should be remarked that, although only the case of Hamiltonians which
are maxima of linear/quadratic forms will be considered, much of the theory
is applicable to a much larger class of problems. In particular, the concepts of
Legendre/Fenchel transforms and kernels of max-plus linear operators on the
dual space could be applied in a wider setting. However, our interest here will
be focused on a certain computational approach which is greatly enabled in the
special case of Hamiltonians which are pointwise maxima of linear/quadratic
constituent Hamiltonians.
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7.1 DP for the Constituent and Originating Problems

There are certain conditions that must be satisfied for solutions to exist and
the method to apply. In order that the assumptions are not completely ab-
stract, we will work with a specific problem class — the infinite time-horizon
H,, problem with fixed feedback. This is a problem class where we have al-
ready developed a great deal of machinery in the earlier chapters, and so less
analysis will be required for application of the new method. Of course the
concept is applicable to a much wider class.

As indicated above, we suppose the individual H™ are linear/quadratic
Hamiltonians. Consequently, consider a finite set of linear systems

7.2
&=z €R™ (7.2)
Again let u € U = L¥°([0,00); R!). Let the cost functionals be
~ T 2
T i) = [ e - P e, (73)
0
and let the value function be
W™ (z) = sup sup J"(z,T;u) = lim sup J™(z,T;u), (7.4)

weld T<oo T—o0yel

where use of the limit over T is justified in Chapter 3. We remark that a
generalization of the second term in the integrand of the cost functional to
suT (™) (I™)yu with (I'™)TT'™ positive definite is not needed because this
is equivalent to a change in ¢™ in the dynamics (7.2). Obviously J™ and
W™ require some assumptions in order to guarantee their existence. The
assumptions will hold throughout the chapter. Because these assumptions only
appear together, we will refer to this entire set of assumptions as Assumption
Block (A7.11), and this is:

Assume that there exists ¢4 € (0,00) such that
2T A™x < —calz|> Vo e R™, ¥Yme M.
Assume that there exists m, < oo such that

o™ <m, ¥Yme M.
(A7.11)
Assume that all D™ are positive definite, symmetric, and let cp

be such that
e'D™x < cplz]* Va € R",Vme M

(which is obviously equivalent to all eigenvalues of the D™ being
no greater than cp). Lastly, assume that 42/m2 > cp/c%.
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These assumptions are obviously similar to (A4.11)—(A4.4I), but with the
above linear systems notation. Note also that these assumptions guarantee
the existence of the W™ as locally bounded functions which are zero at the
origin (see Chapter 3). In fact, the specific linear/quadratic structure of the
above assumptions implies that these W™ will be quadratic.

The corresponding HJB PDEs are

0 =—H™(z, VW)

2
— _{1xTDmx + (A™2) 'YW 4 max[(o™u)T VIV — W|U2]}
2 ueR! 2 (7 5)

1 1
= {QxTDmx + (Am2)TYW + 2VWT2mVW}

where X7 = V%Um(am)T. Let Cs5 be the subset of semiconvex functions on

R"™ such that 0 < W(z) < %2;5)|x|2 for all z. From Chapter 3, Theorem

3.19 and Chapter 4, Corollary £11 (undoubtedly among many other works
on linear systems),

Theorem 7.1. Each value function (7.4) is the unique viscosity solution of
its corresponding HIB PDE (7.5) in the class Cs for sufficiently small § > 0.

Defining N R
V(2. T) = sup T (2. T:u),
ueU
we have N
Wm(x) = Tlim Vr(x,T), (7.6)

where V'™ is also the unique continuous viscosity solution of

0="Vp— H"(2,VV),

V(0,z) =0 (77)

(see Chapter 3). It is easy to see that these solutions have the form V™ (z,t) =
%:CTPtm’f x where each (symmetric) P™f satisfies the differential Riccati equa-
tion
pmt = (AmT pmef  pmif gm g pmoy prod ympmed (7.8)
M =o.

By (7.6) and (7.8), the W™ take the form W™ (z) = 127 P™a where P™ =

limy o0 P/, With this form, and (7.5) (or (7.8)), we see that the P™ satisfy
the algebraic Riccati equations
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0= (A™TP™ 4 P™A™ 4 D™ 4+ PM XM P™, (7.9)
Combining this with Theorem 7.1, one has:

Theorem 7.2. Fach value function (7.4) is the unique classical solution of
its corresponding HIB PDE (7.5) in the class Cs for sufficiently small § > 0.
Further, W™(x) = %xTme where P™ is the smallest symmetric, positive
definite solution of (7.9)

Corollary 7.3. Each W™ is strictly convex. Further, there exists symmetric,
positive definite C and € > 0 such that W™(z) — 22TCx is convez, and in
fact, bounded below by (£/2)|x|?, for all m € M.

For each m define the semigroup

T 2
m . m mem ’y m
S{o)(x) = sup l/o 2@ DT = il dt + (&) (7.10)
where £™ satisfies (7.2). From Chapters 3 and 4, the domain of S¥* includes
Cs for all § > 0.

Theorem 7.4. Fix any T > 0. Each value function, W™, is the unique

smooth solution of
W =Sp[w]

in the class Cs for sufficiently small 6 > 0. Further, given any W € Cs,
limy_ oo STE[W](x) = W™(x) for all x € R™ (uniformly on compact sets).

Proof. (Sketch of proof.) Neglecting the smoothness, the first statement is
equivalent to Theorem 4.4 and Corollary 4.11. The smoothness follows from
the quadratic form. The proof of the second statement is nearly identical to
the bulk of the proof of Theorem 4.4. In particular, note that the right-hand
side of (4.15) is greater than fOT )& |* dt + W (&r) for proper choice of § in
(the definition of ) in (4.15). The remainder of the proof follows similarly to
the remainder of the proof of Theorem 4.4. 0O

Recall that the HJB PDE of interest is

0=—H(z,VW) = — max H™(z, VW),
meM (7.11)
W(z) = 0.

The corresponding value function is

W(z) =sup sup J(,u,p)
ueU pEDoo

T 2
= sup sup sup / (&) — l|ut|2dt, (7.12)
UEU p€EDs T'<o0 JO 2

where
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1M (z) = 12" Dtea,

Do = {p:[0,00) = M : measurable },

and ¢ satisfies

£ = A"E + oy,

7.13
§o = . ( )

Theorem 7.5. Value function W s the unique viscosity solution to (7.11) in
the class Cs for sufficiently small § > 0.

Remark 7.6. The proof of Theorem 7.5 is identical to the proofs in Chapter
3 with only trivial changes, and so is not included. In particular, rather than
choosing any u € U, one chooses both any v € U and any u € Dy,. Also,
the finite time-horizon PDEs now include maximization over m € M. In
particular, (3.70) now becomes

0=V{ — max [%xTDmx + (A TV + (VTS )Txmvf/f}
meM
VY (z,0) =0,
where previously there was no maximization over m.

Define the semigroup

T 2
Stl¢] = sup sup [ / z“f<§t>—”2|ut|2dt+¢<&>], (7.14)

ueU pneDr

where
Dr={p:[0,T) = M : measurable }. (7.15)

In analogy with Theorem 7.4, one has the following.

Theorem 7.7. Fix any T > 0. Value function W s the unique continuous
solution of B
W = Sp[W]

in the class Cs for sufficiently small 5 > 0. Further, given any W € Cs,
limy_, oo ST[W](z) = W(z) for all x € R™ (uniformly on compact sets).

The proof is nearly identical to the proof of Theorem 7.4, and so is not
included. In particular, the only change is the addition of the supremum over
D1 — which makes no substantive change in the proof.

Importantly, we also have the following.

Theorem 7.8. Value function W is strictly convex. Further, there exists
cw > 0 such that W(z) — Lew|z|? is strictly convez.
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Proof. Fix any z,n € R" with |n| = 1 and any é > 0. Let ¢ > 0. Given z, let
u® €U, u* € Do be e-optimal for W (z) (i.e., so that J(z, us, p*) > W(x)—e).
Then

Wz — 6n) — 2W (z) + W (z + on)
> J(x —on,us,u’) —2J(z, 0, 1) + J(x + on,u’, uf) — 2e. (7.16)

Let £2,£9 7% be solutions of dynamics (7.13) with initial conditions £ =
T+ 6m, £ = x and 50_5 = x — 0, respectively, where the inputs are u® and p®
for all three processes. Then

E -0 =AM — €% and €0 — €70 = A0 —£70). (7.17)

Letting AF =€) — €D, one also has &0 — St_‘s = A/, and by linearity one finds
AT = A AT, Also, using (7.16) and (7.12)

W(z — o) — 2W (z) + W (z + on)

é/ooo {(ﬁf)TDufgf _2(§?)TDHf€? + (ggé)TDufg;d} di — 9

Y

oo
/ (AN DHE A dt — 2. (7.18)
0
Also, by the finiteness of M, there exists K < oo such that
LIATP = 2(a%)T A AY > K| AP,

which implies
|AT)? > e K52 vt >0. (7.19)

Let A\p = min{A € R : ) is an eigenvalue of a D™}. By the positive
definiteness of the D™ and finiteness of M, Ap > 0. Then, by (7.18)

W — on) — 20 (2) + W (x + o) 2/ Ap|A*[2dt — 2,
0

which by (7.19)
A
Z %52 — 2e.

Because € > 0 and |n| = 1 were arbitrary, one obtains the result. O

7.2 Max-Plus Spaces and Dual Operators

Let S = S#(R™) be the max-plus vector space of functions mapping R™ into
R~ which are uniformly semiconvex with constant § (where ¢ is uniformly
semiconvex over R" with constant 3 if ¢(z)+(3/2)|z|? is convex on R™). Note
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that we will now be generalizing to 8 € R, whereas we previously always im-
plicitly assumed that the semiconvexity constant was positive. (A negative
semiconvexity constant corresponds to functions from which subtracting the
appropriate convex quadratic still yields a convex function.) Combining Corol-
lary 7.3 and Theorem 7.8, we have the following.

Theorem 7.9. There exists § € R such that given any 3 > f3, WNE SP and
W™ e 8P for all m € M. Further, one may take § < 0 (i.e., W, W™ are
convez).

We will be returning to using semiconvex duality again in this chapter, as
opposed to max-plus basis expansions. For simplicity, we use a scalar coeffi-
cient. Define ¥ : R" x R™ — R as

(e, 2) = (¢/2)]x — 2P, (7.20)

where ¢ € R. Note that because we are allowing § < 0 in our class of semi-
convex spaces here, it is convenient to define v in (7.20) without the usual
minus sign. It is easy to check that the form of the semiconvex duality result,
Theorem 2.11, is essentially unchanged. In particular, we have the following.
(See also [101], [102].)

Theorem 7.10. Let ¢ € S®. Let ¢ € R, ¢ # 0 such that —c > (3. Let ¢ be as
in (7.20). Then, for all x € R",

¢(z) = max [¢(z,2) + a(2)] (7.21)
®
= - P(z,2) @a(z)dz = (z,-) ©al-), (7.22)

where for all z € R™

a(2) = — max [(z,2) — (x)] (7.23)
57
= — - 1/)(1‘, Z) & [—¢(I)] dr = — {¢(’ Z) ® [_(b()]}, (7.24)

which using the notation of [20]

= {206 (). (7.25)

Remark 7.11. Recall that ¢ € S® implies that ¢ is locally Lipschitz (c.f. Chap-
ter 2 and [42]). We also note that if ¢ € S# and if there is any x € R™ such
that ¢(z) = —oo, then ¢ = —oo. Henceforth, we will ignore the special case
of ¢ = —o0, and assume that all functions are real-valued.

Semiconcavity is the obvious analogue of semiconvexity. In particular, a
function, ¢ : R™ — R U {+00}, is uniformly semiconcave with constant (3 if
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o(x) — §|az:|2 is concave over R™. Let 8” be the set of functions mapping R™
into R U {400} which are uniformly semiconcave with constant 3. The next
lemma is an obvious result of Theorem 7.10.

Lemma 7.12. Let ¢ € SP (still with —c > 3), and let a be the semiconvex
dual of ¢. Then a € 8 for some d < —c.

Proof. A proof only in the case ¢ € C? is provided; the more general proof
would be more technical. Without loss of generality, one may assume = € R;
otherwise, one considers restrictions to lines through the domain, and proves
convexity of the restrictions.

Noting that ¢ € S” and —c > 3, there exists a unique minimizer,

T(z) = argmin[g(z) — 1 (z, 2)],

z€R
and one has
a(z) = ¢(z(2)) — P(Z(2), 2). (7.26)
Differentiating, and using the fact that ¢, (Z(z)) — ¥ (T(z), 2z) = 0, one finds
% = —1.(T(2), 2).
Differentiating again, one finds
d%a _ _ dx
i —..(T(2), 2) — V.2 (T(2), z)a (7.27)
However, using the definition, one finds
dT _ _ - _
dz (G20 (T(2) — Yua(T(2), 2)] ! V20 (T(2), 2). (7.28)

Combining (7.27) and (7.28), one obtains

o
dz?

= _wzz(f(z)v Z) - [‘ﬁxw(f(z) - www(f(z)’ Z)}_l wgw(f(z)’ Z)

CQ

B Gz (T(2)) — ¢

However, ¢, (z) > —0 > ¢ for all x € R, and consequently, (7.29) yields

(7.29)

=—c

d?a < n 2
— < —c
dz? B+c

Letting d = —c+c?/(B+c¢),one hasa € ST and d < —c. O

Lemma 7.13. Let ¢ € S with semiconvexr dual a. Suppose b € S with
d < —c is such that ¢ = Y(x,-) ©b(:). Then b = a.
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Proof. Note that —b € S¢. Therefore, for all y € R™

—b(y) = max[¢(y, ) + a(¢)]

CER™

or equivalently,

b(y) = — max[y(y, () + a(Q)], (7.30)

CeR™

where for all { € R"
CV(C) = — nax [7/)(117 C) + b(y)]7

yER"
which by assumption

= —o(C). (7.31)

Combining (7.30) and (7.31), and then using (7.23), one obtains

by) = — max[¥(y.() - ¢(O) = aly) Vy€R" O

It will be critical to the method that the functions obtained by application
of the semigroups to the (-, z) be semiconvex with less concavity than the

¥(-, z) themselves. In other words, we will want for instance S;[1)(-,z)] €
S—(¢+2) This is the subject of the next theorem. Also, in order to keep the
theorem statement clean, we will first make some definitions. Define

Ap = min{X € R: ) is an eigenvalue of D™, m € M}.
Note that the finiteness of M implies that Ap > 0. Let

|z A™ |

max ———s—.
meM, z#0  |z|?

j —Ap )\7D

K\ 2K 2K )"
Theorem 7.14. Let c € I3, ¢ # 0. Then there exists T > 0 and v > 0 such
that for all T € [0, 7]

K =

We define the interval

Se[$(,2)) ST (-, )] € ST

Remark 7.15. From the proof to follow, one can obtain feasible values for
7,v. For instance, if ¢ > 0, ¢ € I, then one may take v = %)\D — Kc and
7 such that e 257 = % However, in practice, such a 7 tends to be highly
conservative. Because these estimates are also quite technical, we do not give

explicit values.

Proof. We prove the result only for S;. The proof for S7* is nearly identical
and slightly simpler.
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The first portion of the proof is similar to the proof of Theorem 7.8. Again,
fix any z,7 € R™ with |5 = 1 and any 6 > 0. Fix 7 > 0, and let ¢ >
0. Given z, let u®, u® be e-optimal for @W(,z)](z) Specifically, suppose
Tz, 7 uf, yf) > S, [i(-, 2)](x) — & where

~ o "yz
Plorum= [ 06 - GluPdir i (132
0

and & satisfies (7.13). For simplicity of notation, let VT =3, [¥(-, 2)]. Then

VoY (x —on) — 2V (2) + V7% (2 + 61)
> fw(x —on, T, ut, 1) — wa($77'7 u®, uf) —|—fw(x + on, T, u", u°)
_9e. (7.33)

Let £°,£0,67% AT be as given in the proof of Theorem 7.8. Note that
V(&%) = 2(&7,2) + (&, 2) = c| AT, (7.34)
Note also that as in the proof of Theorem 7.8,
L[gDrie — 20 Drie) + 7 Dm0 = (ANTDM AT, (7.35)
Combining (7.32), (7.33), (7.34) and (7.35), one obtains
VT (z — on) — 2V (2) + V¥ (2 + dn)
> [N DAL v Az -2
> /OT Ap|Af P dt + | AT |2 — 2. (7.36)
Further, noting again that At = A" A+, one has
%\AHQ _ 2(A+)TA#fA+.
Consequently, using the definition of K,
SR|AY? < LATP < oK|AYP,

and so o o
§2e K < |AF2 < 522K (7.37)

Suppose ¢ > 0. Then by (7.36) and (7.37),

VT (z — o) — 2V (2) + V¥ (2 + 0n) > Ap6” / e 2K dt + 522K
0

—2e
=82f(1) — 2
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where _
1 _672K‘r e
7)) =Ap——"o— +ce "7,
F0) = Aot

Note that f(0) = c and f'(7) = (Ap — 2Kc)e 2K7, Then f'(0) = A\p — 2K,
and we suppose A\p — 2K ¢ > 0. Letting v = %(/\D —2Kc¢), one sees that there
exists 7 > 0 such that

V(= on) — 2V (2) + V¥ (2 4 ) > 2[f(0) + vr] — 26 V7 € [0,7].
Because this is true for all € > 0,
V(= 6n) — 2V (2) + VP (x4 6n) > 6%[c+vr] V7 e[0,7]. (7.38)
Now suppose ¢ < 0. Then by (7.36) and (7.37),

V(@ —6n) — 2VT% (@) + VTl (x + on) > 62 f(r) — 2¢ (7.39)
where .
R 1— 672K‘r —
f(T) = ADT +C€2KT,

Note that f(0) = ¢ andj’(T) = Ape 2KT 1 9ce2KT Then F(0) = A\p + 2K,
and we suppose Ap + 2K ¢ > 0. Letting v = %()\D + 2Kc), one sees that there
exists 7 > 0 such that

VTl(z —6n) — 2V7% () + V¥ (2 + 6n) > 62[f(0) + v7] — 2 V7 € [0,7).
Because this is true for all € > 0,
Vol — o) — 2V (2) + VT (2 + 6n) > 82[c+v7] V71 €[0,7]. (7.40)

Combining (7.38) and (7.40) yields the result if the two conditions Ap —2K¢ >
0 when ¢ > 0 and Ap + 2K ¢ > 0 when ¢ < 0 are met. The reader can check
that these conditions are met if c € Iz. O

Corollary 7.16. We may choose ¢ € R such that W7Wm € §7¢, and such
that with ¥, 7, v as in the statement of Theorem 7.14,

S, 2)), ST (-, 2)] € ST YT e (0,7,

Henceforth, we suppose ¢ chosen so that the results of Corollary 7.16 hold,
and take Y (r,z) = §lr — z|2. We also suppose 7, v chosen according to the
corollary as well. B

Now for each z € R™, S, [4(-, 2)] € S~(¢t¥7). Therefore, by Theorem 7.10,
for all z,z € R™

52} - ~
57[1/)(‘7 Z)](l‘) = 1/1(1’,y) ® BT(ya Z) dy = 1/1(1’, ) © BT('7 Z)v (741)

R’VL
where for all y € R”
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~ @ ~
Br(y,2) =~ | (z,y) @ {=S:[v(,2)|(x)} do

R»

= {0(,y) O [S-[w(, )]~} (7.42)

It is handy to define the max-plus linear operator with “kernel” B, (where
we do not rigorously define the term kernel as it will not be needed here) as

B,[a](z) = B,(z,-) ® a(:) for all « € S

Proposition 7.17. Let ¢ € §™¢ with semiconver dual denoted by a. Define
' = S;[@]. Then ¢* € S~(t¥7) and

where

Proof. The proof that ¢! € S~(¢+*7) is similar to the proof in Theorem 7.14.
Consequently, we prove only the second assertion.

T 2
oHa) =sup sup | ["(6) - TP e+ 06|
0

UEU pEDoo

T ,YQ
= sup sup o | [ 0(6) = o+ o 2) + ()]
0

UEU pED oo z€R™

= max {5 [0 (,2))(2) + al2)},

z€R™
which by (7.41)

/yERn /zem (y,2) @ a(2) dz @ Y (z,y) dy
—/yem al(z) @ Y(z,y)dy. O

Theorem 7.18. Let W € §7¢, and let a be its semiconvexr dual (with respect
to ). Then
W = §T[W]
if and only if
= B'r y 3
a(2) = max [Br(z,9) + a(y)]

which of course

® ~ ~
:/ B-(z,y) ® aly) dy = B+(z,-) ®a(-) = B;[a](z) VzeR"

n
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Proof. Because a is the semiconvex dual of W, for all x € R"™,
U(z,) ©al) = W(x) = S, [W](x)
=5, | mx (0,9 +a(2) | @

= max {a(z) + §r[¢(7 z)](x)}

z€R™

® _
[ a2 0 .1t 2)w) d.
which by (7.41)
@ e _
_ / a(z) @ / Bo(y,2) © ¥(w,y) dydz

R’n.

Rn
Br(y.2) ® a(z) ® Y(x,y) dy dz

7]
R"L

- [ U@ By, ) ®al2) dz] & ¥z, y) dy

n

@
n
@

_ [ B @ale) dz} O (@)

R”

Combining this with Lemma 7.13, one has

® ~
a(y) = / B:(,2)®a(z)dz =B (y,-) ©@a() VyeR"

n

The reverse direction follows by supposing a(-) = B-(z,-) ® a(-) and re-
ordering the above argument. O
Corollary 7.19. Value function W is given by W(x) =¢(x,-)@a(-) wherea

is the unique solution of

aly) =B, (y,)®a() Yye=R"

~

or equivalently, a = B, [a].

Proof. Combining Theorem 7.7 and Theorem 7.18 yields the assertion that w
has this representation. The uniqueness follows from the uniqueness assertion
of Theorem 7.7 and Lemma 7.13. O

Similarly, for each m € M and z € R™, S™[1)(-, z)] € S~(¢*¥7) and
ST, 2))(@) = ¢(z,-) ©BT'(-,2) Vo € R”,

where

B (y2) = {0 © [SP[(-2)] ()} VyeRn

As before, it will be handy to define the max-plus linear operator with “kernel”
B as B[al(z) = B(z,-) ©® a(:) for all a € S~¢. Further, one also obtains
analogous results (by similar proofs). In particular, one has the following
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Theorem 7.20. Let W € §~¢, and let a be its semiconver dual (with respect
to ). Then

W = STw]

if and only if
a(z) =B(z,)©@a(-) VzeR™

Corollary 7.21. Each value function W™ 1is given by W™ (z) = ¥(z,-) ©
a™ () where each a™ is the unique solution of

am(y) — BZL(:% ) ® am() Vy c=R".

7.3 Discrete Time Approximation

The method developed here will not involve any discretization over space.
Of course this is obvious because otherwise one could not avoid the curse-
of-dimensionality. The discretization will be over time where approximate p
processes will be constant over the length of each time-step. This is similar to
a technique used in Chapter 6.

We define the operator S, on Cs; by

T 2
5.0 = sup mue | [ 7€) = Ll at + o6 @)

weld MEM

= max S7"[¢](x),

meM
where £ satisfies (7.2). Let
77— b ; m b V b Rn'
B (y,2) meajftB @ B (y, z Y,z €

meM
The corresponding max-plus linear operator is

B, - @ B
Lemma 7.22. For all z € R, S.[{)(-, 2)] € S(¢T¥7). Further,

S, 2)](x) = ¥z, ) ©B.(-,2) VaeR™

Proof. We provide the proof of the last statement, and this is as follows.

Se[(, 2))(x) = max ST[P(-,2)](z) = P v, ) 0B (. 2)

meM

D w ,y) @ By, 2) dy

meM
/ ble,y) @ @Bm,z)]d
Rn meM

- ote)o [pegrea). o
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We remark that, parameterized by 7, the operators S, do not necessarily
form a semigroup, although they do form a sub-semigroup (i.e., S;, 1, [#](z) <
S;,S.,[¢9](x) for all z € R™ and all ¢ € S~¢). In spite of this, one does have
Sm < §, <8, forall m e M.

With 7 acting as a time-discretization step-size, as in Chapter 6, we let

Dl = {u : [0,00) — M| for each n € N U {0}, there exists m,, € M
such that u(t) =m, Yt € [n1,(n+1)7) },

and for T' = nt with n € N define D7, similarly but with function domain
being [0,7) rather than [0,00). Let M™ denote the outer product of M, i
times. Let T'= n7, and define

Srlél(z) =  max {ﬁﬁ%bwmz@wmm

{mi}igeM™ | 25

where the [] notation indicates operator composition, and the superscript in
the last expression indicates repeated application of S7, 1 times.
We will be approximating W by solving W = S;[W] via its dual problem

a = B;[a] for small 7. Consequently, we will need to show that there exists a
solution to W = S.[W], that the solution is unique, and that it can be found
by solving the dual problem. We begin with existence.

Theorem 7.23. Let

W(z) = lim Sy, [0](z) (7.43)

for all z € R™ where 0 represents the zero-function. Then, W satisfies

W = 5,[W),
W(0) = 0 (7.44)

Further, 0 < W™ < W < w for all m € M, and consequently, W € Cs.

Proof. Note that for any m € M (see Theorem 7.4),
W(2) = Jim_ S5, [0](x) < limsup Sn-10)(x)
< lim Sn-[0](z) = W(z) VazeR™ (7.45)
Also,

Snrl0)(@) = 8 [5-0]()](x) (7.46)

Nt . 72
—sup sup [ () - Lol
weu REDN. JO 2
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(N+1)7
+ sup max / (&) — —|ut|2dt
ueld MEM Nt

which by taking u =0

Nt 2 —r
> sup sup / () = Lfauf? de = 8, [0)(2).(7.47)
weu PEDN. JO

which implies that S‘;\,T [0](z) is a monotonically increasing function of N.
Because it is also bounded from above (by (7.45)), one finds

W™ (x) < lim Sy, 0](z) < W(z) VaeR", (7.48)

which also justifies the use of the limit definition of W in the  statement of the
theorem. In particular, one has 0 < W™ < W < W, and so W € Cs.
Fix any x € R"™, and suppose there exists § > 0 such that

Wi(x) < S, [W](x) — 6. (7.49)

However, by the definition of W, given any y € R™, there exists N5 < oo such
that for all N > N o _,
W(y) < Sn-[0](y) +d/4. (7.50)

Combining (7.49) and (7.50), one finds after a small bit of work that
W(w) < 8, [Sy.[0]+6/2] () -4,

which using the max-plus linearity of S,

= S(n11)-[0)(z) —8/2

for all N > Ns. Consequently, W(z) < limy_.o §;VT[0]($) — ¢/2 which is

a contradiction. Therefore, W (x) > S, [W](z) for all z € R"™. The reverse
inequality follows in a similar way. Specifically, fix x € R™ and suppose there
exists § > 0 such that

W(z) > S, [W](x) + 9. (7.51)

By the monotonicity of 5‘;\,7 with respect to N, for any N < oo,
W(z) > Sy.[0](z) VaeR™

By the monotonicity of S, with respect to its argument (i.e., ¢1(x) < ¢2(x)
for all z implying S;[¢1](z) < S;[p2](x) for all x), this implies

S: W] > S(x11),[0] VaeR™ (7.52)
Combining (7.51) and (7.52) yields
W(z) > S(ni1)[0](z) + 6.

Letting N — oo yields a contradiction, and so W < S, [W]. O
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The following result is immediate.
Theorem 7.24.
o T 2
W)= sup sup sup [ | e - Sul
nEDT, ueU Te[0,00) LSO 2
where & satisfies (7.13).
Theorem 7.25. W (z) — Sew|z|? is convex.

Proof. The proof is identical to the proof of Theorem 7.8 with the exception
that ;1 is chosen from D7 instead of D,. O

We now address the uniqueness issue. Similar techniques to those used for
W™ and W will prove uniqueness for (7.44) within Cs. A slightly weaker type
of result under weaker assumptions will be obtained first; this result is similar
in form to that of [106].

Suppose V' # W, V' € Cs satisfies (7.44). This implies that for all z € R”
and all N < oo

!

V'(z) = Sy, [V](z)

Nt 2 .
= sup sup { / wet)—é|ut|2dt+V’<§NT>},
0

ueU peDT,

which by taking u® = 0 (with corresponding trajectory denoted by £°)

> V' (€X)- (7.53)

However, by (7.13), one has £2 = A#£0 and so [€0] < e~¢At|z| for all £ > 0
which implies that [£%,| — 0 as N — oco. Consequently

Jim V(&%) =0. (7.54)
Combining (7.53) and (7.54), one has
Viz)>0 VzeR™ (7.55)
Also, by (7.44)
/

V(z) = lim Sy.[V])(z) VzeR"

N—o0

By (7.55) and the monotonicity of §;\/r with respect to its argument, this is
> lim Sy [0](z) = W(z). (7.56)

By (7.55), (7.56), one has the uniqueness result analogous to [106], which is
as follows.



162 7 Curse-of-Dimensionality-Free Method

Theorem 7.26. W is the unique minimal, non-negative solution to (7.44).

The stronger uniqueness statement (making use of the quadratic bound
on [#(z)) is as follows. As with W™ and V, the proof is similar to those in
Chapters 3 and 4. However, in this case, there is a small difference in the
proof, and this difference requires another lemma. Due to this difference in
the case of W, we include a sketch of the proof (but with the new lemma in
full) in Appendix A.

Theorem 7.27. W is the unique solution of (7.44) within the class Cs for

sufficiently small 6 > 0. Further, given any W € Cs, limy . Sy, W(z) =
W(z) for all x € R™ (uniformly on compact sets).

Henceforth, we let § > 0 be sufficiently small such that W™, W,W € Cs
for all m € M.

Theorem 7.28. Let W € §7¢, and let a be its semiconvex dual. Then

W =S5 [W]
if and only if

a(y) = B-(y,") ©a(-) VyeR"
Proof. By the semiconvex duality
U(@,) ©a() =W(x) =S, [W](x) (7.57)
= S, [max{v(,2) +a(2)}] (@),

which as in the first part of the proof of Theorem 7.18

@ —
- / a(2) ® S, [(-, 2))(x) dz,

n

which by Lemma 7.22

& 52 _
:/ a(2)® [ ¥(z,y) ©B.(y,2) dydz,

n R»

which as in the latter part of the proof of Theorem 7.18

@ —
= [ B.(-,2) ®a(z) dz} OY(z,). (7.58)
Rn

By Lemma 7.13, this implies

a(y) =B, (y,-)®a(-) VyecR"

Alternatively, if a(y) = B-(y,-) ® a(-) for all y, then
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697
W(z)—wx,-)@a(-)—[/ B.(,2) ®a(z)dz] @ () VaeR™

which by (7.57)—(7.58) yields W = S, [W]. O

Corollary 7.29. Value function W given by (7.43) is in S™¢, and has repre-
sentation W(x) = ¢¥(x,-) ©®a(-) where @ is the unique solution in S~ of

~

or equivalently, @ = B.[a).

Proof. The representation follows from Theorems 7.23 and 7.28. The unique-
ness follows from Theorem 7.27 and Lemma 7.13. O

The following result on propagation of the semiconvex dual will also come
in handy. The proof is similar to the proof of Proposition 7.17, and so is not
included.

Proposition 7.30. Let ¢ € §™¢ with semiconver dual denoted by a. Define
o' = S, [@]. Then ¢t € S~(t¥7) and

¢'(z) = ¥(z,") ©a' (),

where

a'(y) =B.(y,-) ®a() YyeR"

We now show that one may approximate W, the solution of W = §T (W],
to as accurate a level as one desires by solving W = S, [W] for sufficiently
small 7. Recall that if W = S,[W], then it satisfies W = &y, [W] for all
N > 0 (while W satisfies W = § N+ [W]), and so this is essentially equivalent
to introducing a discrete-time € D3, approximation to the p process in
S ~vr. The result will follow easily from the following technical lemma. The
lemma uses the particular structure of our example class of problems as given
by Assumption (A7.1I). As the proof of the lemma is technical but long, it
is delayed to Appendix A. We also note that a similar result under different
assumptions appears as Theorem 6.9.

Lemma 7.31. Given ¢ € (0,1], T < oo, there exist T € [T/2,T) and 7 > 0
such that

STW™(x) — Sp[W™|(z) < (1 + |z>) Va € R™, Vm € M.
We now obtain the main approximation result.
Theorem 7.32. Given € > 0 and R < oo, there exists T > 0 such that

W(z) -2 < W(x) <W(x) Vz € Bgr(0).
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Proof. From Theorem 7.23, we have

_ N — )2
0<W™(2) < W(x) < W) < %m? Vo e R™ (7.60)
Also, with T'= N7 for any positive integer N,
Sy.[6] < Srle] Vo € Cs. (7.61)

Further, by Theorem 7.7, given ¢ > 0 and R < oo, there exists T < oo such
that for all T'> T and all m € M

Sp[W)(z) — /2 < Sp[W™|(z) Va € Br(0). (7.62)

By (7.62) and Lemma 7.31, given € > 0 and R < oo, there exists T' € [0, 00),
7 € [0,T] where T'= N7 for some integer N such that for all |z| < R

where 2(1 + R?) = £/2, and which by (7.60) and the monotonicity of Sp[],

< S [W)(x),
which by (7.61)

< Sp[W](x),
which by the monotonicity of §T[]

< Sr[W](x) = W(a).
Noting (from Theorem 7.27) that W = g’; [W] completes the proof. O

Remark 7.33. For this class of systems (defined by Assumption Block (A7.11)),
we expect this result could be sharpened to

Wi(z) < —é(1+|z[?) <W(z) <W(z) VzeR"

by sharpening Theorem 7.7. However, this type of result might only be valid
for limited classes of systems, and it has not yet been pursued.

7.4 The Algorithm

We now begin discussion of the actual algorithm.
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Let ¢(z,2) = |z — 2|? and Wo(z) = 9 |z|?. By Theorem 7.23, W =

limpy_ oo g'jTVT [WO]. Given Wk, let

so that W" = S, [0] for all k > 1.

Let @* be the semiconvex dual of 7" for all k. Because W' = < |z|?, one
easily finds @’(y) for all y € R". Note also that by Proposition 7.30,

@t = B, (2,-) 0a*() = B, [a"]

for all n > 0.
Recall that

D
B.(z,)@ad"() = B (z,y) @a"( dy—/ @Bmxy )@@ (y) dy
Rm meM
= @ Bm (z,y) @a*(y) dy
meM
= P [Br(x,.)@ak(.)]. (7.63)
meM
By (7.63),
a'(z) = P a,(x)
meM
(7.64)
where
al (z) = B™(x,-)®a’(:) VYm.
By (7.63) and (7.64),
= b / B (x,y) {@ Ainl(y)] dy
moEM " mi1EM
@ o~
- @ [ Bresed.w
{mi,m2}eMxM R»
Consequently,
62(1.) = @ a’\?ml,mQ}(m)
{m1,ma}eM?
(7.65)

where
A%’"’Ll,mg}( ) . BTZ([E’) @a»,lnl() le,mz
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and M? represents the outer product M x M. Proceeding with this, one finds
that in general,

Fa)= @ ab,, @,

{mi} eM*

7.66
where ( )

Wy (@) =B (@) 0@ L () V{mibis, € M-,
i=1 itie1

. =k .
Of course, one can obtain W from its dual as

(2) = max[v(z,y) +a"(y)]

7]
/n [1/)(33731) ® @ a]‘;mi}?:l (y):| dy
{mi};c:le/\/lk
® |

7]
{mi}t_ eM*

= P W @), (7.67)
(mi}*_ eMn =

[ v eal,, o)

where o
. - .
Winye, = [ 0ev) @5, 0)dy (7.68)
= max[v(z,y) + Ty W)

i k
{mi}i_,

(according to (7.66)) from k = 0 to some termination step k& = N, followed

by construction of the value as /W{km}k (according to (7.68)).
1Ji=1
k

It is important to note that the computation of each 6{m,} « 1s analytical.
ifi=1

The algorithm will consist of the forward propagation of the @

We will indicate the actual analytical computations.
By the linear/quadratic nature of the m-indexed systems, we find that the
S™M (-, z)] take the form

ST, 2))(@) = (@ — AP2) TP (@ — ATz) + 32T Rz,

where the time-dependent n x n matrices P, A7 and R}" satisfy PJ* = cI,
A =1, R =0,

Am - _ [(Pm)lem _ Am] Am’
Rm — (Am)TDmAm.

We note that each of the P/, A", R”* need only be computed once.
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Next one computes each quadratic function B (x, z) (one time only) as
follows. One has

B:rrn = — max {w(%x) - S:_"[¢(7z)](y)}
yeR"
which by the above with ¢ = ey /2
= min {$(y— )7 (y— @) + Sy — A7) TPy — A7)
+%zTRTz}. (7.69)

Recall that by Theorem 7.14, this has a finite minimum (P™ — (¢ + v7)I
positive definite). Taking the minimum in (7.69), one has

B (x,z) = 1 [a:TM{’flx + a:TMf?Qz + ZT(MﬂE)Tx + zTMg’éz]
where with shorthand notation C' = ¢l and D, = (P™ — ¢l )1

M, = [CDZ'PD7IC — (DF'C+ )TO(DSC + 1)),
My =[(D;'C+D'CD; P — CD; P (D P — 1) AT,
M3y = (AMT [(DFYP" — DT P(DFYPM — 1) — P DIICDI P AT

+R™.

Note that given the P/, A7, R™, the B are quadratic functions with ana-

lytical expressions for their coefficients. Also note that all the matrices in the
definition of BY* may be precomputed.

Now let us write the (quadratic) 6’{“m‘}k in the form

tfi=1

)@

alfmi}le(x) = %(CU - é\fmi}le l{cm,-};c:l (z — Efmi};c:l) + ?{Emi}le'

Then, for each my1,

A]{H—i}ml = 361%52 {Bmkﬂ(x 2) Jra{m e ( )}

n{% [ TMlT’flx + :nTM{’sz + ZT(MﬂLQ)Tx + zTMQ”sz]

4=V Qe 0= s )+, )

= 30 = 2 ) Qe (= ) P s (770)
where
ANk M m ~ mi T
Qyers = MIT™ = Mz D (M)
—1
it (@)
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/\k—&- -~k 15T 1 (2k+ Nk+1 /\k+1
Tmyis T Tmay, T2 ME52 iy, 5<Z{ l}’”l) Qmeyt Zpmeyity

~ -1
Mk 41 k
D (M + Q{m'i};c:l) ’
_ Ak -k
E = DQ{ml}?:1Z{mL}f:1

Thus we have the analytical expression for the propagation of each (quadratic)
A;E ge function. Specifically, we see that the propagation of each a’gmi}k )
amounts to a set of matrix multiplications (and an inverse). One might note
that for purely quadratic constituent Hamiltonians (without terms that are
linear or constant in the state and gradient variables), one would expect that,
without loss of generality, one could take the El{cmi},? ) and ?'{“mi} - to be zero.
However, we will also be considering Hamiltonians with linear and constant
terms below. i

At each step, k, the semiconvex dual of W, @*, is represented as the finite
set of functions

Ay = {3lfmi}k, |m; € M Vi € {1,2,...,k}},
where this is equivalently represented as the set of triples
A - [ (Ak ok o~ , .
Q= {( @y Zhre o Thone, ) Ime € MVi€ {120k} |
At any desired stopping time, one can recover a representation of Wk as
U, = {17{’;1_},9 Im; € M Vi € {1,2,...,k}},
rJi=1

where these V¥ are also quadratics. In fact, recall

{mi}i,
W(2) = max[a(z) +¥(z, 2)]

_ 1/, ok T Ak ok ~k
= e a3 = 20 )" Qe 6= Fe )+ Tl

+lo —3F°
= s 3 = T ) Py, = Ty ) P,
@ V{]:nz}le(x)’
{mids,

where with C' = ¢l

Pf v =CFQf, v FC+(FC-DN)"C(FC-T),

_ _(Pk —1[~pAk AL (BT DAk ok
= (P, )CFQE, (. G+ (FO-1) CFQ{mi}LJ 2y

ko
{mi}?:1
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~k ~k 15k T|AT ~
p{mi}le = r{mi}?zl + §(Z{mb}?:1) [G Q{ml}’L G
+Q\’{le}f:1ﬁ0ﬁ@?ml}$:1 2‘\"{Cmi}?:l’
o (Ak —1
F=(Qfnye TO)7,

and
S . mAk
G = (FQ{W}?:1 —1I).

—Fk . .
Thus, W has the representation as the set of triples

- (5K ~k e :
P, = {(P{mi}i;l,;C{7ni}§=1,p{mi}§:1) |m; € MVie{1,2,...,k} } . (1.71)

We note that the triples that comprise Py are analytically obtained from the
triples (Q% ., ,2F . ,7% . ) by matrix multiplications and an inverse.
{ma i {ma i T {ma i,

The transference from

(Ql{cmi}§:1 ’ Efmi};c:l ’ ?I{Cmi}ic:l )

to
Pk ~k ~&
Pl Ty, Plmaye,)
need only be done once, which is at the termination of the algorithm propa-
gation. We note that (7.71) is our approximate solution of the original control
problem/HJB PDE.
The errors are due to our approximation of W by W (see Theorem 7.32
— —N
and Remark 7.33), and to the approximation of W by the prelimit W
for termination time k = N. Neither of these errors are related to the
space dimension. The errors in |W — W/| are dependent on the step size
—N J— = J—
7. The errors in [W —W| = \SJTVT [0] — W] are due to premature termi-
nation in the limit W = limy_.o0 Sy, [0]. The computation of each triple

k ~ o~ : : :
(P{mi}?=1 ST p{mi}i-;l) grows like the cube of the space dimension (due
to the matrix operations). Thus one avoids the curse-of-dimensionality. Of
course, if one then chooses to compute WN (z) for all  on some grid over say
a rectangular region in R"™, then by definition one has exponential growth in
this computation as the space dimension increases. The point is that one does
not need to compute WN ~ W at each such point.

However, the curse-of-dimensionality is replaced by another type of rapid
computational cost growth. Here, we refer to this as the curse-of-complexity.
If #M = 1, then all the computations of our algorithm (excepting the so-
lution of the Riccati equation) are unnecessary, and we informally refer to
this as complexity one. When there are M = #M such quadratics in the
Hamiltonian, H, we say it has complexity M. Note that

#{V{’jni};;:l |m; eMVie{l,Z,...,k}} ~ MF
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For large k, this is indeed a large number. (We very briefly discuss means
for reducing this in the next section.) Nevertheless, for small values of M, we
obtain a very rapid solution of such nonlinear HJB PDEs, as will be indicated
in the examples to follow. Further, the computational cost growth in space
dimension n is limited to cubic growth.

7.5 Practical Issues

The bulk of this chapter develops an algorithm that avoids the curse-of-
dimensionality. However, the curse-of-complexity is also a formidable barrier.
The purpose of the chapter is to bring the existence of this class of algorithms
to light. Considering the long development of finite element methods, it is clear
that the development of highly efficient methods from this new class could be
a further substantial achievement. (Nevertheless, some impressive computa-
tional times are already indicated in the next section.) In this section, we
briefly indicate some practical heuristics that have been helpful.

7.5.1 Pruning

The number of quadratics in Qk grows exponentially in k. However, in practice
(for the cases we have tried) we have found that relatively few of these actually

. =k .
contribute to W . Thus it would be very useful to prune the set.
Note that if

Ay (2) < D @,y (¥) Yz eR", (7.72)
. {ma}e A, .

then

/69 B (x,2) @ a"(2) dz = /@ B (x,2) ® [ D i, (2)] d=

n " {ma}r_ #A{ma}r_ |

— . . . —k
That is, a’{?mv}k will play no role whatsoever in the computation of W .
tli=1

K Shtj

Further, it is easy to show that the progeny of @ (i.e., those @

{mi}i, {mi}it)
for which {m;}%_; = {7;}¥_,) never contribute either. Thus, one may prune
such 6’{“m_ « without any loss of accuracy. This shrinks not only the current

tSi=1

@k, but also the growth of the future @k+j.

In the examples to follow, we pruned 6’{“ . if there existed a single

thi=1

sequence {m;}*_, such that a’;m}k (x) < 6’;7%_},6 (x) for all z. This signif-
tfi=1 tSi=1

m

icantly reduced the growth in the size of Q. However, it clearly failed to
prune anywhere near the number of elements that could be pruned according
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to condition (7.72), and thus much greater computational reduction might be
possible. This would require an ability to determine when a quadratic was
dominated by the maximum of a set of other quadratic functions.

Also in the examples to follow, an additional heuristic pruning technique
was applied employed for a number of iterations to delay hitting the curse-of-

complexity growth rate. A function @® |, was pruned if it did not dominate
{mikis,

at at least one of the corners of the unit cube. Specifically, let C = {27} be the
corners of the unit cube. The set of functions was pruned down to a subset of
L < 2™ functions, {a’gml}k |1 < L}, such that @*(27) = max;<z, alfml}k (x7)
. idi=1 iJi=1
for all 7 € C. This introduces a component of the calculations which is subject
to curse-of-dimensionality growth, but in the examples run to date, it reduced
the computational times over what was needed without the heuristic. (Also,
the curse-of-dimensionality growth due to this heuristic is 2" rather than on
the order of 100" for grid-based methods.)

7.5.2 Initialization

It is also easy to see that one may initialize with an arbitrary quadratic func-
tion less than an @*(x) rather than with @® = 0. Significant savings are ob-
tained by initializing with a set of M = #M quadratics, {a™(z)} where the
a™ are the convex duals of the W™ (which are each obtained by solution of
the corresponding Riccati equation). With @°(z) = @D, 1, a™(z), one starts
much closer to the final solution, and so the number of steps where one is
encountering the curse-of-complexity is greatly reduced. For the more gen-
eral quadratics of Section 7.7 below, determining how to make improvements
through initialization may be less trivial.

7.6 Examples

A number of examples have so far been tested. In these tests, the computa-
tional speeds were very great. This is due to the fact that M = #M was small.
The algorithm as described above was coded in MATLAB. This includes the
very simple pruning technique and initialization discussed in the previous sec-
tion. The quoted computational times were obtained with a standard 2001

PC. The times correspond to the time to compute WN or, equivalently, Py .
The plots below require one to compute the value function and/or gradients
pointwise on planes in the state space. These plotting computations are not
included in the quoted computational times.

We will briefly indicate the results of three similar examples with state
space dimensions of 2, 3, and 4. The number of constituent linear/quadratic
Hamiltonians for each of them is three. The structures of the dynamics are
similar for each of them so as to focus on the change in dimension.

The first example has constituent Hamiltonians with the A™ given by
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1| —10 0.5 9 [ AINT 3 _|—1.0 0.5
A= { 0.1 —-1.0]" AT=(A)7, A= 0.5 —-19]|°
The D™ and X™ were simply

1 2 3 |15 02
D =D"=D"= 02 1.5’
and
1 w2 w3 | 027 —0.01
R [0.01 0.27 |-

Figure 7.1 depicts the value function and first partial derivative (computed
by a simple first-difference on the grid points) over the region [—1, 1] x [—1, 1].
Note the discontinuity in the first partial along one of the diagonals. Figure 7.2
depicts the second partial and a backsubstitution error over the same region.
The second partial also has a discontinuity along the same diagonal as the first.
The error plot has been rotated for better viewing due to the high error along
the discontinuity in the gradient. The backsubstitution error is computed by
taking these approximate partials and substituting them back into the original
HJB PDE. Consequently the depicted errors contain components due to the
approximate gradient dotted in with the dynamics and the term with the
square in the gradient in the Hamiltonian. Perhaps it should be noted that
the solutions of such problems cannot be obtained by patching together the
quadratic functions corresponding to solutions of the corresponding algebraic
Riccati equations. The computations required slightly less than 10 seconds.

X0
0 reles
WYy
e
N,

oV

%
"..
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g
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G5,
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oty
0

0
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Fig. 7.1. Value function and first partial (2-D case)

The second example has constituent Hamiltonians with the A™ given by

-1.0 05 0.0 -1.0 05 0.0
At=101 -10 02|, A2=AHT, A*=|01 -10 02
02 00 —1.5 02 00 —1.5
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Fig. 7.2. Value function and first partial (2-D case)
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The Y™ were

D 1
23

>t =
The third example has constituent Hamiltonians with the A™ given by

The results of this three-dimensional example appear in Figures 7.3-7.5. In

this case, the results have been plotted over the region of the affine plane x3
3 given by z1 € [-10, 10] and x5 € [—10,10]. The backsubstitution error has

been scaled by dividing by |z|? + 107°. Note that the scaled backsubstitution
errors (away from the discontinuity in the gradient) grow only slowly or are
possibly bounded with increasing |z|. (Recall that the approximate solution
is obtained over the whole space.) Because the gradient errors are multiplied
grow only linearly (or nearly linearly) with increasing |z|. The computations

squared in another), this indicates that the errors in the gradient itself likely
required approximately 13 seconds.

by the nominal dynamics in one component of this term

The D™ were
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Fig. 7.3. Value function and first partial (3-D case)

Fig. 7.4. Partials with respect to second and third variables (3-D case)

-1.0 0.5 0.0 0.1

0.1 -1.0 0.2 0.0

0.2 0.0 -1.6 -—-0.1]°
0.0 -005 01 -1.5

A3

The D™ and XY™ were simply

1.5 02 01 0.0
0.2 15 00 0.1
0.1 00 1.5 0.0]”
0.0 0.1 0.0 1.5

D'=D?=D3

and
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Fig. 7.5. Scaled backsubstitution error (3-D case)
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Sl=32=733=

The results of this four-dimensional example appear in Figures 7.6-7.8.
In this case, the results have been plotted over the region of the affine plane
x3 = 3, 4 = —0.5 given by z; € [-10,10] and z3 € [-10,10]. The backsub-
stitution error has again been scaled by dividing by |x|?> + 1075, The com-
putations required approximately 40 seconds. We remark that one cannot
change dimension independent of dynamics (except in the trivial case where
each component of the system has exactly the same dynamics of the other
components with no interdependence), and so one cannot directly compare
the computation times of these three examples. However, it is easy to see that
the computation time increases are on the order of square to cubic in space
dimension, rather than being subject to curse-of-dimensionality type growth.

7.7 More General Quadratic Constituents

The examples given in the previous section all possessed similar structures
where the partial derivatives were linear along straight lines passing through
the origin. This was due to the fact that the constituent Hamiltonians all had
the structure

H™(x,p) = %xTDma: + %pTEmp + (A™x)Tp. (7.73)
This implied that all the iterates had the form

W'(zx) =  max

1,..T pk
5T P e T
{mi}h_ M =1

{mi};
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that is, the linear and constant terms were zero. Thus the W" were quadratic
along lines ¢, : {x = cv|c € R} where v € R™. On the other hand, the spaces
of semiconvex functions are quite large, and any semiconvex function can be
expanded as a pointwise maximum of quadratic forms. Thus, we now expand
our class of constituent Hamiltonians to be of the form

H™(z,p) = 22" D™a+ LpT SMp+ (A™2) T p+ (1) x+ (15) 'p+a™, (7.74)

where {7%,15" € R™ and a™ € R. From Chapter 2, we know that any semi-
convex Hamiltonian, say H®¢, can be arbitrarily well-approximated on a ball,
Br C R™ x R", by some finite maximum of quadratic constituent Hamilto-
nians, i.e., H*(z,p) ~ max,, H™(z,p) with H™ of the form (7.74). Conse-
quently, we now expand our class of HIB PDEs to

0=—H(z, VW), W(0)=0 (7.75)
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-10 10

Fig. 7.8. Fourth partial and scaled backsubstitution error (4-D case)

with

_ m
H(z,p) = max H™(z,p),
where the H™ have the form (7.74), and M is a finite set of indices.

We will not provide the theory, analogous to that in Sections 7.1-7.4, in this
case. We do note that it appears that existence of a constituent Hamiltonian
of pure quadratic form (7.73) satisfying our usual conditions (plus existence
of a solution to problem (7.75) of course) may be sufficient to guarantee that
the above approach will work in this wider class (when W exists of course).
Instead, our goal here will only be to indicate some of the wider range of
behaviors that can be captured within this larger class. We present two simple
examples where a constant term has been added to one of the Hamiltonians.

For the first example, consider our standard problem, 0 = —H (z, VIV),
W(0) = 0, where

H(z,p) = max{H" (z,p), H*(z,p)}
with

1 1
H'(z,p) = 52" Cx+ (Az)"p + 5p" Ip
é 1 2
2T Cx + (Azx)Tp + ipTEp - %

H?(x,p)

with specific coefficients

-1 0.5 1.5 0.2 0.216  —0.008
A= [0.1 —1}  CO= [0.2 1.5}  ¥= [—0.008 0.216

§=04, and o®=04.
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Let Ry = {(z,p) € R* H'(z,p) > H2(x,p)}. Setting H' = H2, one finds
OR; as the cylindrical ellipsoid

ORy = {(z,p)| 2T Cx = */5}.

The boundary, = 0, lies inside Ry, and we can denote the solution of 0 =
—HY(z,VW(z)), W(0) = 0 on Ry as Wi. The astute observer will note
that one must verify that the characteristic flow of H must be such that the
characteristics are flowing outward through 9R; in order to claim that W
on Ry will be identical to the solution of the H problem restricted to that
region. N

It is interesting to note that constituent problem —H?(x, VIW(x)) = 0
on the complement, R§ with boundary condition W(z) = Wi(z) on 0R; is
equivalent to

1 1 1
_ g2 _ i AT T
0 H*(z, Vw) 5T C’x—|—1+5( x) VW+2(1+6)VW VW

with boundary condition W (z) = Wj(z) on OR;. As before, with X = oo’
it is easily seen that this is equivalent to

1 T 1, 140, 5 o

with boundary condition W (x) = Wi (z) on OR;. Of course, one also has

1
H'(z, VW) = max {[Ax +ou]" VW + 1xTC’ac - |u2} .
ueR! 2 2

Therefore, solving 0 = —H (z, VW) with W(0) = 0 is equivalent to determin-
ing the value function of control problem with dynamics

. [AL+ou if¢EeRy
£= ﬁA{ + ou otherwise,

and payoff and value given by

T

T L) = [ Do) dr
0

V(z) = sup sup J(z,T,u),

u€U T'<oo
where L s _
B ={ Fngr tain oo
s Cr — =2 |u|®* — % otherwise.

Thus there is a change in the dynamics across R, with a corresponding
change in the cost criterion.
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Fig. 7.9. Value function and partial with respect to first variable
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Fig. 7.10. Partial with respect to second variable and backsubstitution errors

The value, partial derivatives with respect to first and second variables, and
the backsubstitution error are depicted in Figures 7.9 and 7.10. The disconti-

nuity in the second derivative along the boundary of the ellipse 7 Cz = o2/

is clearly evident.

As another example, we make a small change in the coefficients of the above

problem, and see a change in the structure of the solutions. In particular,

we

consider the same H as in the previous example with the exception that we

change matrices A and C to be

|

& ©
0.1
L0
T
- o
—
I
O
=
=]
<
| — |
© 3
= 7
(AN}

—1.6

|

The value, partial derivatives and backsubstitution errors appear in Figures
7.11 and 7.12. Note the rotational effects induced by the change in A.

A:
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Fig. 7.11. Value function and partial with respect to first variable

Fig. 7.12. Partial with respect to second variable and backsubstitution errors

7.8 Future Directions

Pruning

In order to make these methods more practical, algorithms need to be devel-
oped for determining when a quadratic function is dominated by the function
that is the pointwise maximum of a set of quadratic functions. This has the
potential for greatly reducing the effects of the curse-of-complexity, and con-
sequently greatly decreasing computational times.

Wider Classes of Constituent Hamiltonians

The theory for an instantiation of this class of methods was developed here
only for the very particular type of Hamiltonian, H(x, p) = max,,{H™(x,p)},
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where the H™ corresponded to a very specific type of quadratic problem
(see (7.5)). As indicated in the previous section, a much richer class of prob-
lems may be considered through constituent Hamiltonians of the form (7.74).
The theory for this wider class is not yet fully understood. Further, in the
work here, the H™ corresponded to linear/quadratic problems with maxi-
mizing controllers/disturbances. It is not known whether the constituent lin-
ear/quadratic problems need to be constricted in this way either. For instance,
could some or all of the H™ correspond to say game problems?

Convergence/Error Analysis

Only convergence of the approximation to the solution has so far been ob-
tained. Estimates of error size and convergence rate need to be determined.
For instance, it was hypothesized (and roughly observed in the examples) that
one obtains the solution over the whole state space with linear growth rate in
the errors in the gradient.

Other Nonlinearities

The model problem in this chapter considered only the case of a nonlinear-
ity due to taking the maximum of a set of Hamiltonians for linear/quadratic
problems. An obvious question is how well this approach might work for other
classes of nonlinearities. What classes of nonlinear HJB PDEs could be best
approximated by maxima over reasonably small numbers of linear/quadratic
HJB PDEs? Perhaps a single nonlinearity in only one variable (possibly ap-
pearing in multiple places) would be the most tractable.






8

Finite Time-Horizon Application:
Nonlinear Filtering

In this chapter we consider a finite time-horizon application. An obvious ex-
ample where this technology may be applicable is in nonlinear filtering —
specifically robust/H, nonlinear filtering. If the dynamics are time-invariant,
then between each successive pair of observations, one uses the same HJB PDE
to propagate the information state (to be discussed below) forward in time. If
the observations are at times t; = to + ¢d;, then one is repeatedly solving the
same HJB PDE for periods §; between observations; only the “initial condi-
tions” at the start of each time period change. With the max-plus approach,
the real-time solution of the PDE can be replaced by a max-plus matrix-vector
multiplication where the matrix is fixed, independent of time-step. Thus, the
matrix may be precomputed in advance rather than in real-time. We will use
this filtering application as the vehicle for motivation and development of a
max-plus approach to finite time-horizon problems. With respect to the fil-
tering aspects, some standard details will only be sketched; further material
and a continuous-time observation case are discussed in [44], [87]. It should
be noted that the approach in this chapter is analogous to results (over the
standard algebra) for estimation of nonlinear stochastic systems as obtained
by Rozovskii et al. (c.f. [103]) In fact, the existence of such results in the
stochastic case provided motivation for the developments presented here.
We consider a system with dynamics

€= (&) +a(&)w (8.1)

and unknown initial condition, £. We wish to estimate the state, & at some
time ¢ > 0 using data up to that time. The measure of estimate quality will
be defined below. As usual, the state will take values in R™, and we let the
disturbance process w. take values in W = L¥¢(]0,00); R!). Note that we
will not observe w. directly. As usual, o will be n x | matrix-valued. Let the
observations occur at times t; = id; for i = 1,2,.... The observation at time
ti, y;, will be given by

Yi = h(fb) + p(gti)vi (82)



184 8 Finite Time-Horizon Application: Nonlinear Filtering

where y; € R*. The v; € R* are unknown and p is k& x x matrix-valued. We
will assume that

f, o, h and p are all smooth, and that f, 0 and h are globally

Lipschitz in . (A8.1)

We also assume that there exists m, < oo such that
lo(z)] <m, VzeR". (A8.2)
We will assume that
Range(p(r)) = R for all z € R" (which guarantees that for
any y;, &, there exists some v; satisfying (8.2)), that p~! € C?, (A8.3)

and that there exist m, < co such that |p~(z)b| < m,|b| for all
z € R™ and all b € R¥,

where we use the Moore—Penrose inverse [54]
p~ 1 (2)b = argmin{|v| : p(z)v = b}. (8.3)
We will also assume that

Range(o(z)) = R" for all x € R", that o~! € C?, and that

lo=1(x)b] < M, |b| for all z € R™ and all b € R". (A8.4)

where we are again using the Moore—Penrose inverse. For notational simplicity,

we let @ = ooT.

Note also that these assumptions imply that if we view the integral version
of (8.1)

T
Ry / F(&) + o(€)wy dt (8.4)

as a mapping from &y to x7 then this mapping is one-to-one and onto for any
w € Ly. Let ¢ : R™ — R. Assume there exists my < 0o such that

d(z) <mg(1+|z|?) Va € R", and that ¢ is locally Lipschitz.  (A8.5)
In order to design the nonlinear robust/Hy filter, we define the following

payoff

2 2 T
J(Taryw) = =S 0() - 5 | lw@Pde—% Zw (8.5)

which, using Assumption (A8.3),
T

I o 2
= —%5¢(%) — 2, lw(t)|” dt

Nt
S N Gy — h(E)]P (8.6)
1=1

where & is given by (8.4) for any particular £ = xp and w, and Np =
max{i € N|t; < T}. Further, define the value function
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P(T,zp) = sup Jp(T,xr,w). (8.7)
weWw

This value function will be referred to as an information state (see, e.g., [12],
[52], [61] for more detail). In particular, at any time 7" > 0, P(T,-) will
contain sufficient information to estimate the state &p. Note that J and P
depend on the observation sequence, {y;} and initial ¢(-), although this will
be suppressed. The filtering goal will be to obtain a robust state estimate given
a specific observation sequence (up to the current time) and initial information
6(-)-

There are multiple estimators that have been defined using this infor-
mation state. One estimator, a “minimum energy” estimator, was developed
by Mortensen in the 1960s. In that case, the estimate of & is given by
argmax,cgn P(T,z) (see [41], [95]). However, we are interested in a filter
estimate that has an interpretation in a robust/Hs, sense. This estimator is
also the natural estimator in that it is essentially the maximum likelihood
estimator in a certain max-plus probabilistic sense. (Max-plus probability is
discussed in [39], [40], [84], [97], [98] among others.) Further, it is the limit of
a risk-sensitive estimator [43]. In the state-space interpretation of Hy, control
(c.f. [12], [52], [108]), one develops a controller where for all (finite-energy) dis-
turbance inputs, the cost (typically L) is bounded by a multiple of a measure
of the disturbance energy (where we use the term “energy” in a generalized
sense); see Chapter 1. In analogy with that, this robust/H, estimator is cho-
sen so that the squared estimate error is bounded by a measure of disturbance
energy. More specifically, at any time, T, one wants the estimate, ér, to satisfy
(for some (,v,7 € R)

“ 2 2 T 2 Nz
e — &rf* < lg¢(§o)+é/0 wePdt+ 5D o], (88)
i=1

where ¢ satisfies (8.1) for any possible &y, w.,v.. (Note that these are not
independent quantities given an observed y. process.) The existence of such
an estimator is guaranteed given that there exists £ € R™ such that ¢(z) >
|z — Z|? and that (,~,n are sufficiently large. Further, under this condition
(and the above assumptions), there exist ¢,v,n € R such that (8.8) is satisfied
by the estimator

ér = argmin max [|x —el? + P(T, a?)] (8.9)
e x

(where the existence of unique minimizing e and maximizing = are guaran-
teed). Proofs of these claims can be found in Appendix A. See also [41], [87].
Some readers may note that the above information state differs from some
others which include an integral running cost term. Such other information
states are particularly suited to the problem of H, control under partial in-
formation as opposed the problem of robust state estimation considered here;
see [12], [61].
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Clearly the propagation of the robust/H, filter estimates requires the for-
ward propagation of the information state, P. We will propagate P(T,-) for-
ward in time (approximately) by max-plus matrix-vector multiplication op-
erating on the (time-dependent) vector of coefficients in the max-plus expan-
sion of P(T,-). We begin, as always, with the DPP which we present without
proof (but see Chapter 3 for general DPP arguments for a finite time-horizon
problem).

Theorem 8.1. Let T,T — § € [id, (i +1)d;) for some integer i > 0. Then for
any x € R,

2 T
P(T,2) = sup {P(T o)=L [ b dt},
wew 2 Jrs

where & satisfies (8.1) with terminal condition & = x. Further, letting
P~ (tig1,2) = limyyy,,, P(t,x) for all non-negative integers i, one has

,\/2 tit1
P~ (tjy1,x) = sup {P(T —0,&r_s) — ?/ |wt|2dt} ,
weW T—6
where & satisfies (8.1) with terminal condition &, , = .

Although we will not be using the viscosity solution representation, com-
bining Lemma A.10 in the appendix and the machinery from Chapter 3, one
can show that the information state is given as a viscosity solution of the
associated HJB PDE between observation times.

Theorem 8.2. Over any time interval [t;,t;11) (for non-negative integer i),
the information state, P is the unique viscosity solution of

0="Pr—H(z,V,P) (8.10)
2
= Pr— [ 5 VP a@)VaP - T (@)V.P),
P(ti,x) = P(ti,i).

As usual, we use the DPP as a guide for defining a semigroup operator
which will be max-plus linear. Let

2 T
sle) = sup {ute) - 5 [l ar}. (8.11)
weWw 0
where & satisfies (8.1) with terminal condition & = z, and the domain is
implicit (but will include classes of semiconvex functions). Note that time is
reversed in this definition relative to our usual semigroup, but it is not difficult
to verify that the semigroup property remains valid. A result that is, by now,

obvious is the following:

Theorem 8.3. S, is a mazx-plus linear operator for any T > 0.
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Using Theorem 8.1, we find that for 7 € [0,0;) and any ¢ > 0,

P(t; +7,2) = S:[P(t;, )] (x), (8.12)
and that
P(tis1,a) = P~ (tipn, @) = Slo  @lyiss — h@)% (8.13)
where
P~ (ti1,2) = S5,[P(ts, )] (@) (8.14)

for all x € R™. Note that (8.12)—(8.14) define the forward propagation of the
information state.

8.1 Semiconvexity

In order to make use of this propagation via the max-plus linear operator,
as usual we need to specify appropriate max-plus spaces of functions and
max-plus bases for these spaces. The appropriate spaces are of course spaces
of semiconvex functions. We first demonstrate that the information state is
indeed semiconvex.

In [44], two proofs of semiconvexity under slightly differing assumptions are
given. The following proof of semiconvexity is adapted from a proof appearing
there.

Let us introduce the following function, V/*(T, x¢, 1), which we refer to
as a fundamental solution of (8.10). For zg,xr € R™, T > 0, let

9 T
V(T xo, 1) = sup {—7/ w(t)[? dt : €0=$0,§T=$T}7
0

weL>((0,T)RY) | 2
(8.15)
where . satisfies (8.1). From (8.11),
Srigl(e) = sup {V/*(T,29,2) + d(a0)}. (8.16)

o ER™

We can rewrite V/* in terms of the following calculus of variations problem
with fixed initial and terminal conditions. Let

. 2 .
L&) = Tlo T (€ - FO)P,
T

(T, 20, 27;€.) = —/O L(&, &) dt.

Then
VIS(T, g, x7) = sup{I(T,z0, v7;€.) : & = w0, & = 27}
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with & satisfying (8.1). Equivalence of (8.15) and this calculus of variations
version follows easily by noting that for each path, &., there is a correspond-
ing unique minimal-norm w. given in feedback form with the Moore—Penrose
definition of o~ 1.

Lemma 8.4. Given 0y, R, Ro € (0,00), there exists ¢ = c(0y, R, Ro) such that
VIS(T, zg,7) + (c/2)|z|? is conver on the closed ball Brr(T) where T = zo +
f(xo)T for all T € (0,6:] and all |xo| < Ryp.

Proof. Suppose T € (0, 8], |xo| < Rp, and

| — [zo + f(z0)T]| < RT. (8.17)
Note that (8.17) implies

| — xo| < RT + | f(x0)|T. (8.18)
By Assumption (A8.1), there exists Ky < oo such that

|f(1'1)—f($1)| SKH{El —1’2| V.’L’hirz ecR" (819)
|f(z1)| < Ky(1+[21]) Vai €R” (8.20)

By (8.18) and (8.20),

|z — x| < (R+ Ky + KyRy)T (8.21)
Let
€, =30+ (;) (x — w0).
Then
6= 1] = |~ ot o))+ )~ 1 (04 [ ] @ = an)) |

which by (8.17)

< et flan) = £ (0 + [ ] (o= 0))

which by (8.19)

)

gRH@HH (& — o)

which by (8.21)

<R+ Kst(R+ Ks + KfRy)
<R+ K;0(R+ Ky + KyRy) = C1.
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for all ¢ € [0, d;]. Combining this bound with the definition of L and (A8.4),
one finds

— - 2
~L(E,E) > —%MfC’f Vit e [0,5]. (8.22)

On the other hand, given g, z, there exists optimal £* (c.f. [46]) such that
&, = zo, & = x and

VfS(T7 l‘o,l‘) = I(T7 Zo, xaf*)

Then by the optimality of £* and (8.22),

2
I(Ta 370,15;5_*) Z I(T7 x0a$7£-) Z _%Mgcfétv

and using (A8.2), this yields
/ L€ - HE @) dt < m2MECH, (8.23)
Now, noting (8.20), one has
LIET =267 (E) + € ~ F(€)
<22 + 2667+ 207 € — (€]

<BKG|E P + Ky +2/€7[1€° — £(£7)]
< BKp+D)IEP+Kp+ € — f(€)P

Integrating, and using (8.23), this yields
t
€617 < RS+ (0 + mEMECHS + | 3K+ 1)igi P

0
Then, employing Gronwall’s inequality, one finds that there exist Ry, M <
oo (depending on Ry, R,d;) such that |§| < R; for all t € [0,6;] and
||§-*||L2(0,5t) < M.

Next, consider any direction v € R™ (Ju| = 1) and scalar h € [—1,1]. Let

t
=g+ who.

Then 5&_ = xp and 555 = x + hv. Moreover,

d2
(T w0, 4 b = o,
where .
1 : : :
A= [tQLLl(gh,gh)+2tL1,2(5h,§h)+Lz,z(§h,§h) dt,
0
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where L; ; represents the n x n matrix second partial of L with respect to its
™ and j* arguments. Because |¢| and [|"] 1,0, are uniformly bounded,

2

d
WI(T’ o, + hv;f_h) > —c

for some constant ¢ depending on d;, R, Ro. Then I (T, xq, z+hv; £") +(c/2)h?
is a convex function of h for |h| < 1. Consequently,

VIS(T, g, 2 + hv) + V(T zo, 2 — hv) — 2V75(T, 29, )
> (T, w0, + hvs €°) + I(T, wo, @ — ho; €77) = 21(T, w0, 23 €7)
> —(c/2)h?.

This implies that V/*(T,zq,x) + (¢/2)|z|* (as a function of ) is convex on
the closed ball B(ry k4 x,ry)r(T). O

Lemma 8.5. Let ¢ 67(0, 1], and 04, Ry € (0,00). There exists Cy = Co(d¢, R1)
such that for all x € Br,(0) and all T € [6;/2, 64,

Srlgl(x) = sup {o(z0) + V(T 20,2)}
w0€{|zo—[a-+f(2)T)|<C2T}

sup {@(xo) + V/*(T,z0,2)}
oG

for any G C R™ such that G 2 Be,r(v — f(z)T).
Proof. By (8.15) and Lemma A.10

2 T
sup {¢(xo) + V/*(Tyo,a)} = sup {qs(go)g / Wdt}

zoER™ |\w\|2§M§'i(1+Rf)
(8.24)
where & is given by (8.1) with terminal condition 7 = x, driven by w..

Let £° satisfy (8.1) with £ = 2 and [|w®||* < M’(1 + R). Let & =
x+ (t—T)f(z) for t € [0,T]. Then

L1 &P =206 ~ E)TISE) — F(&) + o(EF s,

which using Assumption (A8.1)

< 2K;|65 — &7 + 2165 — &l o ()],
and then using Assumption (A8.2)

< (2K +1)|€ — &2 + m2|wi]*.

Integrating, one finds
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T
€5 — &l* < millwlL, ) + 2Ky + 1)/ &5 — &2 ar
t
T ~
<mZMP(1+R?) + 2Ky + 1)/ &8 — & | dr.
t

Using Gronwall’s inequality, one can show this implies, for T € (6;/2,4;),
there exists Co = C3(dy, Ry) such that

1€6 — €~0| < CeT

where we skip the technical details. Therefore, if w® is e-optimal with ¢ € (0, 1],
one has &5 — [z — f(2)T]| < C3T. Therefore, by (8.24) and (8.15), one has the
result. O

Lemma 8.6. Let 6y, Ry,d € (0,00). Let |z| < Ry and T € (0,06;]. There exists
R € (0,00) independent of x, T such that

Bar(x) S () N Brr((x0))

2€Bar(z) z0€Beyr (2+f(2)T)

where T(xo) = xo + f(xo)T. Further, there exists Ry € (0,00) such that

U ECQT(Z - f(Z)T) < ERo (0)
ZEEdT(E)
Proof. The second assertion is obvious. The first assertion will be proved if
one finds R < oo such that if |z — 2| < dT), |z — [z — f(2)T]] < CoT and
ly — x| < dT, then |y — [x0 + f(z0)T]| < RT (i.e., y € Brr(Z(zy)). To prove
this, we note
ly = [zo+ fxo)ll = ly —x+2 =2+ 2 — [xo + f(20)T]]

< 2dT + [z — f(2)T — wo| + | f(2)T — f(20)T]]

<2dT + CoT + K|z — xo|T

< (244 Co)T + Ky |z — [(:)T — w0l T + K| f(2)TIT

< (2d+ Co)T + KfCoT? + K7 (1 + Ry + d)T?

< [2d+ Co+ K;Cody + K7(1+ Ry + d)§,]T.

The result follows if one takes R = 2d+ Cy + K;C26; + K?(l + Ry +d)d. O

Theorem 8.7. Let Ry,d,6; € (0,00), and let T € (6¢/2,0;). There exists
¢ = c(Ry,d,8) such that St[d](x) + (¢/2)|z|? is convex or Br,+ar(0).

Proof. Let R, Ry be as given by Lemma 8.6. Let x € Bg, (0). Let

G= |J Bear-fE1).

2€Bar (z)
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Let z € Byr(x). By Lemma 8.5,

Srll(2) + (¢/2)|2]* = sup, [¢(z0) + VI*(T, w0, 2) + (¢/2)[2"] . (8.25)

By Lemma 8.6 and z € Byr(x), for any x¢9 € G, one has z € Brr(Z(xg)) N
Br,(0). Consequently, by Lemma 8.4, V*(T, x¢, z) + (¢/2)|2|? is convex over
z € Byr(z). Therefore, the right-hand side of (8.25) is a supremum of convex
functions over Byr(x). Therefore, St[#](2)+ (c/2)|z|? is convex on Byr(z) for
any = € Bpg, (0). Further, because Ry depends only on R;,d,§; and ¢ depends
only on Ry, Ry, 6;, we see that c is independent of x € B, (0). Consequently,
Sr[8](2) + (¢/2)|z]? is convex on Br,yar. O

Theorem 8.7 implies that the information state (in the absence of measure-
ment updates) will be semiconvex on [¢; + 8:/2,t;41] for all i € {0,1,2,...}.
To complete this discussion, one also needs to show that the measurement
updates (8.13) maintain semiconvexity.

Lemma 8.8. Suppose v is semiconver. Then v (z) — 3|p~ ! (z)[y — h(z)]|? is
semiconvex for any y € R¥. In particular, if ¥ (x) + (c/2)|z|? is convex over
Bg,(0) and y € By, (0), then there exists C = C(c, Ry, Ry) such that ¢(x) —
o7 =)y — h(=)]]* + (C/2)|z|? is convex over B, (0).

Proof. Let G(z) = |p~1(z)[y — h(x)]|?. Fix R < co. Then, because 1) is semi-
convex, there exists Cr < oo such that ¢(z)+ % |z|? is convex. But by (A8.1)
and (A8.3), there exists Cp,, < oo such that |G, (z)| < Cg,, for all z € Bg.
Consequently ¢(z) — |p~ ! (z)[y — h(z)]|> + %MQ is convex. O

By Theorem 8.1, Theorem 8.7 and Lemma 8.8, we see that the infor-
mation state, P(t,-), will be semiconvex for all ¢t € [t; + 0+/2,t;41] for all
1€40,1,2,...}.

It is interesting to note that there exists a semiconvexity constant over
Bp, (0) which is uniform over |J;(t; + 6/2,t;4+1) such that the semiconvexity
constant depends on R, where {y;} C B, (0), but independent of the y;.

8.2 Max-Plus Propagation

One would like to calculate P(t,z) in a region of interest around argmax, |z —
ér|? + P(t,x)]. Suppose that the region of interest remains in some B, (0)
for the period of interest say t € [0,7] = [0, N§;]. By the above results, we
see that there exists ¢ < oo such that P(t,-) is semiconvex on Bg,41(0) with
constant ¢ for all t € (J; _ y[ti+0:/2,ti11], and that P~ (#;,-) is also semiconvex
with the constant for ¢ < N. Suppose ¢ is also semiconvex with constant ¢
over Br,+1(0).

Recall that semiconvexity of P(t,-) (or P~(t;,-)) implies that given any
ball Br(0), P(t,-) (or P~ (t;,-)) is Lipschitz with some constant, L, over Br(0)
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(c.f. [42]). Recall also, from Chapter 2, that SglL denotes the space of semicon-
vex functions with (semiconvexity) constant ¢ and Lipschitz constant L over
Bg, (0). We view the restrictions of P(t,-) (over appropriate time intervals as
given above) and P~ (¢;,-) to Bg,(0) as elements of SgL.

Let C be an n X n symmetric matrix such that C — & > 0. Recall (see
Chapters 2 and 4) that the set of functions

Yi(x) = f%(x — xi)TC’(x —x;),

where the z; form a countable dense set over £ = {Z € R" : ET(é)?)? <

(L + |C|R1)}, comprise a countable basis for max-plus vector space SI%L. In

particular, for any P(t,-) € S}(—’;E7
P(t,z) = sup [a; + P;(x @ a; ® Pi(x)], (8.26)
1EN i=1
where
a; = — max [—P(t,z) +¢i(z)] Vi (8.27)
IEBRI

As in Chapter 4, we make the unwarranted assumption that P(tg,-) and
P~ (t, ) have finite max-plus basis expansions which we write as

P(tg,x @a ®Y(x VxEFRl,

N
tk, @al .T VZL‘GERl.
i=1

Let a* and a=* be the vectors of length N with elements a¥ and a; ’k, respec-
tively. Also, let ¥ (z) denote the vector function of length N with elements
¥;(z). We will not perform a convergence analysis with regard to the errors
introduced by such a truncation of expansions; an error analysis for an infinite
time-horizon control problem class appears in Chapter 5.
Recall that
P (tir1,) = So, [Pt ) (@),

where S5, is max-plus linear. As in Chapter 4, we also suppose that the Ss, [¢]
have finite max-plus basis expansions in terms of the same {1;}Y ;, and define
N x N matrix B componentwise by

B;; = — max (¢i(z) — Ss,[¢](x)),

xEBRl

in which case
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(E) :@Bl’]@)’(ﬂz(‘f) Vx €§R1

for all 7 < N. Then, with ® representing the max-plus dot product here,

N

@D a; @ i) = [aM 0 ) (@) = P (e, ) = S5, [Plt, )] (@)

i=1
= S5, [a" 09 ())(z)
which by the max-plus linearity of S,

@2

af ® S, [1;](x)

<.
Il
—_

6@92

<.
I
—

@Bm ® Y@ ]
N
@Bi,j (X)CL;c
j=1

® ().

@z

s
Il
-

This holds if we take
—k+1 @ B, ® a

for all 4, or in other words, if
a %t = Bgad”.

This leads us to the following algorithm for the propagation of the
robust/H, filter information state.

1. Let k = 0 and compute a) = — max, 5 [ti(z) — ¢(2)] for all i < N.
©€Bn,

2. Propagate the dynamics forward in time by a=**! = B ® a*.
3. Transform back to state space by

(kg1 @a '@ gi(e) = am M o g(x)

to obtain P~ (tx4+1,z) over Bp,.
4. Perform the measurement update via

Pltks1,2) = P(thsn,) = 107 (@) luksa — (@)

for z € Bg,.

k+1

5. Compute a; " = —max

[—P(tgs1,2) + i(2)] for all i < N.

zEERl
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6. Increment k and return to Step 2.

Remark 8.9. The above algorithm requires the precomputation of B, which
then allows one to bypass the computationally difficult propagation of the
HJB PDE forward in time. This leaves the transformations in Steps 3 and 5
as the most demanding portions of the computations.

Remark 8.10. Note that there exists a semiconvexity constant, ¢, such that
the P~ (tg,-) and P(t;,-) are all semiconvex with this constant over B, (0).
However, an approximation generated by forward propagation of a truncated
max-plus expansion, with say C' (where C' — ¢I > 0) as the quadratic growth
constant in the basis functions, may have a higher semiconvexity constant
than C. Employing the same basis functions to approximate this propagated
approximation, can induce additional errors in the propagation. One approach
to dealing with this issue is to search for a basis expansion such that the basis
functions do not become more concave with propagation over a time-step.
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Mixed L, /L, Criteria

In previous chapters we considered problems with cost criteria in integral
form. In this chapter we will introduce L.,-type criteria as well. Recall that
suprema over time correspond to max-plus integrals over time. This leads one
to refer to such criteria as max-plus additive criteria, and to standard-sense
integral criteria as max-plus multiplicative. In a sense, this is a very natural
class of cost criteria for max-plus analysis.

With the exception of Chapter 8, the approach so far has been to use
an infinite time-horizon problem as the basis for development of max-plus
methods. We continue that here. With the max-plus multiplicative criteria,
infinite time-horizon problems led to max-plus eigenvector problems, say e =
B®e. Here, the addition of L., (max-plus additive) components to our criteria
will lead to problems of the form a = ¢ ® B ® a where now the problem data
yield both the matrix B and the vector ¢. One then solves the problem by
obtaining a. This approach was first studied in McEneaney and Dower [76].
Interestingly, a generalization of the power method from Chapter 4 can be
used here. Curse-of-dimensionality-free methods have not yet been explored
in this class. We will not perform an error analysis, but refer to Chapter 5 as
an example of how such an analysis might proceed.

9.1 Mixed L.,/L, Problem Formulation

We return here to the familiar infinite time-horizon dynamic model that was
considered in Chapters 4-7. More specifically, we consider dynamics

£=f(&) +0(Ou (9.1)
with initial condition

o=z €R" (9.2)

We again assume (A4.11) and (A4.2I), and also that f,o € C?. However,
the theory to follow will hold for a much wider class of systems; see [76].
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As before, u; will take values in R!. We will consider two classes of control
spaces: Z/{[JS”T) for M € (0,00) and 0 < 5 < T < oo, and Ll[],‘S/IT) for M = oo and
0 < s <T < oo, where specifically, we let

T
{u:[5,T) — R ulln. s,y < 00, [, n(jue]) dt < oo}

UM = if M = o,
s, T) — T
ST ) fus [5,T) = RY Jull o oy < M, [T n(lue]) dt < o0}
if M < oo,
(9.3)

where 7 : [0,00) — [0, 00) is continuous and strictly increasing with 7(0) = 0.

Let ¢,L € C?>(R"™) and n € C?((0,0)) N C([0,)). Fix any M € (0, 00].
One says that system (9.1), (9.2) satisfies the following mixed L.,/Ls-gain
property if there exists a locally bounded nonnegative function § : R" —
[0, 00) such that

Uer) + / L&) — n(lud) dt < Bla) (9.4)

forallz € R", u € U](‘)/{T and T € [0,00), where we assume throughout that
we use M = oo if and only if £ = 0. This class of problems is closely related
to the stability notions (such as ISS — input-to-state stability) of Sontag et
al. (c.f. [105]). More complete discussions of this class of problems and their
relation to stability issues can be found in [55], [56], [62].

We assume there exist Cy, Cp, k1, ko € (0,00) such that

L(z),(zx) >0 VzeR",

lon(x) +Cr >0 VaeR",

Lyz(z)+CL >0 VzeR",

n(|vr +va|) — n(jv1]) < kylvr|Jva| + kalva*  Vor,v € RL

(A9.11)

where we note that the last assumption (on ) holds if the second derivative of
7 is bounded. We will now make two rather broad assumptions. These are not
specific in terms of say a Lipschitz bound on some function, but are instead
given in terms of the general behavior of the system. These assumptions are
left broad so as to cover the wide variety of problems being considered in this
chapter. For a specific problem form, one would need to verify whether these
following conditions are met. We assume:

There exists ¢; < oo and 3 : R™ — R which is bounded on
compact sets, such that

T
ler]® < 6(x)+c1T+/ n(|ue) dt (A9.21)
0

forall z e R™, u € Z/[[](‘)J’T) and T € (0, 00).
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There exists ¢; < o0, a € (0,1) and 3 : R* — R which is
bounded on compact sets, such that

T

T
. A9.31
e+ [ L@ b+t +a [ agupa A8
0 0
forallz e R", u € L[[](\){T) and T € (0, 00).
For purposes of concise presentation, define
t
It = [ L&) = n(lur ), (0.)
J(s,t,x,u) :g(gt) +I(s,t,x,u), (96)

where £. satisfies (9.1) with & = x. We will be primarily interested in value
function

W(x) = sup sup J(0,T,x,u). (9.7)
T<00ueu[1(‘J/{T)

A closely related value function is given by

V(xz) =limsup sup J(0,7T,z,u). (9.8)
T—oo uweuUM
0,7)

These will be referred to as the stopping-time problem value function and the
infinite time-horizon problem value function, respectively. We will see that
the solution of the infinite time-horizon problem plays a role in the solution
of the stopping-time problem. The max-plus analysis of this problem first
appeared in McEneaney and Dower [76], and we follow that here. Note that
the presence of the ¢(&1) term implies that SUPy e J(0,T,z,u) may not

be monotonically increasing as a function of T', and so W may not be equal
to V. This is distinct from the infinite time-horizon problem formulations
in Chapters 4-7. However, with £ = 0, W is identical to the value function
considered there if one takes n(s) = “’2—252. Further, in that case (¢ =0, n(s) =

2
2-5%) one sees that, by considering u = 0,

M M
uEM[OYT) ueM[O,T)

T 2
sup J(O,T,LL',U) = sup {/ L(gt) - %|ut|2 dt}
0

is monotonically increasing in 7. Consequently in that case, W = V. Also
note that in that case

W(zx)= sup sup J(0,T,z,u),

weUM,loc T< oo

where
Z/{M,loc - {U . [O’ OO) N Rl |U[0,T) S U[J(\){T) VT € (07 OO)}
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and wufs ) denotes the restriction of u to domain [s,T'). We note that
SUP7 <o J (0,7, z,u) contains an Lo.-type component. In particular, if L = 0,
one has

T<oo T<oco

T
sup J(O,T,CB,U) = sup {e(gT) _A n(“t)dt} :

One can view this as a max-plus integral. Further, one can view the sup,,¢;4n,10c
as an expectation with respect to a max-plus probability measure specified by
n (c.£. [1], [5], [28], [39], [40], [97], [98], [99)).

In keeping with the broad discussion of multiple problem forms in this
chapter, we assume directly that

V(z),W(z) € R for all x € R" (i.e., V, W are finite). (A9.41)

9.2 Dynamic Programming

We again begin with DPPs for these value functions. The DPP for the infi-
nite time-horizon problem will yield, as usual, a max-plus linear semigroup.
However, the DPP for the stopping-time problem will yield a max-plus linear
sub-semigroup.

9.2.1 Dynamic Programming Principles

It is not difficult to show that the stopping-time value W satisfies the following
DPP, and we will do so.

Theorem 9.1. Let 7 € (0,00). W given by (9.7) satisfies for all x € R",

W(z) = max{ sup sup J(0,T,z,u), sup I(O,T,$,U)+W(§T)}. (9.9)
Tel0,7) uGM[I(‘){T) uGZ/{[Jg{T)
Proof. Fix 7 > 0. The supremum over T € [0,00) in (9.7) is equivalent to
maximum of the suprema over [0, 7) and [r, 00). That is,

W (x) = max (SupTE[O,T) SUPueuh J(0,T, z,u),

sup  sup {l(&r)+1(0,T,z,u):& = :1:}>

M
Te[r,00) ueldff 1y

=:(r (x)

where ¢ satisfies (9.1) with & = z (as indicated) in the second term on the
right. Considering the (; () term only (i.e., the second term in the maximum),
one finds
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G ()

sup  sup {I(0,7,2,u) + Uér) + I(, T, & u) & = v}

M
Te[r,00) uEZ/I[O,T)

— sup  sup  sup {107z ut)+ ((ER) + I(r, T, €L u?)

M M
Te[r,00) ul eL{[U)T) u2 EU[TYT)

=08 =¢)
where ¢! (over [0,7)) satisfies (9.1),(9.2) with input u!, and &2 (over [r,T])
satisfies (9.1) with input u? and initial condition &2 = 1. This is
= sup {I(O,T,x,ul) + sup sup [e(g%) +1I(7,T, §i,u2)]

M
uleu[oj) Te([r,00) u2€U[TYT)

g =, 6 =6
B 1 1y . el _
= sup {I(OvTvxau)—’_W(Er)gO_‘T} 0
uleM[Ig{T)
In order to prove a dynamic programming principle for the infinite time-
horizon value V, it is useful to consider the following auxiliary finite horizon
optimization problem:

W(z,T) = sup J(0,T,z,u) (9.10)

M
“GM[O,T)

It follows immediately from (9.7), (9.8) and (9.10) that

W(z) = sup Wiz, T), (9.11)
V(z) = limsup W (z, T). (9.12)

Identity (9.12) will be used to prove the DPP for V. The following lemma is
essentially identical to a DPP from Remark 3.9, but with a change of variable
in the time component.

Lemma 9.2. W given by (9.10) satisfies

W(z,T) = sup {1(0,7,2,u) + W T—7): & = x} (9.13)

M
uEM[DyT)

forallz e R*, 0<7<T < 0.

Note that DPP (9.9) may also be proved using (9.13) by first rewriting
(9.13) so that it holds for all 7 € [0, 00); see [76].

We now continue by using Lemma 9.2 to prove the DPP for the infinite
horizon value function V. First we need the following technical lemma.

Lemma 9.3. Fiz p € [0,00), € € [0,00), and 0 < 7 < T < co. Let € € (0,2].
There exists R = R(p,7,T,8) < 0o such that the following holds: Given any
x € B, and e-optimal u>T¢ for W(x,T) (i.e., such that J(0,T,x,u®"*) >
W(x, T) —¢), one has £27¢ € Br where £€57¢ satisfies (9.1) with £57° = x
and input u®Te.
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Proof. In the case M < oo, the proof is immediate. We turn to the case

M = oco. Fix T € (0,00), p € (0,00) and = € B,. let ¢ € (0,1]. Let u®

be e-optimal for W(x,T). By the non-negativity of L,¢ and the fact that
77(0) =0,

T
—e <t + [ L&) (i),
0
where £° is driven by u® with £§ = 2. By Assumption (A9.31), this is

T
< (a—l)/o n(hi ) dt + esT + Bla).

Rearranging this, one sees that
T 1 A .
|ttt < o T+ ) < o
0 _

for proper choice of C¥ T Then, using Assumption (A9.2I) and the non-
negativity of 1, we see that this implies that for any 7 € [0, 77,

€ < B(a) + aar + / n(lus) dt < B(z) + erT + O
0

Because 3 is bounded on compact sets, one has the desired bound. 0O

Definition 9.4. The limit supremum in (9.12) (equivalently, (9.8)) is at-
tained uniformly on compact sets from above if the following condition holds:
Given any compact set X C R™ and € > 0, there exists T. x such that

W, T)<V(z)+e VI >T.x, VZeX. (9.14)

Definition 9.5. The supremum in (9.11) (equivalently, (9.7)) is attained uni-
formly on compact sets from below if the following condition holds: Given any
compact set X C R" and € > 0, there exists I, » such that given any x € X,
there exists T, € [0,T y| such that

Wiz, T,) > W(z) —e. (9.15)

Further, the supremum in (9.11) (equivalently, (9.7)) is attained uniformly on
compact sets from below with a lower time if the following condition holds:
Given any compact set X C R", To > 0 and € > 0, there exists T, y 1,
such that given any x € X, there exists Ty, € [To, T, x 1,] such that inequality
(9.15) holds.

Note that the second item in Definition 9.5 poses a stronger requirement
than the first. For the remainder of this chapter, we assume that

the limit supremum in (9.12) is attained uniformly on compact
sets from above, and that the supremum in (9.11) is attained (A9.5I)
uniformly on compact sets from below with a lower time.
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Lemma 9.6. V given by (9.8) satisfies

V(z) = sup {I(0,7,2,u)+ V(&) : & =x} (9.16)

M
u&io, )

Yz € R™, 7 € [0,00).

Proof. Fix x € R", 7 € [0,00). Let the notation a A b denote min(a, b) for any
a,b € R. Then, (9.13) implies that

Wz, T)= sup {I1(0,7 AT, z,u) + W(Ear), T — (T AT)}  (9.17)

ueUM

[0,7AT)

for all 7 € [0, 00) where £ = z. By (9.12) and (9.17),

V(z) =limsup sup {I(O,T/\T,ZL’,U) + W(E(TAT),Tf (r /\T))},

M
T—o0 u€lUg .y

where £ = z, and this is

> sup 1imsup{](0,7’,x,u) + W(@,T— T)}

M
uEU[O,T) T—oo

= sup {I(O,T,x,u)+limsup W(fT,T—T)}

ueu[fgm) T—o00
= sup {I(0,7,2,u)+V (&)}, (9.18)
ueUM

[0,7)

which proves the inequality in one direction.

We now prove the reverse inequality. Fix 7 € [0,00). Fix p € (0,00) and
z € B, C R". From the definition of V', we know that there exists a strictly
monotonically increasing sequence, {T;}, such that

V(z)=lim sup J(0,T;,z,u).
’—’Ooueu[i‘,{m

Consequently, given € > 0, there exists i(z) with Tj,) > 7 such that

Vi) < sup J(0,T;,z,u)+e Vi>i(z).

M
uEL{[O’Ti)

Therefore, for any i > i(x), there exists u®? € Z/{[j(\)/{Ti) such that

V(z) < J(0,T;,x,us") + 2
=1(0,7,2,u"") + J(7,T;, €%, u®) 4 2¢

T

where €57 is driven by u®* with initial condition fg’i = x, and we note the
slight abuse of notation incurred by the use of u®* where we should actually use
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the restriction of that process to the relevant time domain. By the definition
of W, this obviously implies

V(@) < 10,7, 2,u"") + W(E, T; — ) + 2. (9.19)

Now by Lemma 9.3, there exists R = R(p,7) (independent of z,u®*) such
that o
" € Br. (9.20)

Further, by the assumption that limit supremum in (9.8) is attained uniformly
on compact sets from above, one then finds that there exists T r (independent
of £5*) such that

W(z,T)<V(z)+e VYxeBg VT >T.pg. (9.21)

Combining (9.19), (9.20) and (9.21), one finds that for i > i(x) sufficiently
large such that T; — 7 > T’ g,

V(z) < 10,7, 2,u5%) + V(£57) + 3e.
Consequently,

V(z) < sup {I(0,7,2,u)+V()} + 3e.

M
uEZ/I[O,T)

Because this is true for all € > 0, one obtains the reverse inequality, and so

the proof is complete. O

9.2.2 Dynamic Programming Equations

By considering the DPPs (9.9) and (9.16) in the limit as 7 | 0, one would
typically find that W and V satisfy respectively a variational inequality (VI)
and an HJB PDE. Because the focus here is on max-plus methods rather
than PDE/VI-based methods, we only indicate the corresponding VI and
PDE problems.

Define the Hamiltonian

H(z,p) = L(z) + sup {f(z,v)-p—n(v])}.
veR!

One expects W to be a viscosity solution of the VI (c.f. [8])
—max ({(x) — W(z), H(z, V,W(z))) = 0. (9.22)
One expects V' to be a viscosity solution of the HJB PDE (see Chapter 3)

—H(z,V,V(z))=0. (9.23)
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9.3 Max-Plus Representations and Semiconvexity

Define the time-indexed operator

&[aﬂ(z)max{ sup  sup J(O,t,x,u), sup [I(O,T,x,u>+¢<a>]}

M M
tel0,7) ueZ/{[OYT) “eu[o,r)

and the semigroup

L:[¢] = sup [I(O,T,%U)‘Fﬁb(fr)]

M
uSlpo,

where the domains are implicit. Then DPP (9.9) can be rewritten Va € R
as
W (z) = S, [W)(x) = max{ sup  sup J(0,t,2,u), £ [W](x)}

M
te[0,7) uGZ/I[Oﬂ_)

and the DPP for V, (9.16) can be rewritten Vaz € R™ as
V(z) = L;[V](z)

One can easily show that £, is a max-plus linear operator. Define ¢, :
R™ — R by

¢-(x) = sup sup J(0,t,xz,u) VzeR" (9.24)

M
t€[0.7) uely!

Then, for all ¢ in the domain of L,

5:16](x) = max{e-(2). £,[¢](2)} = {er & L [0]}(x) Vo cR",  (9.25)

and consequently, S; is a max-plus affine operator. Note that our DPP for
W, (9.9), now takes the form

W =c, &L W] (9.26)

Similarly, one easily has (as in Chapter 4) that our DPP for V, (9.16),
takes the max-plus eigenvector form

0@V = L.[V]. (9.27)

We will focus in this chapter on methods similar to those used in Chapters
4-5; methods similar to those of Chapters 6 and 7 have not yet been developed
for this class of problems. Consequently, we will again be interested in spaces
of the form S}%L where c is the semiconvexity constant over Br and L is the
Lipschitz constant over Br. With this in mind, we see that it will be useful to
prove that the value functions, V' and W are semiconvex. We again note that
this chapter is intended to be rather general in terms of the scope of prob-
lems. In particular, we are allowing the cost criterion and control spaces to
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take a variety of forms. Consequently, and in contradistinction to say Chapter
4, a single set of assumptions on f, o, L, ¢, under which one could guaran-
tee semiconvexity of W,V for all cases would be far too restrictive. Instead,
we demonstrate semiconvexity for two specific subclasses of problems, and
then assume semiconvexity of value for the remainder of the chapter without
reference to a specific set of assumptions yielding the semiconvexity.

Theorem 9.7. Suppose £ =0, n(s) = "’2—252, M = oo and (A4.31), (A4.41). If
(A4.41) holds with v replaced by v* — § where 0 < V(x) < ¢y 72_5|x\2 for all

2
2m2

x € R™ (where we note V.=W in this case), then V' and W are semiconvex,
and consequently, given R < oo, there exists ¢, L < co such that W,V &€ SEL.

Proof. This follows by Theorem 4.1, Theorem 4.2 and Corollary 4.11. O

The above result is really appropriate only to that subclass of problems
without an L., component. In keeping with the spirit of this chapter, we now
include a proof of semiconvexity under more general conditions which would
need to be verified for any specific mixed Lo, /La problem.

Theorem 9.8. Suppose M < oo, and that W,V : R" — R. Assume that the
supremum in (9.11) (equivalently (9.7)) is attained uniformly on compact sets
from below (see Definition 9.5). Then W is semiconvez. Suppose, that the limit
supremum in (9.12) (equivalently (9.8)) is attained uniformly on compact sets
from above (see Definition 9.4), and that the supremum in (9.11) (equivalently
(9.7)) is attained uniformly on compact sets from below with a lower time (see
Definition 9.5). Then V is semiconvet.

Note that some assumptions which are already being assumed through-
out this chapter, are specifically called out in the above theorem statement
in order to be clear regarding exactly which ones are needed for each of the
two assertions. Prior to the proof we note the usual result that semiconvex-
ity implies the local Lipschitz property (c.f. [42]). This yields the following
corollary.

Corollary 9.9. Under the conditions of either Theorem 9.7 or Theorem 9.8,
V and W are locally Lipschitz.

Proof. (proof of Theorem 9.8) Fix R < cc. Let x € B C R™ and v € R"®
with |v] = 1. As in Chapter 4, we will prove semiconvexity by showing that
second differences of W and V, such as W (x + év) — 2W (z) + W (z — dv), are
bounded from below for sufficiently small 6 > 0. We will take ¢ € (0,1].

Let € > 0. As the supremum in (9.11) is attained uniformly on compact
sets from below, we see that there exists T, T = Z§R7€ with T' < T such that

W(x,T)>W(z)—¢ Vax€Bgr, VI >T. (9.28)

Let u® € L{[](\)/{T) be such that
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JO,T,z,u) > W(x,T) —¢. (9.29)
Now define 27 = x + v, 2~ = = — dv. Let trajectories £5T, €57 satisfy
(9.1) with initial conditions &' = zF, &'~ = 2~ and inputs u; = u,

u; =uj + A;. One has

EF =€ = F(EF) — J(E) + () — o ()],
E - =f(&) - f(ET)+a(&)u® —o(E57)[u® + Al

Then, as in the proof of Theorem 4.9, one chooses

Av= o HETIET) —2£(E) + F(&T)
o) = 20(&) + o (&7 7)us} (9.30)

(As before, although A; is defined by the above feedback formula, the corre-
sponding A; as a function of ¢ is used.) Consequently, one again obtains

PTG =66 vteo,T). (9.31)
Thus, one has

W(z + 6v,T) — 2W (2, T) + W (z — 6v,T)
> UEF + [677 — &7)) — 20(8%) + (&7 — [677 — &7))

T
+ [ vl - g - 2L + L - I - g ar
0
T
= [t + 20— il de 2. (9.52)
0
Using Assumption (A9.11), this yields
W(z + 6v,T) — 2W (2, T) + W (z — 6v,T)
T
> 20t - -2 [ 16t - g
0
T
—/ ot S || Al + o A dt — 2 (9.33)
0
Using Assumptions (A4.11) and (A4.2I), one has
Ll — € <K — 6P 4 2Kl — 6P
<K + K, M)|E5T — &P = Cij¢t — €
which implies

‘gtsﬂL _ £ts|2 < 5201 T < 5201 L vy ¢ [OvT], (9.34)
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Sustituting (9.34) into (9.33) yields

W(z+ 6v,T) — 2W (2, T) + W (z — 6v,T)

Y

T
— [20[6012 + 201(I/C1)eclz] 52 - / k1|u§||At| + k’z‘At|2 dt — 2e
0

T
Cho? — / oa[uS || e + oo Ay 2 dt — 2. (9.35)
0

Noting that

d

€17 <2 F0)] + K€ — 0] + mo M]

< |FO)? + (me M)* +2(K + 1)[€°]%,

it is easy to show that there exists Dr 1 < oo such that
&1 < Dpr Vte€[0,T], Vo € Bp. (9.36)

By the smoothness of f and o, there exist QQT,Q%)T < o0 such that

| for(@)| < Qfp and |o40(2)| < Q% for all # € Bp, . Using this, (9.30)
and Assumption (A4.2I), one has

| Ay <m0 [2Q% 107 + 2QF, 1 M%) = Cs prd® Yt [0,T] (9.37)
for any initial x € Br. Combining (9.35) and (9.37) yields

W(z + 6v,T) — 2W (2, T) + W (z — 6v,T)
—02(52 — IkﬁlMCg)R)I(SQ — Ik‘g(Cg)Ryz)Q(Yl — 2e
—02(52 — IkﬁlMCg)R)I(SQ — Ik‘g(Cg)R)z)Q(SQ —2e = _04,R,I52 — 25.(9.38)

AVARLY,

Combining the fact that W is a supremum over T of W and (9.28) with (9.38)
yields
W (z + dv) — 2W (x) + W (x — 6v) > —Cy g 70° — 4de.

Using the fact that this is true for all € > 0, one finds that W is semiconvex.

Now we proceed to prove that V' is semiconvex. By the assumptions that
the limit supremum in (9.12) is attained uniformly on compact sets from
above, and that the supremum in (9.11) is attained uniformly on compact
sets from below with a lower time, one finds that there exist 7,7 € (0, 00)
(dependent only on R) such that for any z € Bp, there exists T € [T,T]
(where T itself may depend on z) such that

W(z,T)>W(z)—e>V(z)—ce, (9.39)
Wz +6v,T) < V(x+6v) +e, (9.40)

and
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W(z—6v,T) < V(z—ov)+e. (9.41)
By (9.39)*(9.41)7

> W(x+6v,T) —2W (2, T) + W(z — 6v,T)

V(z+dv) —2V(z) + V(x — ov) >
—4e,

which by (9.38)
Z —04)3’152 — Ge.

Because this is also true for all € > 0, we see that V is semiconvex. 0O

9.4 Max-Plus Numerical Methods

We now have the structure needed to construct max-plus based methods.
In particular, we have semiconvexity of the value functions, and max-plus
linear and max-plus affine representations of the DPPs. Chapters 4-7 dis-
cussed max-plus numerical methods for steady-state problems. In Chapters
4 and 5, we discussed a max-plus eigenvector approach. In Chapters 6 and
7, we considered methods based on dual-space operator construction includ-
ing the curse-of-dimensionality-free method. The purpose of this chapter is
to give an overview for a wider class (mixed L, /Lo problems), with a cor-
respondingly less specific study of detailed assumptions and calculations. In
keeping with this broad approach, we will indicate only the main points of
a generalization of the max-plus eigenvector approach. Error analyses will
not be provided. Operator construction/curse-of-dimensionality-free methods
have not yet been developed for this wider class of problems, but of course
the prospect is promising. We will, however, discuss an interesting max-plus
algebraic representation for a certain lack of uniqueness in the VI.

Suppose we wish to compute V, W over Br. We will assume throughout
this section that there are sufficient conditions such that one of the semicon-
vexity results of the previous section holds. Then, based on this semiconvexity,
one has that given R < oo, VW € SI%L for some ¢ € R and L € [0, 0). Recall
Theorem 4.13. In particular, let C be a symmetric matrix such that C'—cl > 0.
Let ¢;(x) = —1(x — 2;)TC(x — ;) where the 2; € N form a countable dense

2
subset of £ = {T € R": T'(C?)T < (L + |C|R)?}. Then, for any ¢ € Sg-,

¢(I) = SUP [az + wz @ a; & wz , (9'42)
ieN i=1
where
a; = — max [—¢(z) + ¢¥;(z)] Vi. (9.43)
r€EBR

Now, as in Chapters 4-6, we will suppose that the value function, W (x)
has a max-plus expansion with a specific, finite number of max-plus basis
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functions. (Again we remark that an error analysis for a particular Lo-gain
case appears in Chapter 5, and we do not perform a similar analysis here.)
Suppose

W(z) = {@ [a; ® m]}(:ﬂ) (9.44)
i=1
with the a; given in (9.43), with W replacing ¢. Similarly, suppose that for

each ¢ € {1,2,...,v} one has a finite max-plus expansion of £, [¢;] which we
denote by
L[] = @ [Bj,i ® ;] (9.45)
j=1

where B;; = —max,{¢;(z) — L;[¢;](2)}, and also that
e = Bles © i, (9.46)
j=1

where ¢; = —max,{¢j(x) — ¢-(x)}. Then, by (9.26) and (9.44)

@a]‘ ®j =c;r @ﬁr[@ai@@%],
j=1 i=1

which by (9.45), (9.46) and the max-plus linearity of £,

_ Lei?q@wj} @{Zei?ai@) []Gi?Bj,i®¢j]}

- Lai?cj @%} @ {EB[; ai®Bj,i] ®z/)j}

j=1
=P [cj P B ai] ®P; (9.47)
j=1 i=1

Under an assumption that each basis function is active (see Theorem 4.15),
(9.47) implies that the vector of coefficients a;, denoted simply by a, satisfies
the affine equation

a=c® [B®ad] (9.48)
where c is the vector of coefficients ¢;, and B is the v X v matrix of elements
Bj ;. In summary, one finds the following.

Theorem 9.10. The solution of DPP (9.9) is given by W = @;_, a; ® v
where the vector of coefficients satisfies maz-plus affine equation (9.48).

Similarly, suppose for now that V has the finite expansion (but see Chapter
5 for discussion of the associated errors in a simpler case with ¢ = 0) with all
basis functions active
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Vi) = { Pl vif@) (9.49)
with the e; given by
e; = —mgx{@(x) - V(x)}. (9.50)

Then one has (see Theorem 4.15) the following:

Theorem 9.11. The solution of DPP (9.16) is given by V = @;_, e; ®
where the vector of coefficients satisfies maz-plus eigenvector equation

O®e=B®e. (9.51)

9.4.1 Nonuniqueness for the Max-Plus Affine Equation

There are serious nonuniqueness issues for the DPPs for both W and V. It will
be simpler to quantify this lack of uniqueness with the technology below. Note
that this nonuniqueness also appears in the above PDE and VI forms. Some
(although not all) of these nonuniqueness issues also appear in the max-plus
algebraic forms of these equations, (9.48) and (9.51).

In the case of V', the max-plus equation (9.51) is simply an eigenvector
problem for eigenvalue zero. The following property can be shown to hold for
some problem forms. In particular, it is shown to hold for the Lo-gain/Ho,
problem form under reasonable conditions on the dynamics and cost (see
Chapter 4). We will assume throughout the remainder of the chapter that it
holds for the B matrix obtained above.

Max-Plus Matrix Dissipation Property: Let x1 = 0. By,; = 0, and there
exists Np < 0o, € > 0 such that for all N > Np and all {k;}Y, such that

k1 = kn and not k; = 1 for all i, one has Ef\:ll B ki < —€.

We will also suppose that B;; # —oo for all j,4, and this holds under rea-
sonable conditions on the dynamics and choice of C' in the basis functions. In
particular, this has also been shown to hold in the problem of Chapters 4 and
5. The condition B;; # —oo for all 7,1 is sufficient (although not necessary)
to guarantee that B has exactly one max-plus eigenvalue [6]. Further, under
the additional condition of the Max-Plus Matrix Dissipation Property, there
is a unique eigenvector (modulo max-plus multiplication by a scalar, of course
— see Chapter 4 and [6]).

Now, consider our max-plus affine problem (9.48). Suppose this problem
has solution a®. Also suppose that the eigenvector problem, (9.51), has solu-
tion €. Let a' = a® ® €°. Then

al =% @ el

which, because a® is a solution of (9.48), and €° is a solution of (9.51),
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=lc®(Bed) o (Baed)
=co[(B®d) @ (B®e)]
=co[BR @) =co(Boad).

Therefore, one has the following.

Theorem 9.12. Solutions of (9.48) are at most unique modulo maz-plus ad-
dition by a mazx-plus eigenvector corresponding to maz-plus eigenvalue zero.

This nonuniqueness also holds for the original problem (before truncation
of the basis expansion to finite length).

Theorem 9.13. Solutions of affine problem (9.26) are at most unique modulo
max-plus addition by a solution of eigenvector problem (9.27).

Proof. Let W satisfy (9.26), and V satisfy (9.27). Let W! = W@ VP, Then

wh=wgV°
= (cr @ L. W) @ L. [V]
which by the max-plus linearity of £,

=c, LW VY
=c, © LW,

and so W1 is a solution of (9.26). O

This also yields a way to view nonuniqueness in the originating DPP and
VI. More specifially, if W is a solution of the DPP or VI, and if V is a solution
of the corresponding DPP or PDE for the infinite time-horizon problem, then
the pointwise maximum of W and V (i.e., max-plus sum of W and V') yields
another solution of the DPP or VI for W.

9.4.2 The Affine Power Method

Given this lack of uniqueness in the DPP and variational inequality for W,
and the corresponding lack of uniqueness in the max-plus affine equation
(9.48), one could question how one would know that the solution computed
for any of these characterizations was the correct solution (the value function).
Interestingly, there is a method for solution of the max-plus affine equation
(9.48) that yields this correct solution. The underlying reason that it yields the
correct solution is that it corresponds to forward propagation of the original
control problem. One particularly nice property of the solution method is that
it converges exactly in a finite number of steps.
Let F: (R7)" — (R7)" be defined by

Fle] =c® (B®e). (9.52)
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The max-plus affine power method will simply be the repeated applicaton of
F until one has convergence.

Prior to discussing the max-plus affine power method in greater detail,
we recall the results of Chapter 4 for the solution of (9.51). In particular,
Theorem 4.22 and Corollary 4.23 indicate that (given the Max-Plus Matrix
Dissipation Property) limas—, o0 BM g0 (where, here, 0 indicates the vector of
length v consisting entirely of zeros) exists and converges in a finite number
of steps to the unique solution of eigenvector problem (9.51).

We will denote the initial vector for the affine power method as a®. The
following requires only a very minor modification of the proof of Theorem
4.22.

Lemma 9.14. Given any a’,c € (R™)", and B satisfying the Maz-Plus

~

Matriz Dissipation Property, there exists K < co such that
B*®@ad"=BX®a® and B*®c=BX®c
for all k > K.

Now note that for any k > [A(, one has

k

EB (Bi ®c)

1=0

FkJrl[aO] _ o (Bk+1 ® aO) ,

which by the assumptions and that d ® d = d for any d (idempotency),

K
= (B'®c)| @ (BK+1 ® a0> = FEFLO.
=0

i

Let
a* = lim F*[a°]. (9.53)
k—o00
Then ~
a* = FE 0. (9.54)
Further,

F[a*] _ FK+2[a0] — FK+1[CLO] = q*.
Consequently, one has the following:
Theorem 9.15. For any initial a®, a* given by (9.53) is a solution of (9.48).

Not only is the limit a solution of (9.48) and achieved in a finite number
of steps, we will see that it is also the correct solution of (9.48) in that it is
the solution corresponding to the value function. Let the k*" iterate be a* =
F*[a]. Also, define the corresponding k' approximation of the solution to be
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Wh(z) = @y_, a¥ @ ¢;(x). Note that from the above, one has W* = W

for all k > K + 1. Let W*(z) = @'_, af @ ¥i(z) = B, aX ! @ ;(z). We
will choose a® such that

Wo(z) < W(z) VYaecR", (9.55)

where W is the value function. Note that this is an assumption on the choice of
the a coefficients. Under the above assumptions (specifically non-negativity
of L,¢ and n(0) = 0), one has W(x) > 0 for all z. Consequently, if the basis
functions are of the form ¢(z) = —1(z—x;)7C(z—=;) with C positive definite,

then one only needs to take the a? < 0 in order to satisfy (9.55).

Theorem 9.16. Suppose WO satisfies (9.55). W* given by the above algo-
rithm is the correct solution of the DPP (i.e., the value function of the original
control problem).

Proof. The result will follow by showing that repeated application of the F
operator corresponds to forward propagation of the value function of a finite
time-horizon problem. We only sketch the main points of the proof. First note
that

v

Wh(z) = @{ {Ci ®(B® ao)i] ® 1/%(96)}

_ [26_9101 ®d)¢($)} o {@(B®ao)i®wi(x)}

which by the definitions of ¢ and B,

= max{cT(x)7 L [WO] (x)}

zmax{ sup sup J(0,t,z,u),
1el0.7) uel

0.7)
sup [1(0,7,z,u) + WO(&,)] } (9.56)
el

Similarly,

W2(x)

EB{ [Ci ®(B® al)z} ® wi(a;)}

i=1

:max{ sup sup J(0,¢,z,u), sup [I(O,T,x,u)—&—Wl(fT)]}

M M
te[0,7) uEL{[O,T) uelxl[o,,r)

and using (9.56),
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:max{ sup  sup J(0,t,x,u), sup [I(O,QT,m,u)+WO(52T)]}.

M M
te[0,27) ueu[oﬁh) ueu[()’%)

By induction, one finds

Wk(z) = max{supte[oyh) Supyeymio,kr) J (0,8, T, u),

o (9.57)
SUPyeydt, [I(O, kr,z,u)+ W (f;ﬁ)} }

The next step is to note that given € > 0, there exists K., < oo such that
(by the definition of W)

W(z) < sup sup J(0,t,z,u)+¢

M
t€[0.kT) ueldyf

for any k > K. ,. Consequently, using (9.57), one has
Wi(z) <WFz) +e (9.58)
for any k > K. .. On the other hand, by the DPP of Theorem 9.1 one has

W (z) :max{ sup  sup J(0,t,z,u), sup [I(0, kT,x,u)—l—W(fkT)]}

M M
t€[0.kT) ueldyf, €Uyl

which by the condition (9.55),

zmax{ s sup J(0t,7,u), sup [I<0akw>“>+W°<f’”>]}
tE[0.kT) ueUy!, welgly

— WH(a). (9.59)

Combining (9.58) and (9.59) leads to the result. O
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Miscellaneous Proofs

A.0.1 Sketch of Proof of Theorem 2.8

A short sketch of a proof of Theorem 2.8 follows. For a more general and
complete treatment see,[53]; [100], [101]; and/or [102].

Let ¢ be given by (2.4) (i.e., %(p) = — max, g [2Tp—¢(2)]). This implies
that

—@(p) >2Tp — gg(x) V2 € Br, Vp € By.

or
o(z) > pla+ Y(p) Va € Bgr, Vp€ By

which implies

a(x) > max [pTx + ’(Z)\(p)] Yz € Bpg. (A1)
pEBL

On the other hand, by the convexity and Lipschitz conditions, one can
show that given any T € B, there exists p € By, and 7 € R such that

¢ =p T+, (A.2)
$(z) >p e +7 Ve B (A.3)
By (A.3),
7 < min [p(z) — pTa] = — max [pTz — 6(z)] = 9 (p) (A4)
x€EBR z€EBR

Substituting this into (A.2), one finds
o(@) <" T +1(p) < max[T7p + P(p)]. (A.5)

Comparing (A.1) and (A.5) yields the result. O
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A.0.2 Proof of Theorem 3.13

The following proof is a reduction of Da Lio’s uniqueness proof from [26] to the
case needed here. The main difference is that [26] concerned a game problem,
whereas we are concerned with a control problem here.

Recall that the HJB PDE problem of interest here is

0=—Vi(s,z)+ H(z,V,V(s,z)) VY(s,x)€ (0,T)xR", (A.6)
V(T,z) =¢(z) VzeR" (A7)

where the Hamiltonian, H, is given by

2
HGe) =~ max{ [f0) + 0@l + 160 - Tl (A8)

where U C R!. We weaken the assumption that |o(z)| < m, to |o(z)| <
my(1+|x|) for all z for the purposes of maintaining a bit more of the generality
of the original. (Note that such a linear-growth bound is implied by (A3.1F),
but now we drop the condition |o(z)| < m, and use the notation m, for the
constant in the linear-growth bound, |o(z)| < my(1 + |x|) instead.)

Let V1, V3 € K be viscosity solutions of (A.6) meeting boundary condition
(A.7). We first note that if (z,p) belongs to a compact set A. C R?", then
there exists R > 0, depending on A, such that

H($7p) = HE(.’L',])) (Ag)

2

= — max A{[f(ac) +o(x)u)"p+1(z) — Py2|u|2} V(x,p) € A..
uelU,|u|<R

Now fix r > 0 and choose R > r. Because V1, V2 € K and (A.9) holds, there

exists R > 0 such that

H(z,p) = Hx(z,p) Vpe€ D}Vi(t,z) U DfVa(t,x), (t,x) € [0,T] x Bgr(0).
Thus V7, V5 are viscosity solutions of

7‘/8(571‘) + Hﬁ(xa va(S, ‘T)) =0 V(S,l‘) € (O7T) X BR(O)v (A 10)

V(z,T) = ¢(x) Vz € Br(0). '
Let U = U N Eﬁ(O). The continuous viscosity solutions V' of (A.10) satisfy
the optimality principle (see, e.g., Propositions 2.1 and 2.2 in [68]); namely,
for all x € B,(0), s € [0,7] and 0 < p < T — s, the following estimate holds:

V(s,@) = sup {Z(s, (s + p) AL () + V(s + p) MEW), it ppnemin)
e (A.11)
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where for all s,t € [0,T],Z f (&) — |uT\2 dr, and t£(u) is the time
of first exit of £ from B R(O) Where ¢ satisfies the finite time-horizon dynamics
with £, = z € B,(0), i.e

th(u) := inf{t > s||&| > R}.

In particular, (A.11) is satisfied by Vi, V5.

Let A = inf, ¢y |ul?. Fix any € € (0, 1]. We observe that, because Vi, Va > 0,
the supremum in (A.11) corresponding to p = T — s, may be confined to the
controls u such that for i = 1,2, Z(s, TAtF(u)+Vi(TAtE (u), Epperiuy) = —A

where A = —l;()\ + ¢)T. Define the set
A={uel?: I(s,T At (u) + Vi(T ANt (u),Ernercy) = —A Vie {1,2} }.

Let v* € U be such that |v‘5|2 < A+¢, and uf € U" be given by ul = v°
for all 7 (which implies —%- ||u||L2 (s7) = —A). We observe that u® € A, and

consequently, A # (.
Now we suppose that

R—r

ROt (A.12)

T<6(y,rR) = 1rnin{17

V(R —1)?
2m2(1+ R)2[C(1+ R?) + A] + 2?2 K(R—r)(1+ R) |’
where
_ Vit Val(t
O omax i Cp sup M sup M _
(tn)e0.T)xRe 1+ [21* " (1 2)ejo,r)xrn 1+ 2]

We claim that if tf(u) < T, then u ¢ A. In fact, suppose that & € Bg(0), for
some t € [s,T), and & € Bg(0) for all ¢t € [s,%). Then we have the following
estimate:

t t
Ror<R-lo] =lg~ ol < [ KO+ lgDdr+ [ mo(1+ I Dlusdr
S S
< K(1+ R)E =)+ 1+ Bl sy — )17
Thus [|ul 25 7) = x[r: R](f), where

R—r—KQAQ+R)(t-s)
me(1+ R)(t — s)1/2

x[r, R](t) =

We observe that by supposition (A.12), x[r, R](¢) is positive for all ¢ €
[s, T]. Hence we have
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T(s.8) + Vi) < [ Gl + 1) — Tlul e+ C1+ ff)

<G+ B - 5) - T RIOR + 00 + B

S1a gt 2 KER-DO+R) P (R
<C(+R%)+v m2(1+R)?2 2 m2(1+R)2(f—s)

P K- )
TR )

2 mg

2K(R-7)(1+R) o (R—r)?

<C 2 -
SO0 B Y — i /e S s RAT =)

~ Va(t, Val(t, :
where C' = max(sup; ;)e(o,7]xR» %,sup(w)e[mﬂxl{n lli(lITz)l). Combin-

ing this with condition (A.12) and a little algebra, we have Z(s,?) +V (£,&;) <
—A, and this proves the claim. Therefore for all (s, z) € [0,T] x B,(0), each
V; (i = 1,2) satisfies

V;‘(S,IL') = sup. {I(S,T) +¢(£T)}a (AlS)
ueUY

and we can conclude that Vi = Va3 in [0,7] x B,(0). In the case of T >
d(,r, R), we can divide the interval [0,T] into subintervals whose length is
less than 6(v,r, R). Let 0 = tg,t1,...,t, = T be the points of such a division,
and for any k = 1,...,n let us consider the following Cauchy problem:

—Vi(s,z) + Hy(z,VV(s,2)) =0 V(s,z) € (tk—1,tk) x Br(0),
V(tr, ) = ¢u(z) Vo € Bgr(0),

where the terminal value ¢y (z) can coincide either with Vi (tx,z) or with
Va(tg, ). We start with k = n. Because |t,, — tn—1| < (7,7, R), we can argue
as above and obtain that the V;’s coincide in [t,_1,t,] x B,(0). Then, by
proceeding backward in the time variable, we obtain that for all k € {0,...,n},
Vi = Vo in [tg_1,tx] X B,(0), and this completes the proof. O

A.0.3 Proof of Lemma 3.15

From Lemma 3.14, we know that V is the unique continuous viscosity solution
of (3.46), (3.47). If we can prove that the value function of the indicated
problem is a continuous viscosity solution, then the uniqueness implies that
the value function and V are one in the same.

The first steps involve proving that the value is bounded above by a
quadratic function, and that consequently, there is an Lo bound on e-optimal
controls u. In fact, we already have the quadratic bound. In particular, by
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(3.32) (using s rather than 0 as the starting time, and indicating this in the
argument list of .J) we have

2
J(s,2,Tou) < [ L eer(s=T) 4 211212 _ 5|2 (A.14)
[ R = | om2 cs La[s,T]

o

for all u € UY, and by (A3.31), (3.21)
J(s,z,T,0) > 0. (A.15)
(A.14) and (A.15) imply the value satisfies
2
CfY™ cp(s—T Q 2
0 S V(S,(E) S |:27T},g_e #( ) + Cf:| |CE| . (A16)
Also, for e-optimal disturbances u, we already have from Theorem 3.10

1 2 € 1 cf72 cf(s=T) Qg 2
§||u||L2[s,T] < S + 5 [WB I + g |l‘| . (A.17)

(o2

We will use this to show that the state process satisfies a certain continuity
bound near the initial time for all e-optimal controls w. This result ((A.18)
below) will be similar to the continuity proof in Theorem 3.11, and will be
obtained in the same manner. Let u be e-optimal . By (3.12)

& -] < / (1) + o€ [ur ] dr.

which by (A3.1I), (A3.2I)

t t
gK/ |§T—x|dr+K|x|(t—s)+mg/ fup | dr

1
2

t t
<& [ e —alar+ Klol(t =) me | [ o Par]VE,

which by (A.17)
t
SK/ |& — x| dr + K|z|(t — s)

1

2 2 [epy? « 2

+my [5 + 3 |:2fﬂzzecf(s_T) + cl} l‘|2:| Vit —s.
o f

Employing Gronwall’s inequality yields

|& — x| < [Cy + Colz|][(t — s) + Vit — §] (A.18)
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for all t € [s,s+ (T — s)/2] for sufficiently large C; and Cs. One also obtains
continuity with respect to initial conditions similarly. In particular, if one lets
¢ and 7 satisfy (3.12) with £, = 2 and ns = y and the same control u which
is e-optimal for z, one obtains

d
1€ = 1l < ~2¢71€ = nf? + 26,1 — nfful,

which leads to
€ 1 Cf72 cr(s=T ay 2
& — e Sexp{cft+2KU [§+§ <2m(276 s=T) 4 2 ” || (A.19)

The next step is the DPP. The proof is standard, so is not included. (How-
ever, see the DPP results in Chapter 3.) The final steps in proving that Vis
a continuous viscosity solution of the HJB PDE are similar to those in the
proof of Theorem 3.11 with for instance (A.19) replacing (3.39). The details
are not included. O

A.0.4 Sketch of Proof of Theorem 7.27
Fix 6 > 0 (used in the definition of Cs). Suppose V' € Cs satisfies (7.44). Then,
—/ =T =

Vi(x) = Sy [V](2)

NT ”w 72 2 17 n
= sup sup l t(ﬁt)—?\uﬂ dt+V (Enr) VzeR
0

uw€EU pEDT,

where ¢ satisfies (7.13). Fix € R", and let u® € DI, u® € U be e—optimal,

that is,
A2

_, Nt .
V(m>S/0 l‘“<ft)—f w2 dt+ V' (€5,) + &,

where £° satisfies (7.13) with inputs u®, u®.
Following the same steps as in Chapter 3, one obtains essentially the same
lemmas:

Lemma A.1 For any N < oo,

€ 1 CA’Y2 —caNT CD 2
I o < 5 + 5 [0 + 2 o2,

Lemma A.2 For any N < oo,

Nt 2 2 2
1
2dt<7— My RO DI MY
/0 & + +m2 + o] 1



A Miscellaneous Proofs 223

Lemma A.3 Ifu®, u° are e-optimal over [0, NT), then they are also e-optimal
over [0,nT) for all n < N, that is,

nTo ,72 _, .
[vi) - Shifde+ Vg = Ve -
0

The independence of the above bounds with respect to IV is important.
Specifically, because there is a finite bound on the energy (the bound on
u®) coming in to the trajectories, roughly speaking the £&¢ “tend” toward the
origin.

Now we need a lemma which will replace equation (3.58).

Lemma A.4 For any N < oo,

1 —e—car

N

1
Sl 2 < T [l o (e /)N 0,00m) |
n=1

Proof. Note that
d N
€17 < —2eal€7 + 2mo € |ut| < —cal¢®] + dut P,
with d = m2/c4. Solving this on interval [n7, (n + 1)7) implies that
1617 < € Pe™ T + dlw |12, nr (nr1yry Yt € [T, (n+1)7].
In particular, one has
6517 < JalPe™ A7 + dl|ufl|7, 0,0
65,17 < [€717e™T + dllw|1Z, (7 20);
and these two inequalities imply
6217+ 165,17 < (e + e AT a? +d(1+e7 A7) |[uf[|, 0,y +dllutl|T, 7 20 -

Continuing this process, one finds

N N N N—-n
Z ‘527‘2 < (Z enCAT> |JU|2 + dz Z e 7T ||U’E||2L2((n—1)7-,n7')
n=1 n=1 n=1 7=0

Using the standard geometric series limit yields the result. O

Combining Lemmas A.2 and A.4, one obtains a bound on YN |¢5 |2
which is independent of N. Consequently, at least some of the |5 | can be
guaranteed to be arbitrarily small for large N. The remainder of the proof
(of Theorem 7.27) then follows as in equations (3.62) to (3.66), but with Nt
replacing T', and n7 replacing 7. This completes the sketch of the proof. O
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A.0.5 Sketch of Proof of Lemma 7.31

Fix €,0 > 0 (where ¢ is used in the definition of Cs). Fix m € M. Fix any
T < oo and z € R"™. Let ¢ = (£/2)(1 + |z|?). Let u* € W, u® € Dy be
e-optimal for Sp[W™](x), i.e.,

_ T 2 2
SrW™)(x)- [ | v - i W’”(f%)] <e=(1+) (A20)

where £° satisfies (7.13) with inputs u®, p°.
We will let € satisfy (7.13) with inputs u¢ and a z° € DT, (where 7 has
yet to be chosen). Solving (7.13), one has

t t t

& =exp {/ AW dr} x + / exp [/ Ato dp] o“iui dr
0 0 T

—€ t —e t t —e —€

& =exp {/ AFr dr} x +/ exp [/ At dp] otrul dr.
0 0 T

Consequently,

t t
exp [ / AW dr} — exp [ / AP dr}
0 0
t t t 0
+ {/ exp [/ At dp} ot — exp [/ AFp dp} ot
0 r r

We now simply show that this can be made arbitrarily small by taking 7 small.
We will use the boundedness of ||u®|| and ||£¢]| which is independent of ¢ for
this class of systems (Chapter 3).

Consider the first term on the right in (A.21). Note that

t t
exp [/ At dr] — exp [/ AR dr}
0 0
t R t . t .
exp {/ At d?‘} ‘1 — exp {/ Al dr — / AHr dr]
0 0 0

Fix 7 > 0. For any subset of R, Z, let £(Z) be the Lebesgue measure of Z.
Let N be the largest integer such that N7 < t. Given m € M, let

~+

& - &l < || (A.21)

1/2
dr} 1l aco)-

L (A22)

I™ ={r € [0,N7)| A'r = A"},
A= L(T™).

Let ng = 0. For 1 < k < M = #M, let ni be the largest integer such that
neT < A\ 4+ np_q17. For m < M let

hr=m Yt€ [Nmo1T,NpmT).
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Let i°, = M for all ¢t € [npr—17,t) = [npm—17, N7) U [N7,t). With this choice

of i°, one finds
t -—E t €
‘1 — exp[/ At dr —/ Abr dr]
0 0

where 81 — 0 as 7 — 0 independent of t. We skip the details.
Let y € R™. Define F; = exp [fot A dr]. Then,

< pl (A.23)

d . . .
i [i‘/TFtTFty] = yT [FtTFt + FtTFt] Y= 21‘/T [FtTA”t Ft] Yy

= 2(Fyy) T AN (Fy),
which by Assumption Block (A7.11)

< —2ca|Fryl? = —2ca[y" F Fy).
Solving this ordinary differential inequality, one finds
[y" F Fy] < Jy[e?".

Because this is true for all y € R", we have

t
exp {/ AW dr]
0

By (A.22), (A.23) and (A.24)

¢ t
exp { / AW dr} — exp [ / AFr dr}
0 0
We now turn to the second term on the right-hand side of (A.21). Note
that
t t t 1?2 1/2
{/ exp [/ At dp} ol —exp [/ Ao dp] ohr dr}
0 T T
t t € 2 € -—c
<o [ o] [ 5] - o7
0 T
t t t 20 2 1/2
+2/ exp {/ Ao dp] — exp [/ Ate dp} ’0“7‘ dr}
0 T T
5 1/2
dr}

<e At Wt >0. (A.24)

< Bleeat Wit >0. (A.25)

2
dr

and proceeding as above

t
S {2/ e—QCA(t—T‘)
0

oo _ P o

2 t
dr—l—?ﬁi/ e~ 2ealt=r)
0
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‘ 1/2
< {2 [/ e—4cA(t—7") d?":| I:
0 0

t 1/2
+28.mg / em2ealt=r) dr} .
0

Further, there exists 32 such that [fot |oHr — oFr |t dr]/2 < B2 where 2 — 0
as 7 — 0, and we skip the obvious but technical details. Consequently,

t t t 2 1/2
{/ exp {/ AW dp] ot — exp {/ AFp dp} ot dr}
0 T T

< {253(40,4)*1/2 + 25$m§(2c,4)*1}1/2 < g (A.26)

ot — ghr

4 1/2
dr]

where 32 — 0 as 7 — 0 (independent of t).
Combining (A.21), (A.25) and (A.26), one has

€5 = &1 < Bre™ Ml + B2 Laco)- (A.27)

Now, by the system structure given by Assumption (A7.11) and by the fact
that the W™ are in Cs, one obtains the following lemmas exactly as in Chapter
3. These are also analogous to their counterparts in the proof of Theorem 7.27
above.

Lemma A.5 For any t < oo,

1 AV _ ¢p
12 - caNT D 2
I o < 5 + 5 [ Lo + 2| o2

Lemma A.6 For any t < oo,

2 2 1
|£r|2dt<f—+m— D)y |2
) & m? CA

o

Let ¢ = ¢/d and ¢y = %["‘” + ¢2]. By Lemma A.5 and (A.27), for all
t < oo one has
6 = &| < Brem x| + B (e + colaf*)V/?
and by proper choice of 32,
< 31+ Jal) (A.28)

where 3% — 0 as 7 — 0 (independent of ¢ > 0).
Now,
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T 42
| i = i e+ wmien)
T € /=€ ’72 —€
- [ E) - i e W)
T e —€ E=E — —€
— [ [gprig -E0mE] ar+ @) Pme - @) PE (029
0
Note that the integral term on the right-hand side in (A.29) is
T e —e e —c\ —¢ —€ —c—¢
[ @ Dri € + () (0 - D) + (6 - )T DT a
0
T . L T .
<l [ (1D 1€+ DT E) dev 2 [ 6Lt
0 0
for appropriate 32 — 0 as 7 — 0, which after some work

< A1+ |2*) (1 +VT) (A.30)

for appropriate choice of 3¢ — 0 as 7 — 0 (independent of T').
Similarly, the last two terms on the right-hand side in (A.29) are

$TPmes — & PEr = (& +E0) P — Er)
< |P™ [l€ — &l + 2065 Ies — €l

which by (A.28)
< BT+ [a?) + BRIERI (L + |)) (A.31)

for some (7,38 — 0 as 7 — 0.
We also need the following lemma which is obtained in Chapter 3 as equa-

tion (3.58).

Lemma A.7 Given T < oo, there exist T € [T/2,T) and e-optimal u € W,
ue € Do for Sp[W™] such that

1 (em? m? cp 72 1
P< =l e o 2+ )+ = |z},
5" < T{5 ca 5 KCi +m§) ’ CA} g }
Combining (A.31) and Lemma A.7, one finds that

TP — & PME < 821+ |af?) (A.32)

for some 32 — 0 as 7 — 0 (independent of T').
Combining (A.29), (A.30) and (A.32),
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T 2 T 7 ;=€ 2 —E€
| v - Gl wrien) - [ E) - Y+ wrie)
0 0
< B0+ [2) 1+ VT) (A.33)

for some (8% — 0 as 7 — 0 (independent of T').
Combining (A.20) and (A.33), one has

~ T o€ =€ 2 —e
Sev™) = [ &) = Tl e+ W)

< S0 +a) + B0+ )1+ VD),

which for 7 sufficiently small (depending on T now),

< E(1+ |z)?).

This completes the proof of Lemma 7.31. 0O

A.0.6 Existence of Robust/H., Estimator and a Disturbance
Bound

The following theorem (with accompanying proof) supports the existence and
representation claim for the robust/H,, estimator of Chapter 8.

Theorem A.8 Let state & dynamics be given by (8.1), and let observation
process y. be given by (8.2). Assume (A8.1)-(A8.5), and suppose that there
exists T € R™ such that

o(z) > |z —7* Va. (A.34)

Let T € (0,00). There exist v, (,n such that there exists an estimator ér such
that (8.8) holds for all possible w.,v. and initial conditions &. Further, such
an estimator is given by (8.9).

The proof of Theorem A.8 will begin with a lemma. We suppose through-
out this section that ¢ satisfies (A.34).

Lemma A.9 Let P be given by (8.6), (8.7). Let T € [0,00). There exists
zr € R"™ such that

P(T,x7) < —ME|xr —Tr> Var € R,

where

42
P __
Mr = 2(CH)2(1+m2T¢?/4?)’
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Proof. Let the global Lipschitz constant for f again be K. Let zr € R" be
such that & = T (with T given in (A.34)) when & satisfies (8.1) with w = 0
and terminal condition f_T = Z7. The existence of T follows from the fact
that (8.4) as a mapping between xr and &, for any specific w € Lo, including
w = 0, is a bijection. Let &. satisfy (8.1) with any disturbance, w € W, and
any terminal condition &7 = zp. Let zg = &. Then

€ — & = (20 —7) + /0 F(6) — FE) + (& )wr] dr

t
< |z — 7| + / K716y — & + mo || dr,
0

which by Cauchy—-Schwarz

t
§|x0—f|+mgﬁ|\w||L2+/ Kile, — & ldr.  (A.35)
0

Employing (A.35) and Gronwall’s inequality yields
jwr —Zr| < (Jzo — 2 + mo VT |0l 1,)Ct,
where C} = 1+ K;TefsT. Consequently,

2

2 _ =
%‘xO _ jO|2 + C |xT Z‘T|

P 5 6
2 2 | Ch

2 2
Y
fwll3, > —moVTwl,| + 5wl

which after some calculations one can show

> CQ
= 2CHP (T + mET ¢ /7?)

\xT — T 2,
Therefore, by (8.6)

<2

< —
N ) S TR mE T

] |z — T2

Because this is true for all w € W, one has the desired result. O
We now proceed to prove Theorem A.8.

Proof. Define

I(T,e,xr,w) = J¢(T,zp,w) + |z7 — € 2
which by (8.5)

CZ 72 T 7]2 Nt
= ot = [P @ S el (0
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where & is given by (8.4). Let

W(T,e) = sup sup I[(T,e,xr,w), (A.37)
zrER™ wew

and note that

W(T,e) = sup [P(T,20)+ [or— ef?],
zreER™

which by Lemma A.9
< sup [—M;|xT —Zr* + |lzr — e|2] )
zrER™

Note that one can choose ¢, 7,7y < oo such that MY > 1, and consequently the
supremum on the right-hand side is finite and given by (ME /(MF —1))|z7 —

e|?. Thus
P

M
W(T,e) < —L—|zp — e A.38
(T,) < ypgler — (4.39)
Note that, as a function of e, W(T,e) is a supremum of strictly convex func-
tions, and so W (T, -) is strictly convex (as well as going to infinity as |e| — 00).
Consequently, there exists a unique minimizer. Let

ér = argmin W (T e),
ecR™

which is exactly the estimator given by (8.9). Now,
W(T, éT) < W(T, fT),
which by (A.38)

= 0.
Combining this with (A.37) and (A.36) yields
¢ [ n? -
sup sup {06 = 5 [P ae =T Y ol +lor -} <0
ereRrwew | 2 2 Jo 2~
which implies (8.8). O
The following lemma can be used with the machinery of Chapter 3 to show

that information state P is the unique viscosity solution of the corresponding
HJB PDE.

Lemma A.10 Let P be given by (8.6), (8.7). Let ¢ € (0,1], T € (0,00) and
xr € R". There exists M} < oo such that any e-optimal w satisfies

lwl® < MF A+ |arf?). (A.39)
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Proof. Let w®(t) = 0 for all t € [0,7T]. Let £° satisfy (8.1) with disturbance w®
and terminal condition £ = z7. By Assumption (A8.1), there exists K < 0o
such that |f(z)| < K¢(1 + |z|) for all . Consequently,

d .
E|§?|2 > 2K |60 — 2K;|€°| > —4K¢|zi®|? — (K /2),

which implies

1
1€9)% < BT |z |2 + §64KfT vt e[0,T). (A.40)
This implies
¢ .
i=1

which noting that, by Assumption (A8.1), there exists K; < oo such that
|h(z)] < Kp(1+ |z|) for all x

Nt
CZ
> —mg [L+|&1] = Pmy Y [lwif* + 2071€] 7]
i=1
—20*m’Kj Nr. (A.41)

Combining (A.40) and (A.41), one sees that there exists Cp < 0o such that
Jf(T, mT,wO) >—Cr(1+ \xT|2). (A.42)
On the other hand, for any w € W,
A2
I3 ap,w) < 1. (A.43)

Combining (A.42) and (A.43) yields the result. O
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